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Abstract

In this paper, the existence and blow-up property of solutions to an initial and
boundary value problem for a nonlinear parabolic system with variable exponents is
studied. Meanwhile, the blow-up property of solutions for a nonlinear hyperbolic
system is also obtained.
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1 Introduction
In this paper, we first consider the initial and boundary value problem to the following

nonlinear parabolic system with variable exponents:

ur=Au+fiu,v), (1t)eQr,
vi=Av+folu,v), (%t €Qr,
u(x,t) =0, vix,t)=0, (x1t)€ST,

1.1)
u(x,0) = up(x), v(x,0) =vo(x), x€,

where Q C RV is a bounded domain with smooth boundary 32 and 0 < T < 00, Qr =
Q x [0, T), St denotes the lateral boundary of the cylinder Q7, and the source terms f;, f>
are in the form

filw,v) = al(x)v”l(") and fo(u,v) = az(x)um(x),
or

filu,v) = ay(x) /Q WO (y, t)dy and  fo(u,v) = as(x) /Q uP29) (y, ) dy,

respectively, where p1, ps, a1, a, are functions satisfying conditions (2.1) below.

In the case when p;, p, are constants, system (1.1) provides a simple example of a
reaction-diffusion system. It can be used as a model to describe heat propagation in a
two-component combustible mixture. There have been many results about the existence,
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boundedness and blow-up properties of the solutions; we refer the readers to the bibliog-
raphy given in [1-7].

The motivation of this work is due to [2], where the following system of equations is
studied.

U — Au =",
(1.2)
Ve — Av=ul,

where x e RN (N > 1), £ >0, and P q are positive numbers. The authors investigated the
boundedness and blow-up of solutions to problem (1.2). Furthermore, the authors also
studied the uniqueness and global existence of solutions (see [3]).

Besides, this work is also motivated by [8] in which the following problem is considered:

ur=Au+f(xu), xt)eQx|[0,T),
u(x,0) = up(x), xe€€, (1.3)
ulx,t)=0, (xt)€dQx][0,T),

where Q2 € R” is a bounded domain with smooth boundary 9€2, and the source term is of
the form f(x, u) = a(x)u?® or f(x,u) = a(x) Jo u19(y,t) dy. The author studied the blow-
up property of solutions for parabolic and hyperbolic problems. Parabolic problems with
sources like the ones in (1.3) appear in several branches of applied mathematics, which
can be used to model chemical reactions, heat transfer or population dynamics etc. We
also refer the interested reader to [9—-23] and the references therein.

We also study the following nonlinear hyperbolic system of equations:

uy = Au+filu,v), (t)€Qr,
v =Av+ fo(u,v), (xt)€Qr,
u(x,t) =0, v(x,t) =0, (x,t)eSr, (14)

u(x, 0) = ug(x), v(x,0) =vo(x), x€,

uy (%, 0) = uq (%), vi(x,0) = 1(x), x€.

The aim of this paper is to extend the results in [2, 8] to the case of parabolic system
(1.1) and hyperbolic system (1.4). As far as we know, this seems to be the first paper, where
the blow-up phenomenon is studied with variable exponents for the initial and boundary
value problem to some parabolic and hyperbolic systems. The main method of the proof
is similar to that in [3, 8].

We conclude this introduction by describing the outline of this paper. Some preliminary
results, including existence of solutions to problem (1.1), are gathered in Section 2. The
blow-up property of solutions are stated and proved in Section 3. Finally, in Section 4, we
prove the blow-up property of solutions for hyperbolic problem (1.4).

2 Existence of solutions
In this section, we first state some assumptions and definitions needed in the proof of our

main result and then prove the existence of solutions.
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Throughout the paper, we assume that the exponents p; (x), p2(x) : 2 — (1, +00) and the
continuous functions a; (x), a2 (x) : 2 — R satisfy the following conditions:

l<p; = ig};lﬁ(x) <pi1(x) < p} = suppi(x) < +00,

xeQ
1< p; = inf pa(x) < pa(x) < p; = suppa(x) < +00, (2.1)
xeQ xe
0<c <ailx) <Ci<+o0, 0<cy <ax(x) <Cy<+00.

Definition 2.1 We say that the solution (u(x, £), v(x, £)) for problem (1.1) blows up in finite

time if there exists an instant 7* < oo such that
|||(u,v)||| — o0 ast— T7,
where

el = sup {JluC,0] .+ v 0]}
te(0,7)

Our first result here is the following.

Theorem 2.1 Let Q@ C RN be a bounded smooth domain, p\(x), p»(x), a1(x), az(x) satisfy
the conditions in (2.1), and assume that uy(x) and vo(x) are nonnegative, continuous and
bounded. Then there exists a T°, 0 < T° < 00, such that problem (1.1) has a nonnegative
and bounded solution (u,v) in Qro.

Proof We only prove the case when fi(,v) = a; (x)v"'®¥ and f,(u,v) = a(x)u”2®, and the
proofs to the cases fi(u,v) = a1(x) [, w10 (y,£)dy and f3(u,v) = as(x) Jo w29 (y,t) dy are
similar.

Let us consider the equivalent systems of (1.1)

u(x,t) = [ g%y, yuo(y) dy + fot Jo g, y,t - $)a; ()1 dyds,
v(x,t) = [o,8(x%,, Ovo(y) dy + fot Jo &0y, t = )az(y)uP?¥) dyds,

where g(x,y,t) is the corresponding Green function. Then the existence and uniqueness
of solutions for a given (uo(x), vo(x)) could be obtained by a fixed point argument.
We introduce the following iteration scheme:

ui(x,t) =0, vilx, ) =0,

t
Ui (%) = / gy, yuo(y) dy + / / g2(x,y,t — )y (y)v1Y dy ds,
Q 0 JQ

t
Va1 (3, 2) = / 2%, y, t)vo(y) dy + / / gy, t - s)ax(y)ul2Y) dyds,
Q 0 Q

and the convergence of the sequence {(u,, v,)} follows by showing that

O1(v) = [y fogy,t -V dyds,
Do) = [y fo 8yt - S)ar )i dyds

is a contraction in the set E7 to be defined below.
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Now, we define
\I/(M, V) = ((Dl(v)’ (DZ(M)):

where
t
Di(v) = / / gyt — s)vﬁl(y) dyds,
0 Ja
t
Dy (u) = / / g(x,y,t —s)ul? dyds.
0 Ja
We denote
W(u,v) = W(w,z) = (P1(v) - P1(2), Pa(u) — P2 (w)),
and for arbitrary 7 > 0, define the set
Er={C**(Qr) N CQr) | || v < M},

where Q7 = Q x [0, T], M > ||[(uo(x), vo(x)) ||| is a fixed positive constant.
We claim that W is a contraction on E7. In fact, for any x € Q fixed, we have

PO _ 1 p w7 g — ), where wy = 510 + (1 - 51(0)71,51(0) € (0,1),
29— b2 = a7 (6 — o),

where wy = 55(x)&, + (1 - sz(x))nz,sz(x) € (0,1),

and we always have

lp:w? ™ & = n) || < pr@MPENIE = nilloes  i=1,2. (2.2)

Now, we define

w(t) = sup //g(x,y,t—s)dyds.
0 Q

xeQ,0<t<t

It is obvious that u(¢) — 0 when ¢ — 0*.
Then, by using inequality (2.2), we get

[®1(v) - @1(2) |, + | P2(s) - P2(w) |

t
/ / a1 ()g(x, y,t —S)(Vil(J’) _Zznﬂl()’)) dyds
0 Ja

=

oo

+

t
[ ] az(y)g(x,y,t_s)(uff@) _W£2()’)) dde
0 JQ

< (2u()) M) P2+ C) (Ipallos + P2 lloo) (I1V = 2l oo + 12 = W)

< (2u(®)) @M)™ PP+ C) (Ipallos + P2 llo) sup )(nv —Zlloo + = wlleo)
te[0,T

o0

= (20()) M) PTPI(C+ G (Ip1lloo + 1p2lloo) [| (v = 2,1 = W)
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Hence, for sufficiently small £, we have

19 Gav) - ww,2)|
= [(®10) - ©1(2), Do) - 22(w))|

< sup {||®1(v) - D1(2) | + | P2 (u) - D2(w)] _}
te[0,T)

< (2u(®)) M) PIPDCy + C) (Ipilloo + Ip2lloo) || (v = 2,4 = )|

<(9H‘(V—Z,M—W)

where 0 <1 is a constant. Then W is a strict contraction. O

3 Blow-up of solutions
In this section, we study the blow-up property of the solutions to problem (1.1). We need

the following lemma.

Lemma 3.1 Let y(t) be a solution of
Y () = -1y(t) +ay'(8) - C,

where A >0,a>0,r>1and C > 0 are given constants. Then, there exists a constant K > 0
such that if y(0) > K, then y(t) cannot be globally defined; in fact,

77 ﬂ(r _ 1) —1/(r—1)

y(t) > (y(O)l - t) : (3.1)

Proof 1t is sufficient to take K > 0 such that
a

-An+an -C> 57]’, Vn > K.

Hence, we have
/ a r
y(8) = Ey(t) . (32)

By a direct integration to (3.2), then we get immediately (3.1), which gives an upper bound

for the blow-up time ¢t* = 2O d
a(r-1)

The next theorem gives the main result of this section.

Theorem 3.1 Let Q@ C RN be a bounded smooth domain, and let (u,v) be a positive solu-
tion of problem (1.1), with p1(x), p2(x), a1(x), az(x) satisfying conditions in (2.1). Then any
solutions of problem (1.1) will blow up at finite time T* if the initial datum (uy(x), vo(x))

satisfies

/Q (uo(x) +vo(x))@ > C,
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where ¢ > 0 is the first eigenfunction of the homogeneous Dirichlet Laplacian on Q and
C > 0 is a constant depending only on the domain Q2 and the bounds C,, C, given in condi-
tion (2.1).

Proof Let A; be the first eigenvalue of
-Ap=rp, x€,

with the homogeneous Dirichlet boundary condition, and let ¢ be a positive function sat-

isfying

/(pdle.
Q

We introduce the function () = fﬂ(u + v)g. First of all, we consider the case fi(u,v) =
ay ()W, £ (1, v) = ay (x)u?2® . Then

70~ [ v
=/(Au+AV)§0+/(a1(x)v”1(")+a2(x)up2("))<p
Q Q

=—-Mn+ / (al(x)vm(") + az(x)um("))go.
Q

We now deal with the term fQ(al(x)vpl(") + ay (x)uP2W) . For each ¢ > 0, we divide € into
the following four sets:
Q= {x € Q:vix t) <Lulxt) < 1}, Qp = {x € Q:v(x t) <1,ulx,t) > 1},

Qo1 = {x € Q:v(x, t) > 1,ulxit) < 1}, Qoo = {x € Q:v(x, t) >1,ulx,t) > 1}.
Then we have
/ (al(x)v”l(") + ag(x)um(x))qy
Q

= / (@)@ + ay (x)u” ) g + f (a1 (P + a5 ()W)
Q11

Q12

+/ al(x)(vpl(")+a2(x)u"2("))(p+/ (ul(x)v”l(x)+a2(x)u”2("))(p
Qo1

Qa2

> /le az(x)quH/921 a (X)W +/S222 (a1 + ar(x)u )

> / w0 + / @)y
Q12 Q91

+ (/ (al(x)v’” +a2(x)u")<p —/ (al(x)vp +a2(x)u”)g0
Q

Q12

(a1 (x)V” + az(x)u”)<p>

—/ (a1 () +a2(x)u”)<p—/
Qo1

Qn
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>y/(v”+up)go—r v”w—F/ u”go—l"/ (VW +ul)p
Q Q12 Q1 Q1

zy/(v”+up)¢—4F/¢,
Q Q

where p = min{p],p;} and y = min{cy, ¢z}, I' = max{C;, C,}.
From the convex property of the function f(w) = w", r > 1 and Jensen’s inequality, we

obtain

/Q(al(x)vpl( + a (x) 2™ )¢>y/(vp+up)¢—4F/ @

Q
v+u\?
ZV/Z —_ <p—4I‘/(p
Q 2 Q
14
> —nP(t)-4T.
_2},_771’()

Then we get
0(0) 2 —hn(e) + S (0) -
Z —M7 op1 n

Note that

0= [ )0 = (1D gy 1D i) [ 0= Nl

Hence, for 1(0) big enough, the result follows from Lemma 3.1.

Next, we state briefly the proof to the theorem in the case fi(u, v) = a;1(x) fQ v10)(y, £) dy
and fo(u,v) = ax(x) fQ u”2Y)(y, t) dy. We repeat the previous argument under defining 1(t) =
fQ(u + v)g, and we obtain in much the same way

W) = —an(®) + /Q (al(x) /Q 10, 0) dy + as(x) /Q upz@’(y,t)dy>w(x>dx.

In view of the property of ¢, we get
/ <a1(x) / V10 (y, 8) dy + az(x)/ u”20)(y, 1) dy)(p(x) dx
Q Q Q

- [ oo [ awowas) s [ w000 [ wwe)

{0y 1y D) 200y 5 0) 4

>c1/v” (yt) ”mdy+cz/§2u ()/t) ”oo
) 9

?lloo

/ (10, 8) + u2(y, 1)

According to the convex property of the function f(w) = w', r > 1, and by using Jensen’s

inequality, by considering again €211, 12, Q221, 222 as before, we obtain

@)

Plloo

/(vm@(y 1)+ u”?0(y, t)) dy > yon? () - 4T1Q|,
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where y, depends only on y, p and ||¢||«, |$2| denotes the measure of . Hence,
n'(£) = =2n(e) + yon” () - 4T |2
By Lemma 3.1, the proof is complete. g

4 Blow-up of solutions for a hyperbolic system
Lemma 4.1 [15] Let y(t) € C? satisfying

y'(t) = h(y(2)),

y(0)=a>0,y(0)=b>0,and h(s) >0 for all s > a. Then y'(t) > 0 whenever y exists; and

¥(0) s -1/2
t< / <b2 + 2/ h(x) dx> ds. (4.1)

Now, let us study the following problem:

uy = Au+filu,v), (%t €Qr,

v =Av+o(u,v), (xt)€Qr,

u(x,t) = 0, v(x,£) =0, (xt) €Sy, (4.2)
u(x,0) = ug(x), v(x,0) =vo(x), x€,

1:(x,0) = uq(x), ve(x,0) = 1(x), x€2,

where ug(x), vo(x), u1(x), vi(x) > 0 and they are not identically zero, and f; (&, v), f2(u,v) as
above respectively.

Theorem 4.1 Let (u,v) € C? x C? be a solution of problem (4.2), and let the conditions in
(2.1) hold. Then there exist sufficiently large initial data uy, vo, w1, v1 such that any solutions
of problem (4.1) blew up at finite time T*.

Proof Let (A1, ) be the first eigenvalue and eigenfunction of Laplacian in  with homo-
geneous Dirichlet boundary conditions as before. We assume that f;(u,v) = a;(x)»1®,
fo(u,v) = ay(x)u?>™), the other is similar. We also define the function n(¢) = fQ(u + V)@,
so we have

n'(t) = f (Ug +vir)p
Q
:/(Au+Av)¢+/(dl(x)vm(x) +az(x)up2(x))<p
Q Q

=M+ / (a1 ()WY + a (x)ut2™) .
Q

The term fQ(al(x)vpl(") + ay(x)uP2W)g is dealt with as before, then we get

/ (al(x)vpl(x) + az(x)um(x))w >y / (v” + up)w - 4F/ o.
Q Q Q

Page 8 of 10


http://www.boundaryvalueproblems.com/content/2013/1/76

Gao and Gao Boundary Value Problems 2013, 2013:76 Page 9 of 10
http://www.boundaryvalueproblems.com/content/2013/1/76

By virtue of the convex property of the function f(w) = w", r > 1, and Jensen’s inequality,
we still obtain

p
y/(vp+up)¢)—4l"/g02y/2(v+u) (p—4F/(pZLlr]p(t)—4F.
Q Q Q 2 Q 20

Then we have

/ 14
n"(t) > —an(t) + ﬁﬁp(t) —4r.

Now, we can apply Lemma (4.1) for a = n(0), b = (0) large enough such that —A;n(t) +
%n”(t) — 4T > 0, and note that

a=n(0)= /Q(uo + Vo) @,
b=1/(0) = /Q (11 + W)y

Moreover,

0= [ e = (Dl iy * 1Dl ) [ 0= w0l

Hence, (1, v) blows up before the maximal time of existence defined in inequality (4.1) is
reached. O
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