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1 Introduction

Fractional differential equations (FDEs) have been of great interest for the last three
decades [1-11]. It is caused both by the intensive development of the theory of fractional
calculus itself and by the applications of such constructions in the modeling of many phe-
nomena in various fields of science and engineering. Indeed, we can find numerous ap-
plications in viscoelasticity [12], electrochemistry [13], control, porous media [14], etc.
Therefore, the theory of FDEs has been developed very quickly. Many qualitative theo-
ries of FDEs have been obtained. Many important results can be found in [15-19] and
references cited therein.

In this paper, we shall use the fixed point index theory of completely continuous opera-
tors to investigate the multiple positive solutions of a boundary value problem for a class
of a order nonlinear integro-differential equations in a Banach space.

Let E be a real Banach space, P be a cone in E and P° denote the interior points of P.
A partial ordering in E is introduced by ¥ < y if and only if y—x € P. P is said to be normal if
there exists a positive constant N such that 0 < x < yimplies ||x|| < N|y||, where 6 denotes
the zero element of E, and the smallest constant N is called the normal constant of P. P is
called solid if P° is nonempty. If x < y and x # y, we write x < y. If P is solid and y — x € P°,
we write x < y. For details on cone theory, see [1].

For the application in the sequel, we first state the following lemmas and definitions
which can be found in [1, 10, 20].

Lemma 1.1 Let P be a cone in a real Banach space E, and let Q be a nonempty bounded
open convex subset of P. Suppose that A : Q — P is completely continuous and A(Q) C R,
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where Q denotes the closure of Q in P. Then the fixed point index
(A, Q,P)=1.

Lemma 1.2 Let P be a cone in a real Banach space E, and let Q = Q1 U Q,, where Q;
(i = 1,2) are nonempty bounded open convex subsets of P and 21 N Q, = (. Suppose that
A :Q — P is astrict set contraction and A(Q) C Q. Then

i(A,Q,P) = i(A, 21, P) +i(A, 2, P).

Lemma 1.3 IfU C C[I, E] is bounded and equicontinuous, then ap(U(t)) is continuous on
1, and set

ac(U) = ntlealxaE(LI(t)), ag(/lu(t) dt:ue L[) < /aE(U(t)) de,

1

where I = [a,b], U(t) = {u(t) :u € U}.

Definition 1.1 The fractional integral of order « > 0 of a function f : (0,00) — R is given
by

1

]g+f(t) = m

/t (t—5)"""f(s)ds
0

provided the right-hand side is pointwise defined on (0, 00).

Definition 1.2 The fractional derivative of order « > 0 of a function f : (0,00) — R is
given by

R R A )
Do.f(6) = I'(n-a) (dt ) /0 (t — s)om+l ds

where 7 = [«] + 1, provided the right-hand side is pointwise defined on (0, 00).
Lemmal.4 Let o >0, then

I8 DY x(t) = x(t) + it + ot 2 4 - 4t
forsomec; €E,i=0,1,2,...,n-1,n=-[-a].

In this article, let J = [0, +00), BC[J, E] = {u € C[J, E] : sup,; J'l‘t(‘f),"l < 00}. It is easy to see
that BC[J, E] is a Banach space with the norm

s = sup 10
B te] 1+ ta71 ’

Consider the boundary value problem (BVP) for a fractional nonlinear integro-differen-
tial equation of mixed type in E:

Du(t) +f(t, u(t), (Tu)(t), (Su)(t)) =6 Vte],

1)
uw(0)=u/(0)=0,  Dglu(+oo) = Y1, Bu(n:),
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where Df is the standard Riemann-Liouville fractional derivative of order 2 < < 3, f €
CUXPxPxPP,Bi>0(i=12,....,m),0<n <mp < <M > i Bim¥* <T(a) and

(Tu)(t) = /Otl((t,s)u(s) ds, (Su)(¢) = /0+<>0 H(t,s)u(s)ds, (2)

K eC[D,R*],D={(t,s)e] xJ:t>s}, H e C[J] x J,R*], R* denotes the set of all nonneg-
ative real numbers.

2 Several lemmas
To establish the existence of multiple positive solutions in BC[J, P] of (1), let us list the
following assumptions.

(Hi) k* = sup,g; fOtK(t,s) ds < oo, h* = sup,, m% JoTHE)A + s*h)ds < oo,
JoHE,s) - H(t,9)1 +s* ) ds — 0,as £’ — £ (t€])).

(Hy) There exist a,b € C[J,R*] and g € C[J x J x J,R*] such that

& w,v,w)| < a@) + b@)g(lull, VI, Iwll) V&€ ],u,v,weP.

(H3) There exists ¢ € C[J, R*] such that

IIf (& u, v, Wl
c@ Ul + lIvil+ IwlD)

— 0, asu,v,wePl|ul|+|v|+|w|— oco
uniformly for ¢ € J, and
+00
¢t = / c@®)(1+ ") de < o0.
0

(H4) There exists d € C[J,R*] such that

IF & @+ 5 Vu, (1 + 2Dy, 1+ 2 Hw)||
d@)(lull + vl + IIwll)

— 0, asu,v,wePl|ul|+]|v|+|w|—0
uniformly for ¢ € J, and
+00
d’ = / d(t)dt < oco.
0

(Hs) Foranyt € Jandr > 0,f(t, Py, Py, P,) = {f(t, u, v, w) : u, v, w € P,} is relatively compact
in E,where P, ={u € P: ||u|| <r}.

(He) P is normal and solid, and there exist uy > 0, 0 < £, < t* < o0 and o € C[I,R*] such
that

ft,u,v,w)>o)ug VielLu>uy,v>0,w>0

and

f o)1,

where I = [t,,t*], y(s) = mins; G(&, 5).
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(H7) There exist uy >0, 0 < t, < t* <00 and o € C[I,R"] such that
ftuv,w)>o)uy VielLu>ugv=0,w=>0

and

f e =1,

where I = [t,,t*], y(s) = minse; G(¢, 5).
Remark 2.1 It is clear that (Hs) is satisfied automatically when E is finite dimensional.
Remark 2.2 It is clear that assumption (H;) is weaker than assumption (Hg).

We shall reduce BVP (1) to an integral equation in E. To this end, we first consider the
operator A defined by

(Au)(t) = —m / (&= )7 (s, u(s), (Tu)(s), (Su)(s)) ds

A

Ni
[ -1 o1
_r(a);ﬂit /0 (1 = 8)*"f (s, u(s), (Tu)(s), (Su)(s)) ds

+ At /()+Oof (5, u(5), (Tu)(s), (Su)(s)) ds, ®

here A = ———-——.
WREIE A = s e
In our main results, we make use of the following lemmas.

Lemma 2.1 Let assumption (H,) be satisfied, then the operators T and S defined by (2) are
bounded linear operators from BC|], E] into BC[], P, and

1T <k, ISl <A™ (4)
Moreover,
T :BC|],P] — BC[],P], S:BC[],P] — BCJ],P]. (5)

Proof Inequalities (4) follow from two simple inequalities:

[CAT f X6, )1+S“‘1 WO a5 < ke,

1l 1+ 11+
I(Su)(@)|l / 5% IIM( )||
H(t cds<n* ,
Tel (ts T llulls
and (5) is obvious. a

Lemma 2.2 Let assumptions (H;), (Hy) and (Hs) be satisfied, then the operator A defined
by (3) is a continuous operator from BC[J, E] into BC[], E].
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Proof Let

Page 5 of 18

-1
_ 1 1 * A - . i X a-1
&1 = 2(1 + k* + h*) |:<F(Ol) + )‘>C + @ ;:&fo (i —s) (“(s) +Mb(5)) d5i| ,

where A is defined in the operator A.

By virtue of assumptions (H;) and (Hj), there exists an R > 0 such that

lf & v, w)| < exc@(llull + VI + 1wl

Vte ,u,v,we P, |u| +||v| + ||w] >R
and

Hf(t, u,v, w) || <af(t) + Mb(t)

Vie ,u,v,we P |lul + vl +lIwll <R,
where
M= max{g(xl,xz,xg) 10 < xq,%0,x3 < R}.
It follows from (6) and (7) that for ¢ € J, u,v,w € P, we have
(&, v, w)|| < erc@(llull + 11VI + wll) + ale) + Mb(2).

Let u € BC[J, P], we have, by (8) and Lemma 2.1,

If (&, (Tu)(©), (Su)(@)) | < erc(@) (L +*71) (1 + &* + h*) |ul g + a(t) + Mb(2),

which implies the convergence of the infinite integral

/0 (b (Tw)(@®), (1)) ds
and
/ (e 0, (500 | ds = o (K ) s+ M
0

Thus, we have, by (3), (9) and (10),

I(Aw) O _
= = T@ / Tt (50, (T)(5), (50)9) | ds

1+ 01

F(Q)Zﬂl T 1/ (n; = )" 7H[[f (s, uls), (Tw)(s), (Su)(s)) | ds

)\’ta—l
+ ——
1+l

/0 [ (s, uls), (Tw)(s), (S)(s)) | s

7)

(8)

)
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1 +00
- (% . A) / 1 (s s), (Tu)(s), (S)(s)) | s

F( ) / (i = )7 [ (s, uls), (Tu)(s), (Su)(s)) || ds

= <ﬁ * A) (cFer(L+ K"+ 1) |ullp + a* + Mb)
ﬂ ) i el L+ (14 K + 1 ds
T Xlzﬂ/o (i =) e1c()(L+ ") (1 + & + 1) lull5
" ni
+ @ Zﬂi/o (ni —5)* 7 (als) + Mb(s)) ds
i1
= %”u”B + (ﬁ +)\_>(a* +Mb*)
" ni
+— Zﬁi/o (n; —5)*7 (als) + Mb(s)) ds. 1)

i=1

It follows from (11) that

1 1
lAullp < EllullB + (m + A) (a* + Mb*)

+ % 21: Bi /0 m(n,« —5)"(als) + Mb(s)) ds. (12)

Thus, we have A(BC[J, E]) C BC[],E].
Finally, we show that A is continuous. Let u,,# € BC[J,E], ||u, — it||z — 0 (1 — o0).

Then r = sup,, ||u,|| < oo and ||i||g < r. By (3), we have

‘ (Au,)(t)  (Au)(2)
1+l 14l

< /0 (ijlall (5 160(5), (Titn)5), (S)() £ (5, 6), (T(S), (S2(S)) | i

tal

Zﬂll [ =9 s 109 T )0, 5,)9)

—f(s u(s), (Tu)(s), (Sir)(s )H ds
At +°° Ti S U Tu St d
+ W\/O ”f(S, Mn(S)r( Mn)(s):( un)(s)) _f(S: M(S),( M)(S),( M)(S)) || S
1 +00 5
< (Ta) + k)/o 1f (5, 24 (5), (Tt ) (), (Sttn)(8)) = f (5, 2u(s), (T)(s), (Sit)(s)) | ds
Ao (M e
o 2P /0 1 = 9 [f (5, 1a(6), (Titn)9), (S4)(6))

— £ (s, i(s), (Ti)(s), (S)(s)) | ds. (14)

Page 6 of 18
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It is clear that

F (& un(®), (Tun) (0, (Sun)(8)) — f (& 5(0), (TiD)(0), (ST)(®)), 1~ 00, (15)

and by (9),

1f (& 1 (), (Tua) (0), (Sun)(2)) — f (2, 5(0), (Ti2)(2), (Sit) (2)) |
<2e1c(t)(1+ ") (L+ K" + 1) ||ullp + 2a(2) + 2Mb(¢) = pu(t)

Vie],n=12,3,...,n€L[J,R"]. (16)

It follows from (15) and (16) and the dominated convergence theorem that

+00

lim [ [ (8 a(®), (Tun)(2), (Sun) () £ (&, (), (Ti)(2), (S)(®)) | ds = O (17)

n—00 0

and

Ni

im [ (i = )7 |f (& un(®), (Tun)(0), (Sun)(8)) —f (8, 6(e), (Ti)(2), (S)(2)) | ds

n—00 0

=0, i=12,...,m. (18)

It follows from (14), (17) and (18) that ||Au, — Ai||z — 0 (n — 00), and the continuity of A
is proved. 0

Lemma 2.3 Let assumptions (H;), (Hy) and (Hs) be satisfied, then u € BC[J,E] is a solu-
tion of BVP (1) if and only if u € BC[J, E] is a solution of the following integral equation:

u(t) = —L Ot(t - s)"‘_lf(s, u(s), (Tu)(s), (Su)(s)) ds

F(a);ﬁlt /0 (11 = 9" (5, u(s), (Tu)(s), (Su)(s)) ds

+ At /O+Oof (s, u(s), (Tu)(s), (Sw)(s)) ds, 19)

i.e., u is a fixed point of the operator A defined by (3) in BC[], E].

Proof If u € BC[],E] is a solution of BVP (1), then by applying Lemma 1.4 we reduce
D u(t) + f (¢, u(t), (Tu)(t), (Su)(t)) = 0 to an equivalent integral equation

u(t) = —18‘+f(t, u(2), (Tu)(t), (Su)(t)) + ot 4ot 3t (20)

for some ¢, ¢y, c3. (20) can be rewritten

1

u(t) = T /Ot(t—s)“lf(s,u(s), (Tu)(s), (Su)(s)) ds

+ % 4 et 4 g3, (21)

Page 7 of 18
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By u(0) = u/(0) = 6, we have
Cy=C3= 0. (22)
By D¢ u(+00) = Y17, Biu(n;), we obtain

=X /(; f(s, u(s), (Tu)(s), (Su)(s)) ds

- ni

“r@ ;ﬁi =9 (5,9, (T)(8), (510(9)) . 23)

Now, substituting (22) and (23) into (21), we see that u(¢) satisfies integral equation (19).
Conversely, if u is a solution of (19), the direct differentiation of (19) gives

W(6) = —ﬁ /0 (= 92 (s, ), (Ti)(s), (5)(5) di

o Py iﬁit‘” / " = 90 (5, 65), (Tu)6), (50(6)) di
+ Mo — 1) /0 +Oof (s, u(s), (Tw)(s), (Sw)(s)) ds (24)
and
DY u(t) = /0 Pl ), (Tu)(s), (S1))) . (25)

Consequently, u € BC[], E], and by (19), (24) and (25), it is easy to see that u(¢) satisfies
BVP (1). 0

Lemma 2.4 Integral equation (19) can be expressed as

u(t) = A G(t,s)f(s, u(s), (Tu)(s), (Su)(s)) ds, (26)

and G(t,s) > 0 for any t,s € (0, 00), where

—(-9)* " (T (@)-27 B ™)=Y, Bt (09" 4T (@)e*
(@)~ Bin? 0 (@) ’
M1 St Moo <s<njpk=12,...,m,

j=12,...,k=1or

Nk-1 < t =< Nk> S =< trk: 1,2;“'77”;
- 0 Bt (i) 4T (@)
Glt,s) = (-2 Bin?r@)  ’ 27)
M1 S E< Mo <s<n,k=12,...,m,

j=k+1,...,mor

N1 <t <mt<s,k=12,...,m;
~(t=5)* (D)3, ﬂin?’l)ﬂ“(a)t“‘l

(C@)-X7 B O (@) ’
ta—l

F(Ol)*z,(; /Siﬂ;lil ’

Mm =8=t

t<nu<sorn, <t=<s.

Page 8 of 18
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Proof Let h(t) =f(t, u(t), (Tu)(t), (Su)(2)). For t < n;, one has

__L ! _ o)1
u(t) = F(a)/o(t $)* " h(s)ds

t m
? ﬁlt‘“( / (m —s)*"h(s)ds + / (m—S)“‘lh(S)dS)

m
- T )ﬁzt‘“< / (2 = 9~ h(s) ds + / (12 — )~ h(s) s

)
+/m (nz—s)"‘lh(s)ds>

_L Otl ! ol " el
ot (fo (e — 5" (s) ds + f (e — 5" h(s) ds

Nm
oot /nml(nm —8)*Lh(s) ds)
g < / ") ds + / " hsyds + / " s ds
m
+/ hs)ds+/ h(s)ds)
NMm-1 Nm

= /*Oo G(t,8)h(s)ds,
0
O<s<t
A e = o o
G(t,S) = F(O{) |:_(t S 1<F(C( 121:/3177 ) ;,3;(77; _5 + F(Ot)t 1:|
> F?a) [—t"'l (F(a) - Zﬁm?'l> - Zﬂi(m —s) ey F(a)ta'l]
-1 -1

)\' m

= mZﬁi(ﬂ? L (mi-9)* )t >0

O<t<s<m

Glt,s) = %[ > Bl - 91! +r(a>t“-1}

i=1

2t @ (r(a Zﬁm" 1) =0,

Nj1<s<m,j=2,3,...,m

G = T [ Zﬁ,(m—S)“l +r(a>t“-1}
> Fa) (F(a)—Zﬁm )
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N =8

A
G(t,S) = Wa)ta_l > 0.

By simple calculation, we can prove the rest of the lemma. d

Lemma 2.5 Let assumptions (Hy), (Hy) and (Hs) be satisfied, and let U be a bounded
subset of BC[],E]. Then (49 .y e U} is equicontinuous on any finite subinterval of ],

1+t 1
and for any given € > 0, there exists T > 0 such that

Au(ty)  Aulty)
L+ 14571

uniformly with respect tou € U, as t),t, > 7.

Proof For u € U, t < ty, by using (3), we have

Au(ty) Aul(ty)
1+ 1457

= F(la) /oq

1 b (ty —5)*1
'(a) -/t1 Hf(s, u(s), (Tu)(s), (Su)(s)) ” ds

1+57t

(-9 (La—s)*"
L+47! 1+57!

If (s, (), (Tw)(s), (Su)(s)) || ds

a-1 o—1
’ tl t2

(k/ If (&, u, (Tu)(2), (Su)(@)) | ds
0

T+ 1+457!

1

m ni
* @) 2 > B /o (i — )7 |[f (s, u(s), (Tu)(s), (Su)(9)) | dS). (28)
i=1

This, together with (9) and (10), implies that {A”t[fll u € U} are equicontinuous on any
finite subinterval of /.
Now, we are going to prove that for any given ¢ > 0, there exists sufficiently large 7 > 0,

which satisfies

Au(t;)  Au(ty)
T+ 1+57!

forallu e U and t1,t, > 7.
Together with (28), we need only to show that for any given ¢ > 0, there exists sufficiently
large v > 0 such that

5% _a-l
./0 %f (s, uls), (Tu)(s), (Su)(s)) ds

_ /0 : %f(s, u(s), (Tw)(©), (Su)(s)) ds

Page 10 of 18


http://www.boundaryvalueproblems.com/content/2013/1/79

Liu et al. Boundary Value Problems 2013, 2013:79
http://www.boundaryvalueproblems.com/content/2013/1/79

It follows from (10) that for any given ¢ > 0, there exists a sufficiently large L > 0 such that
+00 &
/ |Lf(t, u, (Tu)(t), (Su)(t)) || ds < 3 Yuel, (29)
L

and there exists K > 0 such that

fo I (b (T @, (@) | ds <K Ve . 30)

On the other hand, let g(¢,s) = 1 t" = s€[0,L], t € [L,+00), then we have

lim sup |g(t s 1’ < tlim g(t,L)=0.

t—00 ¢ €[0,1]

Thus, there exists T > 0 such that for #,£, > 71,
sup |g(t1,s) — g(t2,9)|
s€[0,L]

< sup ’g(tl,s) 1’+ sup ‘g(tg,s) 1!
s€[0,L]

£
£ 31
<3K 31

Therefore, from (29), (30) and (31) we have

o _e-l
fo %f( s), (Tu)(s), (Su)(s)) ds

_ a1
‘/0 (tl—t)f( u(s) (Tu)(s), (51)s)) ds

L
</
0

_ -1
f %ms,u(s ) (1)), (Su)(s) | ds
1

(-9 (-9
L+471 1+t

I (s, (s), (Tu)(s), (Su)(5)) | ds

+/ (& = 5" Hf(s, ), (Tu)(s), (Su)( ))H ds
L

1+t
€
31</Hfs, ), (Tu)(s), Su(s)”ds+_+§<8

Consequently, the proof is complete. 0

Lemma 2.6 Let assumptions (H;), (Hy) and (Hs) be satisfied, and let U be a bounded
subset of BC[],E]. Then

ag(AU) = sup ag <M>

te] 1+ ta_l

Proof By Lemma 2.2, we know AU is a bounded subset of BC[J, E]. Thus,

=:supw M <00
Q .t€] E 1+ta_1

Page 11 0of 18
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First, we claim that ag(AU) < .
In fact, by Lemma 2.5, we know that for any given ¢ > 0, there exists a t > 0 such that

(Au)(t1)  (Au)(t
” W(t) (A )
1+t 1+1t5

uniformly with respect to u € U and £, ¢, > 7.

(Aw)(@) .

Since {{757 : u € U} is equicontinuous on [0, 7], by Lemma 1.3, we know

OfB(AL”[O,r]) = tmax O[E<

(AM)(t)>
€[0,7]

1+l

where
AU, = {u(t): t € [0, 7], u e U},

thatis, AU |jp 7] is the restriction of AU on [0, t]. Therefore, there exists U, Us,..., Uy C U
such that

u=\Ju
i=1
satisfying
k
AUl = JAU o, diamp(AU) <o +e, i=1,2,3,...,k (33)

i=1

where diamg(-) denote the diameters of bounded subsets of BC[J], E].
At the same time, for any Au;, Au, € AU;, by (32) and (33), we obtain

1+ 140l

1+ 140l

‘ (Aum)(t)  (Aup)(?)
n _
14+t 142l

Aul)(t Auz t)
1+l 14l

” (Aup)(t)  (Auy)(t)

‘ (Auy)(t)  (Aur)(2)

<e+p+e+e=0+3e Vite[r,+00). (34)
It follows from (33) and (34) that
diamg(AU;) <o +3e, i=1,2,3,...,k.
Then, by using AU = ULALI,», we have
ap(Al) < o.

On the other hand, for any given ¢ > 0, there exist V; C U, i=1,2,3,...,[, such that

l
Al = UAV,' and diamg(AV;) < ag(AU) + &
i=1
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Hence, for Vt € J, Yuq,uy € U;, i =1,2,3,...,1, we have

=< A — Aus||p < ap(AU) +&. (35)

(Au) (@) (Aun)(t)
1+l 14!

Since (AU)(t) = Ule(AV,»)(t) together with (35), we get

oE ((Au)(t)) ag(AU) + ¢,

1+t

that is,

supo

te]

((AM)(t)
AL+ ot

) <ag(AU) +¢

Because ¢ is arbitrary, we obtain

supag ( (Aul)(t)) <ag(AlU).

tE] 1 + tDl—l

Consequently, the proof is complete. d

3 Mainresults

In this section, we give and prove our main results.

Theorem 3.1 Let (H)-(Hg) be satisfied. Then BVP (1) has at least two positive solutions
u*,u** € BC[], P] such that u*(t) > uo fort € I.

Proof By Lemma 2.2 and Lemma 2.4, the operator A defined by (3) is continuous from
BCJJ,P] into BC[J,P], and by Lemma 2.3, we need only to show that A has two positive
fixed points u*, u™* € BC[J, P] such that u*(¢t) > u, for t € I.

First, we shall prove A is compact.

Let U = {u,} € BC[J,E] be bounded and |u,|| <K (n=1,2,3,...). From (9), we can
choose a sufficiently large t > 0 such that for all u € U

/ |[f(s, u(s), (Tu)(s), (Su)(s)) H ds<es. (36)
It follows from Lemma 2.5 that
{(ff’;i(?:nzl,z,g,...} (37)

is equicontinuous on [0, t]. Thus, by (3), (36) and (37), we have

aE( AU (t)_) < ﬁ /0 g (f (s, L(s), (TU)(s), (SU)(s))) ds + 2¢

1421

%);ﬁi /0 ' i—8)"tag(f (s, Uls), (TU)(s), (SU)(s))) ds

+ /T ap(f (s, U(s), (TU)(s), (SU)(s))) ds + 21, (38)

0

Page 13 0f 18
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where ﬁiﬁtl = {ﬁ"tﬁ; +:n=1,2,3,...}, U@s) = {u,(s) : n=1,2,3,...}, (TU)(s) = {(Tu,)(s) : n =
1,2,3,...}, (SU)(s) = {(Su,)(s): n=1,2,3,...}.
Since U(s), (TU)(s), (SU)(s) C Py for s € J, where r* = max{r, k*r, h*r}, we see that, by

virtue of assumption (H,),
aE(f(s, U(s), (TU)(s), (SL[)(S))) =0 Vte]. (39)

It follows from (38) and (39) that

E\1+ 1

o ( AU() ) <2(1+A)s,

which implies, by virtue of the arbitrariness of ¢, that

( AU (t)
OE

1+t

):0 Vte].

Using Lemma 2.6, we have

ag(AlU) = sup(

te]

AU (t) ) B

1+ ¢l

Thus, we can conclude that AU is relatively compact in BC[], E], i.e., A is compact.
As in the proof of Lemma 2.2, (12) holds. Choose

1
R* > {2||uo||,2<m + A) (a* + Mb*)
ﬁl (m —5)*(als) + Mb(s)) ds ¢, (40)
F( ) <

where uo >> 0 is given in assumption (Hg), and let ©; = {# € BC[J,P] : ||| < R*}. Then
Qi ={ueBC[],P]: |u| <R*}and, by (12) and (40), we have

A(ﬁl) C Q2. (41)
By virtue of (Hy), there exists an r; > 0 such that

|[f(t, 1+ t""l)u, 1+ t"‘_l)v, (1+ t“‘l)w) || < exd@)(|lull + vl + [wl)

Vte,u,v,weP,|ul +|v|+|wl <mn, (42)
where
S o) S [ ooty as —
272+ k+ i) | \ (@) M) o .
Let
rn
ry =

1+k*+h*
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Then, for u € BC[], P] with ||u||g < r, we have by (42)

I (& (@), (Tu) @), (Sw)(®)) |

a1y U(E) a1y (Tu)(t) a1y (SU)(2)
:H/(t’(“t 1)1:‘%1’(1” 1)1:‘&4,(1” 1)1+Mz:°“)
d(t)< @Il 1(Tu)@) II(Su)(t)||>

|

§s2d(t)(1+k*+h*)||u||3 Vte]. (44)

<&

14+l 14l 1+l

It follows from (3), (43) and (44) that

I (Au)(@)]|
“ F(a)/ Hf s, u(s), (Tu)(s), (Su)(s) )H ds

14gel

A - K a—-1
+ m ;ﬁ/o n;—S) Hf(s, u(s), (Tu)(s), (Su)(s) )|| ds

+ )»/ If (s, (), (Tw)(s), (Sw)(s)) | ds
0

(m + )\,)8261*(1 + kK + h*)||u||3
21+ K + 1) —

e Zﬁl/ (1= 1) ds

= §||M||B,
which implies
1
lAulls < Ellu”B’ u € BC[J,P], |ullg < ra. (45)
Choose
0 < r <min ﬂ,m,R . (46)
N1 + 21

Let Q = {u € BC[J,P] : ||u|l < r}. Then Q, = {u € BC[J,P] : ||u||p < r}, and we have, by
(45) and (46),

A(22) C Q0. (47)

Let Q3 = {u € BC[],P] : ||ullp < R, u(t) > uo,t € I}, and we are going to show that Qs is
an open set of BC[/, P]. It is clear that we need only to show the following: for any # € Q3,
there exists n > 0 such that u € BC[J, P], |lu — ul||p < n implies that u(£) > u, for t € I. We

have u(£) > uo for t € I. So, for any s € I, there exists a & = £(s) > 0 such that

u(s) > (1 + 3&)uy. (48)
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Since 1o >> 6 and u(¢) is continuous on J, we can find an open interval I(s,8) = (s — 8,5 + 3)
(8 > 0) such that

gugy + [L_t(t) - 12(3)] >0 Vtel(s,$s),
which implies by virtue of (48) that
u(t)> 1 +28)ug Vtel(s,$).

Since I is compact, there is a finite collection of such intervals {I(s;, §;)} (j = 1,2,..., k) which

cover I, and
ﬁ(t) > (1+28]‘)u0 VtGI(S]‘,Sj) (j:1,2,...,k),

where &; >0 (j=1,2,...,k). Consequently,

u(t) > (1+2e%)uy Vtel, (49)
where &* = min;<j<t{¢;} > 0. Since 1o > 0, there exists an n = 21\%&”&) > 0 such that
e ug + [u(t) - ﬁ(t)] >0 Vtel, (50)

whenever u € BC[J, P] satisfying |\u — || < 17, which implies by virtue of (49) and (50) that
u(t) = (L+&*)uo > uo, u€BC[J,Pl,|lu—iullg<n.

Thus, we have proved that Q3 is open in BC[/, P].
On the other hand, Lemma 2.4 and assumption (Hg) imply

(Au)(t) 2/ G(t,s)f(s,u(s),(Tu)(s),(Su)(s))ds
> /t G(t,s)o (s) ds g

> / o sy
[
>uy Vtel. (51)
Hence
A(Q23) C Q. (52)

Since €24, 25 and 23 are nonempty bounded convex open subsets of BC[J, P], we see that
(41), (47) and (52) imply by virtue of Lemma 1.1 the fixed point indices

i(A,Q;,BC[J,P]) =1 (i=1,2,3). (53)
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On the other hand, for u € Q3, we have u(¢) > ug, and so

A ) [ 7
P14t 1 = NQ+ 1)

Consequently,
Q, C Q; CBC[J,P], Q3 C Q; CBC[J,P], QN Q3 =0 (54)
By (53), (54) and the additivity of the fixed point index (Lemma 1.2), we can obtain

i(A, Q1/(R2 U Q3), BC[J, P])

=i(A,Q1,BC[J,P]) - i(A, 2, BC[J, P]) — i(A, Q3,BC[J, P]) = 1. (55)

Finally, (53), (54) and (55) imply that A has two fixed points u* € Q3 and u** €
©1/(82; U Q3). We have, by (51), u*(t) > uo for t € I. The proof is complete. d

Remark 3.1 Assumption (H7) and the continuity of f imply that f(¢,6,6,0) =6 for t € J.
Hence, under the assumptions of the theorem, BVP (1) has the trivial solution u(t) =6

besides two positive solutions #* and #**.

Theorem 3.2 Let (H;)-(Hs) and (Hy) be satisfied. Then BVP (1) has at least one positive
solution u(t) € BC[J, P] such that u(t) > uo fort € I.

Proof By Lemma 2.2, Lemma 2.4 and the proof of Theorem 3.1, the operator A defined by
(3) is completely continuous from BC[/, P] into BC[J, P], and by Lemma 2.3, we need only
to show that A has one positive fixed point z € BC[], P] such that z(t) > u, for ¢t € I.

As in the proof of Lemma 2.2, (12) holds. Choose R satisfying (40) and let U = {u €
BC[J,P]: ||ull < R u(t) > ug Vt € I}, where ug > 0 is given by assumption (H7). It is clear
that U is a nonempty bounded closed convex subset in BC[J, P] (U # { because 2u, € U).
Let u € U, by (40), we have ||Au|| < R*. On the other hand, as in the proof of Theorem 3.1,

Lemma 2.4 and assumption (Hy) imply

(Au)(t) 2/ G(&,s)f (s, u(s), (Tu)(s), (Su)(s)) ds
z/t G(t,s)o(s) dsug

> / Y ()0 (s)ds

>uy Vtel. (56)

Hence, Au € W, and therefore AU C U. Thus, the Schauder fixed point theorem implies
that A has a fixed point % € U, and by (56) #(t) > u, for ¢ € I. The proof is complete. [
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4 Conclusion

In this paper, the issue on the existence of multiple positive solutions of a boundary value
problem for «-order nonlinear integro-differential equations in a Banach space has been
addressed for the first time. Taking advantage of the fixed point index theory of completely
continuous operators, the existence conditions for such boundary value problems have
been established.
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