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Abstract

This paper investigates the existence of solutions for fractional differential inclusions
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1 Introduction
The topic of fractional differential equations and inclusions has recently emerged as a
popular field of research due to its extensive development and applications in several
disciplines such as physics, mechanics, chemistry, engineering, etc. [1-5]. An important
characteristic of a fractional-order differential operator, in contrast to its integer-order
counterpart, is its nonlocal nature. This feature of fractional-order operators (equations)
is regarded as one of the key factors for the popularity of the subject. As a matter of fact,
the use of fractional-order operators in the mathematical modeling of several real world
processes gives rise to more realistic models as these operators are capable of describ-
ing memory and hereditary properties. For some recent results on fractional differential
equations, see [6—22] and the references cited therein, whereas some recent work dealing
with fractional differential inclusions can be found in [23-28].

In this paper, we study a boundary value problem of fractional differential inclusions
with anti-periodic type integral boundary conditions given by

Dix(t)x(t) € F(t,x(t)), O0<t<T,2<q<3, w1
; ; T . :
x9(0) = Ax(T) = Io &(s,x(s))ds, j=0,1,2,
where D7 denotes the Caputo derivative of fractional order g, x(-) denotes jth derivative
of x(-) with x©(:) = x(-), F: [0, T] x R — P(R) is a multivalued map, P(R) is the family of
all subsets of R, g;: [0, T] x R — R are given continuous functions and A, 1; € R (A; #1).
The present work is motivated by a recent paper [22], where the authors considered (1.1)
with F as a single-valued map. The existence of solutions for problem (1.1) has been dis-
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cussed for the cases when the right-hand side is convex as well as non-convex valued. The
first result is based on the nonlinear alternative of Leray-Schauder type, whereas the sec-
ond result is established by combining the nonlinear alternative of Leray-Schauder type
for single-valued maps with a selection theorem due to Bressan and Colombo for lower
semicontinuous multivalued maps with nonempty closed and decomposable values. In
the third result, we use the fixed point theorem for contraction multivalued maps due
to Covitz and Nadler. Though the methods used are well known, their exposition in the
framework of problem (1.1) is new. We recall some preliminary facts about fractional cal-

culus and multivalued maps in Section 2, while the main results are presented in Section 3.

2 Preliminaries
2.1 Fractional calculus

Let us recall some basic definitions of fractional calculus [1-3].

Definition 2.1 Let 4 : [0,00) — R be an (n — 1)-times absolutely continuous function.

Then the Caputo derivative of fractional order v for 4 is defined as

DVh(t) =

1 t
/ (- H"()ds, n-1<v<mn=[]+1,
I'(n-v) J,

where [v] denotes the integer part of the real number v.
Definition 2.2 The Riemann-Liouville fractional integral of order v is defined as

_gls
v) (t—s)i-v >

I"h( t)— v >0,

provided the integral exists.

Definition 2.3 A function x € AC'([0, T],R) is called a solution of problem (1.1) if there
exists a function v € L}([0, T],R) with v(t) € F(¢,%(t)), a.e. [0, T] such that D%x(t) = v(¢),
a.e. [0,1] and 9(0) — Ax?(T) = fOTg'(s,x(s))ds,j =0,1,2.

In the sequel, the following lemma plays a pivotal role.

Lemma 2.4 ([22]) For a given y € C([0, T],R) and 2 < q < 3, the unique solution of the
equation ‘Dix(t) = y(¢t), t € [0, T subject to the boundary conditions of (1.1) is given by

‘71 q-1
t)—/ il ds—koflf (Tr(q) (s)ds

+K1nzf (it s)qZ s)ds+)»2771/ T qs)‘;; (s)ds

T
ok /0 g0(5.2(5)) ds + ama /0 &1 (5,%(s)) ds

T
+ o fo 0(5.2(9) ds, @.1)
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where
m = &[-Ao(h1 + DT + 201 (Ao — DT — (Ao — 1)(A1 - D#?],
2 =&[roT - (Ao - 1)t],
1 1 1
&= —, & &

o1 T (o-D(m-1) T 200 - -D0a-1)’

2.2 Basic concepts of multivalued analysis
Let us begin this section with some basic concepts of multi-valued maps [29, 30].

Let X denote a normed space equipped with the norm | - |. A multivalued map G : X —
P(X)is

« convex (closed) valued if G(x) is convex (closed) for all x € X’;

« bounded on bounded sets if G(B) = |, 5 G(%) is bounded in X for all bounded sets B
in &, that is, sup,z{sup{|y| : y € G(x)}} < 00;

« upper semi-continuous (u.s.c.) on X’ if for each xg € X, the set G(xp) is a nonempty
closed subset of X, and if for each open set N of X containing G (xo), there exists an
open neighborhood N of xq such that G(Np) C N;

« completely continuous if G(B) is relatively compact for every bounded set B in X.

Remark 2.5 If the multivalued map G is completely continuous with nonempty compact
values, then G is u.s.c. if and only if G has a closed graph, that is, x, — %, ¥, — ¥,
Yu € G(x,) imply that y, € G(x,).

Definition 2.6 The multivalued map G has a fixed point if there is x € X’ such that x €
G(x). The fixed point set of the map G is denoted by Fix G.

Definition 2.7 A multivalued map G : [0, T] — P(R) with nonempty compact convex
values is said to be measurable if for any x € R, the function

t+—> d(x,F(t)) = inf{|lx -y : y € F(¢)}
is measurable.

Let C([0, T],R) denote the Banach space of all continuous functions from [0, T'] into R
with the norm

ll%]loe = sup{|%(8)| : £ € [0, T1}.

Let L1([0, T],R) be the Banach space of measurable functions x : [0, T] —> R which are

Lebesgue integrable and normed by
T
i1 = / |x(¢)|dt forallx e L'([0, T, R).
0

Definition 2.8 A multivalued map G : [0, T] x R — P(R) is called Carathéodory if £
G(t,x) is measurable for each x € R and x —> G (¢, x) is upper semicontinuous for almost all
t € [0, T]. A Carathéodory function G is said to be Ll—Carathéodory if, for each § > 0, there
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exists @5 € L}([0, T],R*) such that ||G(t,x)| = sup{|v| : v € G(t,%)} < @5(¢) for all ||x]o < 8
and fora.e. t €[0,T].

For each y € C([0, T], R), we define the set of selections of F by
Spy:={veL'([0, T],R) : v(¢) € F(t,5(¢)) for a.e. t € [0, T}.

Let W denote a nonempty closed subset of a Banach space E, and let G : W — P(E) be a
multivalued operator with nonempty closed values. The map G is lower semi-continuous
(Ls.c.) if the set {y € W: G(y) N B # {} is open for any open set B in E. Let A be a subset of
[0, T] x R. A is L ® B measurable if A belongs to the o -algebra generated by all sets of the
form J x D, where J is Lebesgue measurable in [0, T'] and D is Borel measurable in R.
A subset A of L'([0, T],R) is decomposable if for all #,v € A and measurable 7 C [0, T] =
J, the function ux 7 + vx;_7 € A, where x 7 stands for the characteristic function of 7.

Definition 2.9 Let Y be a separable metric space. A multivalued operator N : ¥ —
P(LY([0, T],R)) has the property (BC) if N is lower semi-continuous (Ls.c.) and has
nonempty closed and decomposable values.

Let F: [0, T] x R — P(R) be a multivalued map with nonempty compact values. Define
a multivalued operator F : C([0, T] x R) — P(L}([0, T],R)) associated with F as

Fx) = {w € Ll([O, T],R) w(t) € F(t,x(t)) fora.e. t € [0,1] },
which is called the Nemytskii operator associated with F.

Definition 2.10 Let F: [0,7] x R — P(R) be a multivalued function with nonempty
compact values. We say F is of lower semi-continuous type (Ls.c. type) if its associated
Nemytskii operator F is lower semi-continuous and has nonempty closed and decom-
posable values.

Let (X,d) be a metric space induced from the normed space (X || - ||). Consider Hy :
P(X) x P(X) — R U {oo} given by

H,y(A,B) = max[sup d(a,B),supd(A, b)},
acA beB
where d(A, b) = inf,c4 d(a; b) and d(a, B) = infycgd(a; b). Then (P (X)), Hy) is a metric
space and (P.(X), Hy) is a generalized metric space (see [31]), where Py (X) = {Y € P(&X):
Y is closed}, and Py, (X) = {Y € P(X): Y is bounded and closed}.

Definition 2.11 A multivalued operator N : X — P,(X) is called y -Lipschitz if and only
if there exists y > 0 such that H;(N(x), N(y)) < yd(x,y) for each x,y € (X) and is a con-
traction if and only if it is y -Lipschitz with y < 1.

3 Existence results

3.1 The Carathéodory case

We recall the following lemmas to prove the existence of solutions for problem (1.1) when
the multivalued map F in (1.1) is of Carathéodory type.
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Lemma 3.1 (Nonlinear alternative for Kakutani maps) [32] Let E be a Banach space, let
C be a closed convex subset of E, let U be an open subset of C, and 0 € U. Suppose that
F: U — Py (C) is an upper semicontinuous compact map; here Py .(C) denotes the family
of nonempty, compact convex subsets of C. Then either

(i) F has a fixed point in U, or

(ii) thereisan u € 0U and A € (0,1) with u € AF(u).

Lemma 3.2 ([33]) Let X be a Banach space, and let P, (X) denote a family of nonempty,
compact and convex subsets of X.Let F : [0, T] xR — P, o(X) bean L'-Carathéodory mul-
tivalued map, and let © be a linear continuous mapping from L'([0, T], X) to C([0, T], X).
Then the operator

©08r: C(10,T], &) > Pepe(C([0, T, X)), x> (O 0 Sp)(®) = O(Sk)
is a closed graph operator in C([0,T], X) x C([0,T], X).

Theorem 3.3 Suppose that

(H1) F:[0,T] xR — P(R) is Carathéodory and has nonempty compact and convex values;
(Hp) there exists a continuous nondecreasing function ¥ : [0,00) — (0,00) and a function
p € LN[0, T, R*) such that
||F(t,x)||7, :=sup{lyl:y € Ft,x)} <pO)¥ (Ixll) foreach (t,x) € [0, T] x R;

(H3) there exist continuous nondecreasing functions y; : [0,00) — (0, 00) and functions p; €
LY([0, T],R*) such that

|g,'(t,x)| <pi®y;(Ixll), j=0,1,2, foreach (t,x) € [0,T] x R;

(Hy) there exists a constant M > 0 such that

M
>1,
V(M lplp + YoM woéilllpollr + YiM) pmnz el + Yo (M) pamlllp2 |l
where
q-1
Q = Tq){l + ko1l + Mol (g — DT + [hamilqlq - 1)(q - 2)T7*}.

Then the boundary value problem (1.1) has at least one solution on [0, T].
Proof Define the operator Qf: C([0, T],R) — P(C([0, T],R)) by

heC(0,T], R)
fot V(s) ds Ao&1 fo T S v( Yds
Q) =) ] Ham fo 5 V(S)dstm fo Ao v(s) ds
—o [y gols,x(s)) ds + wams fy & S»x(s))ds
t1am [y ga(s,x(s))ds, 0<t<1
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for v € Sg .. We will show that Q satisfies the assumptions of the nonlinear alternative of
Leray-Schauder type. The proof consists of several steps. As the first step, we show that Qr
is convex for each x € C([0, T],R). This step is obvious since Sg, is convex (F has convex
values), and therefore we omit the proof.

In the second step, we show that Q¢ maps bounded sets (balls) into bounded sets in
C([0, T1,R). For a positive number p, let B, = {x € C([0, T],R) : ||lx]| < p} be a bounded
ball in C([0, T],R). Then, for each & € Qr(x),x € B,, there exists v € Sg,, such that

t -1 T -1
h(t) = / =T ds— rok / T =97 o ds
0 0

I'(q) I'(g)
T (7 g2 T (7 g3
+ A1 /0 %v(s) ds + Aomp /o %v(s) ds

T

T T
- od1 /0 o (s,x()) ds + pu1ma /0 i(s,%(5)) ds + pam /0 & (s,x(s)) ds.

Then for t € [0, T] we have

L (t—s)?
I'(q)

(T -s)7- —s)13
+|)\1772|_/0 Tin|v(s)|ds+|kzn1|/(; Ti2)|v(s)|ds

T T
+|Mo€1|/o !go(s,x(S))|dS+Imnz|/0 |gi (s, %(s)) | ds

(0] < i |v s)| ds + |)\0§1|/ |V(s)|d5

F()

T
+ | paml / |g2 (s, (s)) | ds
0

q-1 q-1 q—2

T T T 793 T
< W(HMD{@ + MO&'TQ) + |)»1772|m + |A2ﬂ1|m}/o p(s)ds
T T
+ Yo () ok / po(s)ds + v (121 s / pi(s) ds
0 0

T
g (1) Il /0 pals)ds

< ¥ (Ilxl) 21l + o (lxll) o&al lpoll r + wa (lll) [ eama llpall

+ ¥ (llxl) [amlp2l -

Thus,

7l < ¥ (p)llplin + Yolp)lmobilllpolr + Yi(o)manallipilip + ¥a(o)lwamllpalis.

Now we show that Qr maps bounded sets into equicontinuous sets of C([0, T],R). Let
t,t" €[0,T] with ¢’ <t” and x € B,. For each /1 € Qr(x), we obtain

|(E) (&) = (F)(¢)]

t 11— Nl _ (¢ \a-l o -1
< v (1) /o [(t ) F(qgt i }p(s)dsw(uxu) / %p(s)ds
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o | = 2o ¢ = 2] (] / (F( " p(s) ds

+ | Ma&sl[2| (1= Ao)M | T|" - |

T _ g3
o (= 20)@ = a)]|2 = 2w (1) /0 %ﬁ(s)ds

T
o | = 2o)amis| | - ¢ xl) /0 pi(s)ds

+ [ha&spal[2](A = o)A |T|¢" -]
T
+ ’(1—)»0)(1—)»1)“5/2—t'zy]lpg(HxH)/0 pa(s)ds

Obviously, the right-hand side of the above inequality tends to zero independently of x €
B, as t" —t' — 0. As Qr satisfies the above three assumptions, it follows by the Ascoli-
Arzeld theorem that Qf : C([0, T],R) — P(C([0, T],R)) is completely continuous.

In our next step, we show that Qf has a closed graph. Let x,, — x,, h, € Qfp(x,) and
h, — h,. Then we need to show that /4, € Qr(x,). Associated with %, € Qr(x,), there
exists v, € Sg, such that for each t € [0, T,

(t- S) -1 (T -s)r!
na(t) = f a(s) ds — Aoy /0 S ds

T T— q-2 T T— q-3
+A1n2/0 %vn(s)ds+kzn1/0 (F(qis_)z)vn(s)ds

T T
- o1 /0 2o ($,%4(s)) ds + pama /0 &1(s,%u(s)) ds

T
+ [2m / (8, %4(s)) ds
0

Thus it suffices to show that there exists v, € Sg,, such that for each ¢ € [0, T],

()t T (T - gt
() = /O v ds=hofs /0 s

(T -5 T(T -s)78
+k1n2/ T@-1 _1) S)dS+>»zn1/0 mv*(s)ds

T T
— 1ok /0 8o (s,%4(5)) ds + pama /0 81(8,%.(5)) ds + pam /0 &2(s,%.(5)) ds

Let us consider the continuous linear operator @ : L1([0, T],R) — C([0, T],R) given by

tor oa-1 T (7 -1
f— @(f)(t):/ (trs)q V(s)ds—koélf %v(s)ds

‘um f (r- ),,ZV(S Yds + Ao f (Tq—s)q;v(s)ds

T
ok /0 go(5(5)) ds + s /0 &1 (5,x(s)) ds

T
+ ot / & (s,%(s)) ds
0

Page 7 of 15
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Observe that
|72a(8) = B (0)

t _ g1 T T_ -1
sﬁﬁ%%%%ww v.(s)) ds M&A LF£T4W@_W@»¢

T T— q-2
+kmz/0 %(vn(S)—v*(S)) dst/o

T(T-5)13

m (vn (s) — vs (s)) ds

T T
- 1ok /0 (g0 (5,%4(5)) = go (5 %4(5))) ds + pama /0 (g1(5,%n(9)) — g1(5,%:(5)) ) dis

T
+ o f (@2(52(5)) @2 (52.(6))) ds

Thus, it follows by Lemma 3.2 that © o Sr is a closed graph operator. Further, we have
hy,(t) € ©(Sgy, ). Since x, — x,, therefore, we have

()t (T -5t
mm=£ o w@m—ma/ s

T(T - )i T (T - )i
+ A2 ; mv*(s)d5+)»2771 A mv*(s)ds

T

T
— 1ok fo 2o(8,%:()) ds + pama /0 ai(s,%(s)) ds

T
+ Mz'h/ &(s,x.(5)) ds,
0

for some v, € Sg, .

Finally, we show there exists an open set € C([0, T], R) withx ¢ Qf(x) forany A € (0,1)
andallx € dU.Let A € (0,1) and x € AQp(x). Then there exists v € L}([0, T], R) with v € Sg,
such that, for ¢ € [0, T], we have

¢ - T (7 o\g-1
h(t) = /0 (- ();’ v(s) ds — roky /0 %v(s)ds

— 2 _ 3
+A1n2/ (r ' S_ql v(s)ds+A2n1/ (r N iqz) v(s)ds

T
- 1ok /0 Qo (s,x()) ds + p1ma /0 i(s,x(s)) ds

T
+ Mz’h/ (s, x(s)) ds,
0

and using the computations of the second step above, we have

q-1 q-1 q-2

T T T T3 T
(71l S‘ﬁ(”x”){r( ) |)L0§1|1_,( ) |)\1U2|m+|)\zﬁl|m}/o p(s)ds

T
+Wo(||x||)|ﬂo§1|/0 PO(S)dS+1ﬁ1(||x||)|M1ﬂ2|/O pi(s)ds

T
+ o (I1%ll) | 2 | /0 pa(s)ds
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< ¥ (Ilxl)ulpl + o (llxll) wo&illpoll + yr(Ilxl) wama llpy 1

+ ([l eam | p2 -

Consequently, we have

llell/ (v (llell) 21l 1+ o (el Lieo&ullpoll 2 + ¥ (el amalpall o

+ ¥ (llxll) lwamllIp2li) < 1.

In view of (Hy), there exists M such that ||x|| # M. Let us set
U={xeC([0,TLR): x| < M}.

Note that the operator Qr : U — P(C([0, T],R)) is upper semicontinuous and completely
continuous. From the choice of U/, there is no x € U such that x € AQr(x) for some A €
(0,1). Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 3.1), we
deduce that F has a fixed point x € U which is a solution of problem (1.1). This completes
the proof. O

3.2 The lower semicontinuous case

This section deals with the case when F is not necessarily convex valued. Our strategy
to deal with this problem is based on the nonlinear alternative of Leray-Schauder type
together with the selection theorem of Bressan and Colombo for lower semi-continuous
maps with decomposable values.

Lemma 3.4 (Bressan and Colombo [34]) Let Y be a separable metric space, and let N :
Y — P(LY[0, T],R)) be a multivalued operator satisfying the property (BC). Then N has
a continuous selection, that is, there exists a continuous function (single-valued) g: Y —
LY([0, T],R) such that g(x) € N(x) for everyx € Y.

Theorem 3.5 Assume that (Hy), (Hs), (Ha) and the following condition hold.:

(Hg) F:[0,T] x R — P(R) is a nonempty compact-valued multivalued map such that
(a) (t,x) —> F(t,x) is L ® B measurable;
(b) x+— F(t,x) is lower semicontinuous for each t € [0, T];

then the boundary value problem (1.1) has at least one solution on [0, T].

Proof 1t follows from (H;) and (H4) that F is of Ls.c. type. Then from Lemma 3.4, there
exists a continuous function f : AC'([0, T],R) — L'([0, T],R) such that f(x) € F(x) for all
x € C([0, T],R).

Consider the problem

Dix(t)x(e) = f ((2)), t€[0,T],

. , r (3.1)
x0(0) = 1axV(T) = ; [, gi(s,%(s))ds, j=0,1,2.

Observe that if x € AC!([0, T],R) is a solution of (3.1), then x is a solution to problem
(1.1). In order to transform problem (3.1) into a fixed point problem, we define the operator

Page 9 of 15
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Qr as

— o [fa-sT! T(T -s)1!
Qrx(t) = ./o ) f(x(s)) ds — Ao /(; 7F(q) f(x(s)) ds

T(T - s)12 (T -s)28
+ )\17’]2 A mf(x(s)) ds + )LZT}] A mf(x(S)) ds
T

T

- o1 fo Go(s,%(s)) ds + pamy fo &i(s,x(s)) ds
T

+M2771/0 & (s,%(s)) ds.

It can easily be shown that Q is continuous and completely continuous. The remaining
part of the proof is similar to that of Theorem 3.3. So, we omit it. This completes the
proof. d

3.3 The Lipschitz case

Here we show the existence of solutions for problem (1.1) with a nonconvex valued right-
hand side by applying a fixed point theorem for multivalued maps due to Covitz and Nadler
[35].

Lemma 3.6 ([35]) Let (X,d) be a complete metric space. If N : X — Py(X) is a contraction,
then Fix N # ().

Theorem 3.7 Assume that the following conditions hold:

(A1) F:[0,T] x R — Py, (R) is such that F(-,x) : [0, T] — P,(R) is measurable for each
xeR;

(A2) Hy(F(t,x),F(t, %) < m(t)lx — x| for almost all t € [0,T] and x,x € R with m €
LY([0, T],R*) and d(0,F(t,0)) < m(t) for almost all t € [0, T};

(A3) There exist constants ¢; > 0, j = 0,1,2, such that

lgi(t,%) - gi(t,y)| <clx—yl, Vte[0,T1,j=0,1,2,xy€R.
Then the boundary value problem (1.1) has at least one solution on [0, T] if

Qillmlip + {coli&il + crlpamal + calusm|} T < 1.

Proof Observe that the set Sg, is nonempty for each x € C([0, T],R) by the assumption
(A1), so F has a measurable selection (see Theorem II.6 [36]). Now we show that the
operator Qr, defined in the beginning of the proof of Theorem 3.3, satisfies the assump-
tions of Lemma 3.6. To show that Qr(x) € P,((C[0, T],R)) for each x € C([0, T],R), let
{tn}n>0 € Qe(x) be such that u, — u(n — oo) in C([0, T],R). Then u € C([0, T],R) and
there exists v, € Sg,, such that, for each ¢ € [0, T,

t(t—s)! (T -5yt
n(t) = fo Fo s = 0 /0 S ods

T T — q-2 T T— q-3
+A1n2/0 (F(q—s_)l)v,,(s)ds+)nzn1/0 (F(qis_)z)vn(s)ds
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T T

— 1o&1 /0 go(s,x(s)) ds + puamy /0 gi(sx(s)) ds
T

+ [om /0 (s, x(s)) ds.

As F has compact values, we pass onto a subsequence (if necessary) to obtain that v,
converges to v in L1([0, T],R). Thus, v € S, and for each ¢ € [0, T], we have

(t

— )it T(T-g)?!
) v(s) ds—koglf() Tq)v(s) ds

T T— q-2 T T— q-3
+A1n2/0 %V(s)ds+kznl/; %V(s)ds

u,(t) — u(t) = /t
0

' d: i d.
—Mo&/o go(s,x(s)) S+M1772/0 &1(s,%(s)) ds
T
+;,L2r]1/ (s, x(s)) ds.
0

Hence, u € Q(x).
Next we show that there exists § < 1 such that

Hd(Qp(x), Qp(a_c)) <d|lx—%| foreachux,xe ACI([O, T],R).

Let x,x € AC'([0, T],R) and /; € Qr(x). Then there exists v;(¢) € F(t,x(t)) such that, for
eacht €[0,T],

fe-9T /T (T -5)" vi(s) ds

mt) = | ——~—w(s)ds—io& T

o T(g)
T(T —s)13

T -2
(T —s)1
+ A2 7V1(8)d8+kzm/ mvl
A _

o T'(g-1) (s)ds

T T

- o1 /0 go(s,x(s)) ds + ju1m2 /0 gi(s,x(s)) ds
T
+ Mo / & (s,%(s)) ds.
0
By (Hj3), we have
Hy(F(t,%), F(t,%)) < m(8)|x(t) - x(2)).
So, there exists w € F(t,%(t)) such that

v1(2) = w| < m(t) |x(t) - x(2)

, tel0,T].
Define U : [0, T] — P(R) by

Ut = {w eR: |v1(t) —w| < m(t){x(t) —5c(t)|}.
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Since the multivalued operator U(£) NF(¢, x(¢)) is measurable (Proposition I11.4 [36]), there
exists a function v,(#) which is a measurable selection for U. So, v5(t) € F(¢,%(t)) and for
each ¢ € [0, T, we have |v{(£) — vo(8)| < m(£)|x(£) — x(£)|.

For each t € [0, T, let us define

tr gl T (gl
at) = /0 “F(S;;’ o () ds — ok /0 T (s)ds

T T— q-2 T T— q-3
+A1n2/0 (r(q—s_)l)vz(s)ds+)»2n1/0 %Vz(s)ds

T

T
- 1ok /0 o (s, %(s)) ds + puamy /0 gi(s,x(s)) ds
T
+ tam /0 & (s,x(s)) ds.
Thus,

LAGEYAG]

t _ -1 T B 5
g (tF(S;: 0= a9 s s | %|V1(S)—vz(5)|ds

T T— q-2 T T — q-3

; wmfo (F(q—s_)l)|vl(s)—w<s>|ds+|xzm|/o (F(q—s_)z)|vl<s>—m(s)¢ds
T T

+ ol /0 |90 (s, %(5)) — go (5,%(5)) | s + | o /o |&1(s,%(5)) — g1 (s, %(s)) | ds
T

+ | pam| /0 |g2(s,%(5)) — (5, %(s)) | ds

791 T4-1 742

T3
< w(”x”){@ + |)\0~§1|Tq) + Ml’hlm + |kzﬁl|m}

T
X ||x—5c||/ m(s)ds
0

+colérlTllx = Xl + el pana| Tllx — X + colpam | T llx — X1
Hence,
1 = Bl < [Qullmllp + {eoladi] + crlwanal + calusml  T]llx - 2.
Analogously, interchanging the roles of x and x, we obtain

Ha(QF(x), (%)) < 8llx - |

< [Qullmllz + {colpma&rl + crlpanal + cslpwam| } T]llx - x|I.

Since Q2 is a contraction, it follows by Lemma 3.6 that Qf has a fixed point x which is

a solution of (1.1). This completes the proof. d
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Example 3.8 Consider the following boundary value problem of fractional differential

inclusions:

D1x(t) € F(t,x(t), te[0,1],
x(0) + 2(1) = [y 525 ds,
K(0)+a'(1) =4 [y 22 ds,
¥'(0)+x"(1) =3 fy 3&(:29) ds,

(3.2)

where F: [0,1] x R — P(R) is a multivalued map given by

x|3 sinx 1
x — F(t,x) = |: i | | i|

, - +— .
10(|x|® +3) 9(|sinx| +1) 12

For f € F, we have

|f] < max +I* | sinx] +i <L xeR
- 10(|x|3 +3)” 9(|sinx| +1) 12/ ~ 36’ ’

Thus,
7
”F(t,x)HP :=sup{ly| :y € F(t,x)} < 36 =p@)y(Ixl), x€R,

with p(¢) = 3, ¥ (||x]) = 5. Here

x(t) e'x(t) x(t)

&o(t,x) = 30+02 &lt,x) = 31 +e)’ &(6x) = 3(1+¢)

and)»oz)q:)»z:—l,ﬂo:l,m:%,Mzzé‘

CIearlY: §1=-1/2, 5 =1/4, & = -1/16, ;m = 1/16, 0y = 1/4, |g0(ttx)| = %Hx”» |gl(t:x)| =
Hixll, lg2(t,%)] < Lxll with ¢(M) = Z, ¥o(M) = Y1 (M) = ¥(M) = M, lIplip = Ipollp =

lpillp = llp2llp = %, and Q; = 853*2/;. In view of the condition

M
>1,
UM |pll + YoM moéillipollr + Ya(M)|panalllprll 1 + Yo (M) amllip2ll

we find that M > 59950]{;. Thus, all the conditions of Theorem 3.3 are satisfied. So, there

exists at least one solution of problem (3.2) on [0,1].
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