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Abstract
In this paper, we study the following second-order periodic system:

X"+ V') +p@)|x|* =0,

where V(x) has a singularity. Under some assumptions on the V(x) and p(t) by Ortega’s
small twist theorem, we obtain the existence of quasi-periodic solutions and
boundedness of all the solutions.
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1 Introduction and main result
In 1991, Levi [1] considered the following equation:

x" +V'(x,t) =0, (1.1

where V(x, t) satisfies some growth conditions and V'(x, £) = V/(x, £ +1). The author reduced

the system to a normal form and then applied Moser twist theorem to prove the existence

of quasi-periodic solution and the boundedness of all solutions. This result relies on the

fact that the nonlinearity V'(x, £) can guarantee the twist condition of KAM theorem. Later,

several authors improved the Levi’s result; we refer to [2—4] and the references therein.
Recently, Capietto, Dambrosio and Liu [5] studied the following equation:

X"+ V'(x) = F(x, t), 1.2)

with F(x,£) = p(¢) is a m-periodic function and V(x) = %xi + ﬁ — 1, where x, =
max{x, 0}, x_ = max{—x,0} and v is a positive integer. Under the Lazer-Leach assumption

that

1 b
1+ 5/ plto +0)sinfd6 >0, Vi eR, (1.3)
0

they prove the boundedness of solutions and the existence of quasi-periodic solution by
KAM theorem. It is the first time that the equation of the boundedness of all solution is
treated in case of a singular potential.
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We observe that F(x, £) = p(£) in (1.2) is smooth and bounded, so a natural question is to
find sufficient conditions on F(x, t) such that all solutions of (1.2) are bounded when F(x, t)
is unbounded. The purpose of this paper is to deal with this problem.

Motivated by the papers [1, 5, 6], we consider the following equation:

X"+ V'(x)+p@)|x|* =0, (1.4)

where p(t) is a 7w -periodic function,

1
—x2

-1, O<a<lx>-1. (1.5)

+

1
V(x) = —x2
(%) 2x + 1
We suppose Lazer-Leach assumption hold:
/ plto +0)(sin)**d6 >0, Vi, eR. (1.6)
0

Our main result is the following theorem.
Theorem 1 Under the assumptions (1.5) and (1.6), all the solutions of (1.4) are bounded.

The main idea of our proof is acquired from [6]. The proof of Theorem 1 is based on
a small twist theorem due to Ortega [7]. It mainly consists of two steps. The first one is
to transform (1.4) into a perturbation of integrable Hamilton system. The second one is
to show that Poincaré map of the equivalent system satisfies Ortega’s twist theorem, then
some desired result can be obtained.

Moreover, we have the following theorem on solutions of Aubry-Mather type.

Theorem 2 Assume that p(t) € C(R) satisfies (1.6); then, there is an €y > 0 such that, for
any o € (%, % + €9), t equation (1.4) has a solution (x,(t),x.,(t)) of the Mather type with
rotation number w. More precisely:

Casel: w = s is rational. The solutions (x,(t + 2in),x, (¢t + 2irw)), 1 <i < q -1 are inde-
pendent periodic solutions of periodic qrm; moreover, in this case,

. . , B
qlgglortrglﬂxw(t)\ + [%,(@)]) = +oc.

Case 2: w is irrational. The solution (x,(t), . (t)) is either a usual quasi-periodic solution
or a generalized one.

We will apply Aubry-Mather theory, more precisely, the theorem in [8], to prove this
theorem.

2 Proof of theorem
2.1 Action-angle variables and some estimates

Observe that (1.4) is equivalent to the following Hamiltonian system:

_0H
=5

/

X

/

oH
ox
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with the Hamiltonian function

p(2)
( +1)

1
H(x,y,t) = 53/2 + Vi(x) + x| % .

In order to introduce action and angle variables, we first consider the auxiliary au-
tonomous equation:

K=y, y=-V), (2.2)

which is an integrable Hamiltonian system with Hamiltonian function

1
Hi(x,9,t) = Eyz + V(x).

The closed curves Hj(x,y,t) = h > 0 are just the integral curves of (2.2).

Denote by T (%) the time period of the integral curve I'y, of (2.2) defined by H;(x,y,¢) = h
and by I the area enclosed by the closed curve I', for every > 0. Let -1 < —a, < 0 < 8, be
such that V(-ay) = V(By,) = h. It is easy to see that

B
Io(h):Z/h,/Z(h—V(s))ds, Vh>0
—a,

and

Bn 1
————ds, Vh>0.

Lo =bLi=2| 5=

By direct computation, we get

Io(h):2/ﬂh,/2(h—V(s))ds+2/0 V2(h=V(s))ds
0 —ay,
=mh+ 2/% ,/2(1/1— V(—s)) ds,
0

SO

C(h 1
Tolh) =m + /0 7—2(}[ =) ds.

We then have
Io(h) = 1_(h) + 1, (h), To(h) = T_(h) + T, (h),

where

L(h)=2 / - 2(h=V(s))ds,  L(h)=mh,
0

—ay, 1
T_(h)ZZ‘/O mds, T+(h)=7T.

Similar in estimating in [5], we have the estimation of functions /_ and 7_.
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Lemmal We have

" dn;_,fh)‘ <Ch:
and
| | <

where n = 0,1,...,6, h — +00. Note that here and below we always use C, Cy or C| to
indicate some constants.

Remark 1 It follows from the definitions of T, (%), T_(4) and Lemma 1 that

lim T_(h) =0, Iim T,.(h)=m.
h—+00 h—+00

Thus the time period To(%) is dominated by T, (4) when # is sufficiently large. From the

relation between T_ (/) and I_(/&), we know I, (/) is dominated by I, (%) when /4 is sufficiently

large.

Remark 2 It also follow from the definition of I(%k), I_(h), I, (k) and Remark 1 that

LA Io(h)

‘ dn"

‘ < Coly(h) form>1.

Remark 3 Note that /1 = /1(lp) is the inverse function of Iy. By Remark 2, we have

d"h(l)

I}’l
darn

< Coh(I) form=>1.

We now carry out the standard reduction to the action-angle variables. For this purpose,
we define the generating function S(x,I) = [.+/2(h — V(s))ds, where C is the part of the
closed curve I'j, connecting the point on the y-axis and point (x, y).

We define the well-know map (0,1) — (x,y) by

aS aS
= )I; 0=— 1[1
Y= 5D o1 )

which is symplectic since

dx Ndy =dx N (Sycdx + Sy dl) = Syrdx A dl,
do Adl = (Sdex+SHd1)/\dI:Sde/\dl.

From the above discussion, we can easily get

T T_(h(x) : x .
ToliGea ¢ +arcsin 2(h(x,y)))’ ifx>0,y>0,
n (LU | oy aresin ——2—) ifx>0v<0
TohGe) \ 2 ) ,y <0,
g =1 0" N 2h(xy) 2.3)

big L 1 .
To (h(x,9)) (f_ah \/Z(h(x,y)+1—(l—sz)‘1) ds)y ifw < O;y >0,

m(To(h(x,y))—ffah ifx<0,y<0

2(h(x,y)+1-(1-s2)~1)
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and

B
I(x,y) = Iy (h(x,7)) = 2/ 2(h(x,y) - V(s)) ds. (2.4)

—a,
In the new variables (6, 1), the system (2.1) is

. OH . OH
9 =, I=-_" (2.5)
al 20

where

p(t)

HO,Lt)=mho(I) + @D

|x(1,0)|"x(1,0). (2.6)

In order to estimate 7 % |x(1,0)|“x(1,0), we need the following lemma.

Lemma 2 [5, Lemma 2.2] For I sufficient large and —ay, < x < 0, the following estimates
hold:

3"y(I,0)

e §c«/i for0O<n<e.

I}’I

0"x(I,60
I" 8(1” )‘fcﬁ,

2.2 New action and angle variables
Now we are concerned with the Hamiltonian system (2.5) with Hamiltonian function
H(0,1,t) given by (2.6). Note that

1d6 - Hdt = —(Hdt -1d0).
This means that if one can solve I from (2.6) as a function of H (6 and ¢ as parameters),

then

dH ol dt 8l

— =—-—(t,H,0), — =—I(t,H,0), 2.7
do Bt( ) do 8H( ) @7

is also a Hamiltonian system with Hamiltonian function / and now the action, angle and
time variables are H, ¢t and 6.

From (2.6) and Lemma 1, we have

oH
— —>1 asl— +o0.
al

So, we assume that I can be written as
H
I1=I — +R(H,t,0) |,
T
where R satisfies |R| < g Recalling that 4 is the inverse function of I, we have

H
_ +R(H; tye) = hO(I)’
b/

Page 5 of 15
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which implies that

p(t)

R(H,t,0) = .y

|x(1,0)|"x(1,0).
As a consequence, R is implicitly defined by

R(H, t,6) = (ap(Tt)l)|x|“x<10<§ +R(H, t,e)),e). (2.8)

Lemma 3 The function R(H, t,0) satisfies the following estimates:

AH <H?Z form+[<6.

0"R(H,t,0) ‘ a1

Proof Case m = 0. By (2.8), Lemma 2 and noticing that ? — las I — +00, we have

R(H, £,0)| = ‘n%x‘“l (1(,(; +R(H, t,@)),@)‘

l+a

' p(t)

=

H
10(— +R(H,t,0))
T

= I pwy<C-HY.

Case m > 1. Derivative both sides of (2.8) with respect to H, we have

1 1
=1+ 55—
G (5 +Rp(0)

By Remark 2, Lemma 2 and the estimate of R, we have

0x H
—1I (— + R>p(t)
T

—l+a

<C-H 7.

——|>1 asH — +0oq,
12+ Rp(t) ‘

we have
H| R <c.m'.
oH
We suppose that
3" R(H, t,0) st
P < H 2 (2.9)
OH™

holds where m = k — 1. We will prove (2.9) also holds where m = k, k < 6.
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By direct calculation, we have

R Y cwrjnp pi (5 + R) - i (4 R)

AHk ~ 1- 2102 + R)p(r)

, (2.10)

wherel<n <k, 1+ - +j, =k, 1<ji,...,ju<k.
Since

Il (2 + R H ak H (n)
Mﬂg«x[(_mﬂ +...+15.(—+R) :
oHn b4 b4

by Lemma 1 and (2.9), when j,, > 2, we have

, H (n)
Iy-{ —+R
/g

a+l

<C-H? -H"

i H
o/ 10(;+R) <C.
oHn -

<C-H-H7, (2.11)
When j, =1, we have

Inlo(2 +R)
— T <

S| =C (2.12)

By (2.11) and (2.12), we have

IIo (£ + R)

dH <C-H", (2.13)

where 1 <j, <k.
By (2.13), we have

ajnlo(g + R)
oOHn

8”’10(% + R)

7 <C-H"*. (2.14)

By (2.10), (2.14) and Lemma 2, we have (2.9) holds where m = k. Thus, we prove
Lemma 3. O

Analogously, one may obtain, by a direct but cumbersome commutation, the following

estimates.
Lemma 4 The function R(H, t,0) satisfies the following estimates:

9" R(H,t,0 wr
# gHTl form+l§6.
aH™t!

Moreover, by the implicit function theorem, there exists a function R; = Ry (¢, H,6) such
that

p(t)

R(H,t,0) = @+ D)

|x(H,0)|"x(H,0) + R (H, ¢,0).
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Since

p(2)
(x+1)

Ri(H,t,0) = R(H, t,0) — |x(H,0)|" x(H,0)

for x > 0, we have

| p&) aaf, (H pt) o
|R1(H,t,9)|—’(a+l)x (10(;+R(H,t,0)>,0>—(a+1)x (H,Q)’

1
/ x* (H +8(TR + I_)) . 8873 (H +s(TR + I_)) (TR+L)p(t)ds
0

For x < 0, we have

H
|Ry(H, £,6)| = ‘ p(+)1) (—x )M( (; +R(H, ¢, 9)) ) ((ff)l)(-x)““(H,e)‘

—x)"‘ H+s(mR+1 )) (H +s(TR+1)) - (TR + 1_)p(t) ds|.

By Lemmas 1 and 4, we have the estimates on R;(H, t,0).
For concision, in the estimates and the calculation below, we only consider the case
x > 0, since the case x < 0 have the similar result.

Lemma 5 |%|<H2fork+l<6

For the estimates of I(g + R), we need the estimates on I_(g + R). By Lemmas 1 and 5,

noticing that |R| < g, we have the following lemma.

Lemma 6 | |<H2fork+l<6

akHalt

Now the new Hamiltonian function I = I(¢, H, ) is written in the form

H H H
1:10(—+R> <—+R) (—+R>
T T T

H
=H+7rR(H,t,9)+I_(— +R)
bid

p()

T ,0) + Ry(H,t,0) +1_ (E+R).
(o T

The system (2.7) is of the form

di = 1+l (H 0)lx(H,0)*p(t) + 552 (H, 1,0) + 2= (H, ,0),

do ~ (2.15)
%=—%=—n EQ1x(6, H)|*x(6, H) - de(tH@) 3’;(11,::,9).

Introduce a new action variable p € [1,2] and a parameter € > 0 by H = € 2p. Then H >
14 0 <€ < 1. Under this transformation, the system (2.15) is changed into the form

T (H 0)|x|“(H,0)p(t) + 35 (H,1,0) + 2= (H, £,0), 216)
dp _ —‘,’—1 —62[71 L 1x(0, H)|“x(0, H) + aRl (¢, H,6) + Y= (H,1,0)], '

o — ot (a+
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which is also Hamiltonian system with the new Hamiltonian function

220 50,6 %)"s(0. %)

+e2R; (t,6’2p,0) +e 2l (t,e’zp,e).

L@t p,0;€)=p+me

Obviously, if € <« 1, the solution (£(6, %, o), (6, to, po)) of (2.16) with the initial date
(to, po) € R x [1,2] is defined in the interval 6 € [0,27] and p(0, ty, po) € [%,3]. So the
Poincaré map of (2.16) is well defined in the domain R x [1,2].

Lemma 7 [6, Lemma 5.1] The Poincaré map of (2.16) has intersection property.

The proof is similar to the corresponding one in [6].
For convenience, we introduce the notation O (1) and ox(1). We say a function f(¢, p, 6,
€) € Ok(1) if f is smooth in (¢, p) and for k; + ko <k,

ky+ka

2

atk gpk: =C

for some constant C > 0 which is independent of the arguments ¢, p, 0, €.
Similarly, we say f (¢, p, 0, €) € 0r(1) if f is smooth in (¢, p) and for k; + ky <k,

8k1+/<2

f(t; ,0,9, E)

ekt gpk =0,

lim
e—0

uniformly in (¢, p, 6).

2.3 Poincaré map and twist theorems
We will use Ortega’s small twist theorem to prove that the Poincaré map P has an invariant
closed curve, if € is sufficiently small. Let us first recall the theorem in [7].

Lemma 8 (Ortega’s theorem) Let A =S! x [a, b] be a finite cylinder with universal cover
A =R X [a,b]. The coordinate in A is denoted by (t,v). Consider a map

f:A—>SxR.

We assume that the map has the intersection property. Suppose that f : A - R x R,
(t0,v0) = (11, v1) is a lift of f and it has the form

T1=T0 + 2N + 511(1'0, \)0) + (Sgl(‘[o, Uo), (2 17)

1 = Vo + 812 (70, Vo) + 882(70, Vo),

where N is an integer, § € (0,1) is a parameter. The functions Iy, I, & and g, satisfy

ol
L e C*(A), h(to,v0) >0, Tl(fo,vo) >0, VY(to,w0) €A,

dvo (2.18)
12(" ')’gl('r ] 6)’§2('1 ] 6) € CS(A)
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In addition, we assume that there is a function I : A — R satisfying

ol
I e C%A), a—(ro, V) >0, ¥(to,v0) €A (2.19)
Vo
and
a1 ol
h(to, vo) - Py (70, vo) + la(T0, Vo) - E(Tofvo) =0, V(w,v0) €A. (2.20)
0 0

Moreover, suppose that there are two numbers &, and b such that a <a <b < b and

1(@) < Ly(@) < Ig(@) < L(b) < In(b) < L,(b), (2.21)
where
Ip(r) = maxI(po, T,), I, (r) = minI(p,, T,).
pest pest

Then there exist € >0 and A > 0 such that, if § < A and

||§1(') ¥ 6) ||C5(A) + ||§2(; “ 6) ” CS(A) <€,
the mapping f has an invariant curve in T 4. The constant e is independent of 8.

We make the ansatz that the solution of (2.16) with the initial condition (£(0), p(0)) =
(to, po) is of the form

t=to+0+€"Zi(to, po, 05 €), p = po+ € *Ta(to, po, 05 €).
Then the Poincaré map of (2.16) is

Pt =ty + 27 + €71 (bo, po, 2775 €), P1= Po + €7 (to, po, 275 €). (2.22)
The functions X; and X, satisfy

T = e [ 20,672 p) x| p() dO
+ e VR, 1,0) + U= (H, 1,0)) do,

ze?tl (0 -2 -2 ’ (223)
B2 = =20 [ 180, € 2p) " x(8, € 2p)p/ (1) d6
a+l 0
- Z+1 fo (%(Hl t) 9) - %(Hy t; 9))d91
where t =ty + 6 + €172, p = pg + €7*%,. By Lemmas 4, 6 and 7, we know that
|Z1] + 25| < C for6 e]0,27]. (2.24)
Hence, for pg € [1,2], we may choose ¢ sufficiently small such that
po 1
Yo > — > —, 2.25
Po + €2y = D) ( )
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Moreover, we can prove that
Y1, € 06(1) (226)
Lemma 9 The following estimates hold:

20,672 p) — 2" (0,6 % po) € € 06(D),

d d
8—2(8,6_2/))96“ (9,6_2,0) - 8—2(8,6_2/)0)96“ (9,6_2,00) € eT04(1).

Proof Let
Al(tg, po,0) = x“‘*l(@,e_zp) —x"‘*l(e,e_zpo)

1
= / (o + 1)x“(9,e_2po +se‘122)
0

d
. 8_;61 (0,620 + 5671 5,) e Do ds.

By Lemma 2 and (2.25), we have

IR

|A(to,p0,9)| <C- (6_2,00 + 56_122) € 2po + 56_122)_%6_122

a-1

<C- (6_2,00 + 56_122)76‘)‘_16_“

<C-e“.

Take the derivative with respect to pg in the both sides of A(ty, po,0), we have

0%y 0%
dA 1 ox L+s€="% g5 & ?x 1l+se—= %
_=/ ( +1)axa—1_x4‘?ﬂo_x_2+(a+1)xa_x—m_2
900 Jo 0H €2 0H € OH? €2 €

ox 0%, 1
+(ot+1)x"‘—x—2—
oH 0pg €
Using Lemma 2 and noticing |A| < C- €%, we have
% <C-e“.
9po

Analogously, one may obtain, by a direct but cumbersome commutation that

ak+lA

[ C . e_a,
dpg 0t | ~

which means that
x‘“l(@,e_zp) —x“*l(e,e_zpo) €€ %04(1).

The estimates for 2% (0,e72p)x*(0,€2p) — 22(0, € %po)x" (0, €2 po) follow from a similar
argument, we omit it here. Thus, Lemma 9 is proved. O

Page 11 of 15


http://www.boundaryvalueproblems.com/content/2013/1/84

Jiang Boundary Value Problems 2013, 2013:84 Page 12 of 15
http://www.boundaryvalueproblems.com/content/2013/1/84

Now we turn to give an asymptotic expression of Poincaré map of (2.15), that is, we study
the behavior of the functions ¥; and X, at @ = 7 as € — 0. In order to estimate X; and

%5, we need introduce the following definition and lemma. Let
0.,U) = meas{@ € [0,7],x(Ho,0) > 0}, O_(I)=T)-0,U),
where Hy = €2 py.
Lemma 10
O.() =7 +€04(), O_(I) = €04(1).
Proof This lemma was proved in [5], so we omit the details. O

For estimate X; and X,, we need the estimates of x and xp.

We recall that when x < 0, we have
[x(Ho,0)| = 06(1),  |x1(Ho,0)| = € 05(1).

When x > 0, by the definition of 6, we have

H,,0 T T_
arcsin #(Ho, ) = O(h)G - ) =0 +€205(1),
V2h m 2
which yields that

2H, 1
x(Hy,0) =,/ 270 Ging + Os5(1), xr(Ho,0) = siné + €20s5(1).
T 2Hym

Now we can give the estimates of X; and X,.

Lemma 11 The following estimates hold true:

a—1
/]

3 pm
El(to,,oo,Zn;e) = (—) / (sin@)l“"p(to +9)d9 +06(1),
20 0

1 - o+ T
22(t0,00»27556):——lﬂlT(z,Oo)Tl / (sinf)**p/(to + 0) dO + 06(1)
o+ 0

fore — 0.

Proof Firstly, we consider ;. By Lemmas 2, 6 and (2.23), we have

Y1 (to, po,27;€) = ne“‘l/(; %(9,6_2,0)‘x(&,e‘zp)‘ap(t)dQ

+€ /0(81-[(6 p,t,9)+8H(e p,t,@))d@

= e ! / ;—2 (6,672 po) (60, €2 p0)|“plto + 0) d6 + € O6(1)
0
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0x
:ne"“l(/o+ 8H(9 €72p)lx|*plto + 0) do

dx
+/@ aH(9 € p)IxI"plto +9)d9> + € O6(1)

ne“’lf aH(@ €72p)|x*p(to +0) d6 + € Og(1)

=ne“’1/ —(0,€7%p) x| p(to +6) dO + €* O (1)
, 9H

1-a

= (;E) N /0 (sin®)**p(ty +0) dO + 06(1)

Now we consider X,

oz+1
o (to, po,27;€) = 1 / |x 9 € ,0)| (9 € p)p (t)de
el oRy , o,
_a+1/ (E(e p,t,9)+¥(e p,t,G))dO
a+l

a+1/ |2(0,€200)|“x(0, €% p0)p (to + 0) d6 + €* Og(1)
~ T(G('Hl

a+1 < e, [x(0,€720)|"x(0, €7 p0)p/(to + 0) dO

/o |x(9,6_2p0)|ax(9,e‘zp)p’(to + (9)d9) +€%06(1)

7T€a+1

oa+1

o+l

’x(@ € p)’ax(é,e’zpo)p’(to +0)df +€*Og(1)
o,

a+1/ |x«9€ ,00)| (96 ,o)p(t0+9)d9+e O6(1)

1 1w asl
% (200)
a+1l

/ (sin@)"*p'(to + 6) dO + 06(1)
0
Thus, Lemma 11 is proved

O
2.4 Proof of Theorem 1
Let

1-o
T \2 [T . N
W1 (to, po) = <§> / (sin@)*“p(to +6) do,
0 0

]. - o+ T
Wito, po) = ——— ' (20) S / (sin6)1“p(to + 0) o
o+1 0

Then there are two functions ¢; and ¢, such that the Poincaré map of (2.16), given by
(2.22), is of the form

Pity =ty + 27 + € “Wi(to, po) + € 1,

p1 = po + € Wy (to, po) + € o,
where ¢y, ¢, € 06(1).
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Since [, p(to +0)sinfdo > 0, Vi, € R, we have

o,
\Ifl > 0, a— 7!0.
Lo
Let
_asl
L= Po
Jo (sin@)*ep(ty +6)do
Then

oL oL
— Wi (to, po) + — Wal(to, po) = 0.
0ty 9po

The other assumptions of Ortega’s theorem are easily verified. Hence, there is an invari-
ant curve of P in the annulus (¢, pg) € S* x [1,2] which imply that the boundedness of our
original equation (1.4). Then Theorem 1 is proved.

2.5 Proof of Theorem 2

We apply Aubry-Mather theory. By Theorem B in [8] and the monotone twist property of
the Poincaré map P guaranteed by C;%l < 0. It is straightforward to check that Theorem 2
is correct.

Remark 4 In [9], the authors study the multiplicity of positive periodic solutions of sin-
gular Duffing equations

x" +gx) = p(t),

where g(x) satisfies the semilinear condition at infinity and the time map satisfies an os-
cillation condition, and prove that the given equation possesses infinitely many positive
27 -periodic solutions by using the Poincaré-Birkhoff theorem. By the methods and tech-
niques in [9], we can also prove the existence of 27 -periodic solutions of (1.4) where V(x)
satisfies the sublinear condition.
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