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Abstract

We establish the existence of positive solution for the following class of degenerate
quasilinear elliptic problem

® ~LUgp + VX[ |ulP?u=Ffu) inRY,
u>0 inRN ueDYRY),

where —Lugp = —div(Ix|%|VulP2Vu), 1 <p<N,-co<a< %, a<e<a+1,
d=1+a-eandp* =p*(ae) = N’Y—gp denote the Hardy-Sobolev's critical exponent, V
is a bounded nonnegative vanishing potential and f has a subcritical growth at
infinity. The technique used here is a truncation argument together with the
variational approach.

MSC: 35B09; 35J10; 35J20; 35J70

1 Introduction
Consider the following degenerate quasilinear elliptic problem in RV:

~Ltgy + V@)™ [ulP~2u = f(u) inRN,
P) .
u>0 inRY; u € D (RN),

where — Lty = —div(jx| ™ |VulP2Vu),1<p<N,-00<a< %,a <e<a+l,d=1+a-e,

and p* := p*(a,e) = N]i[—% denote the Hardy-Sobolev’s critical exponent, V : RN — R is a

bounded, nonnegative and vanishing potential and f : R — R a continuous function with

a subcritical growth at infinity. Here, D}{p (RN) is the completion of the C3°(RN) with the

norm |u| = (fRN |x|~P|Vul? dx)llﬂ. We impose the following hypotheses on f and V:
f:R— Ris a continuous function verifying

(fi) limsup,_ o wf{,{% < 00, uniformly in x.

(f2) There exists « € (p, p*) such that limsup,_, ., lxliﬁflsa < 00, uniformly in x.

(f3) There exists 8 > p such that 0F(s) < sf(s), for all s > 0.

V : RN — R is a continuous function verifying
(V1) V(x)=>0,forallx e RN.
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P2IN-pla+1)]

(V3) Thereare A >0 and 7 > 1 such that inf|,,7 V(x)|x]| (p[—l)W—p) > A.
Remark 1.1 The conditions (f;) and (f;) imply the following:

|sf(s)| < Colx|™"|s|* witha € ( ,p*), foralls € R. 1)
Example 1.2 An example for the function f is given by

x|~ #-1 ifo<e<l,

fo=4" 0
|x|~ 2, ift>1,
with A > p* and « given by (f;).
By vanishing potential we mean a potential that vanish on some bounded domain or
become very close to zero at infinity. An important example for a such potential is given

by
0, if x| <7 -1,
__PAIN-pla+D)] _ o B
V(x)={ A7 @82 (x| —7+1), ifr—1<]|x| <7,
_P2IN=pla+1)] . _
Alx| -DWN-p) | if |x| > 7,
with A > 0.

Consider first the case a = 0, that is —Lu,, is the p-Laplacian operator, and the potential
is bounded from below by a positive constant Vj > 0.

Equations involving the p-Laplacian operator appear in many problems of nonlinear
diffusion. Just to mention, in nonlinear optics, plasma physics, condensed matter physics
and in modeling problems in non-Newtonian fluids. For more information on the physical
background, we refer to [1].

For the case p = 2, we cite [2-12], and references therein. In [13], in addition to the above
assumptions, the authors consider a local condition, namely,

minV < min V,
xeQ x€dQ

where © C RN is a open bounded set, instead of the global condition imposed by Rabi-
nowitz in [12]. For p #2, see [14-17].

Now, consider that V is the zero mass case, that is limjy o V(x) = 0. When p = 2, we
cite [18—20] and the recent paper [21] by Alves and Souto.

Let us now consider the case a # 0 and the potential bounded from below by a positive
constant Vj > 0.

In this case, the equations arise in problems of existence of stationary waves for
anisotropic Schrodinger equation (see [22]) and others problems (for example, see [6,
23]). We cite [22] for p = 2; and [24, 25] for p # 2. For the case V = 0, we cite [26], for
p=2and a #0; and [27], for p #2 and a = 0.

The result presented here for 1 < p < N and a # 0 extends that one in [21] for p =2
and a = 0. In [21], the presence of Hilbertian structure and some compact embeddings
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provide the convergence of the gradient. In the case studied here, with the absence of this
structure, we do not obtain the convergence so directly. To overcome this problem, we use
a result found in [28, 29], whose ideas come from [30, 31], when the domain is a smooth
and bounded. In addition to this difficulty, there are others. For instance, in the present
situation, our space is no longer Hilbert, which forces us to obtain new estimates. Since
the problem involves singular terms, the estimates are more refined and for which the
principal ingredient is the Caffarelli-Kohn-Nirenberg’s inequality (see [32]). Now we state

the main result of this work.

Theorem 1.3 Suppose that V and f satisfy, respectively, (V1) and (V) and (f;) to (f3).
Then there is a constant A* = A*(V,0,p, co) > 0 such that the problem (P) has a positive
solution, for all A > A*, being Vi, the maximum of the f in the ball of RN centered in the

origin with radius 1.

In order to prove this theorem, we first build an auxiliary problem (AP), and then we
solve the problem (AP) using variational methods. To finish, we show that the solution of
(AP) is also a solution of (P). These steps are the content of the next three sections.

Hereafter, C is a positive constant which can change value in a sequence of inequalities.
We denote By = Br(0) the ball in RN centered in the origin with radius R. The weak (—)
and strong (—) convergences are always taken as n — oo and [, f means [, f(x) dx. The
weighted L? spaces are denoted by Ly (A) = {u: RN — R: [, |x|™|ul’ < co}. When « =0,

we denote | - ||.r(4) the usual norm in L”(A), with 1 < p < c0. For A = RN, we use || - ||,.

2 The auxiliary problem
As usual, since we are looking for positive solutions of problem (P), we set f(£) = 0, for all

t < 0. The hypothesis (V7) allows us to consider the space
E= {u e DY (RY): / VIx|™ juf? < oo},
RN
with norm

1

p

llaell = (/ e[~ IVul” + lel_”p*lmp) .
RN

Associated to the problem (P), we define on E, the Euler-Lagrange functional
1= [ il Vi - [ F),
RN RN

being F(s) = [, f(¢)dt. From the assumptions on f, it follows that / is C' with Gateaux

derivative

I'(u)v = /N X" |V ul 2V uVy + Vx| |ul’2uv - /Nf(u)v, veE.
R R
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To obtain solutions of problem (P), we introduce some truncation of the function f. Con-
sider k = 22 > p, 7 >1 and define

0-p
S, x| <7,
gl t) = 1 (1), x| > 7 and f(£) < ¥ |x[~" |£]P 72, 2)

V|| —ap* | ¢ |p~ = V|l —ap* | 11—
£l |82, x| > Fand f(£) > x|~ [P 2t
Now we define the auxiliary problem:

—Litgy + V(@)= |ulP~2u =g(x,u) inRN,

(AP) )
u>0 inRN; u e D (RY).

3)

Associated to the problem (AP), we define, on E, the Euler-Lagrange functional
1 . ot 1
J(u) = —/ P IVul? + Vix|™# |M|p—/ Gx,u) = —||M||p—/ G(x,u),
P JRN RN p RN

being G(x,s) = f(f g(x, t) dt. From the assumptions on f, it follows that J is C! with Gateaux
derivative

f(u)v:/ |%| | VulP2VuVv + V|x|’”p*|u|p’2uv—/ glx,u)v, veLE.
RN RN

3 Solving the problem (AP)

In this section, we show that the problem (AP) has a least energy solution, but first

we define some minimax levels. To begin with we set in the space D;,p (B1), the norm
y 1

Izl = (fB1 ||~ |Vul? + Vo lx|™ |ulP)? and we define the functional Iy given by Iy(u) =

}7 fBl %]~ |V ul? + Voo x| %" |ul? — fBl F(u). Here, D;” (By) is the completion of the CS°(B;)

1
with the norm |u| = (fB1 ||~ |VulP)?.

Lemma 3.1 The functional Iy has the mountain pass geometry, namely,
1. 3ro, po > 0 such that Iy(u) = po for |||ull| = ro.
2. dey € DY (By) such that ||eoll| = ro and J(ey) < O.

Proof By using the growth of f given in Remark 1.1 and the Caffarelli-Kohn-Nirenberg’s
inequality (see [32]), we get fB1 F(u) < fB1 colx™ " |ul?" < collu|lP”, and hence Iy(u) >
[%|||u|||p — ¢olllu|ll””. Since p* > p, there exists ry such that pg := Ilgrf; - crg* > 0. Thus, we
have Iy(#) > po for |||ul|| = ro. By (f3), it follows that there exist 6 > p and C > 0 such that
E(s) > Cls|?. Now ug € Dy (By) implies Io(tuo) < %|||uo|||1"—t9CfB1 lug|?. Since 6 > p, there
exists a £ large enough such that, taking e = o1, we have Iy(ep) < 0 and ||leg||| = 7. O

Lemma 3.2 The functional ] has the mountain pass geometry, namely,
1. 3ry, p1 > 0 such that J(u) > py for |ul| = .
2. de; € E such that ||e1|| > r and J(e1) <O0.

Proof From the definition of G, we have [x G(x,u) < [ F(u). Thus, like the previous
lemma, we have J(u) > p; := I%rf - cr‘f* > 0 for ||u| = r1. Take the same ug € Di{p(Bl) of the

Page 4 of 16
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proof of the previous lemma. Thus, #y € E and G(x, u) = F(u). With the same argument,
we have J(tug) < %Huo 1?7 - tQCfRN luo|?. Since 6 > p, there exists a ¢; large enough such
that, taking e; = tjup, we have J(e;) < 0 and |le;|| > 1. O

Next, we are going to define two minimax levels, which will play an important role in our
arguments. Note that is possible to take ¢ such that e = tu satisfies two previous lemmas.
This allows to define the minimax levels ¢ and ¢ by

c= ing m[g)lﬁ]](y(t)) with T = {y € C([O,l],E) :y(0)=0and y(1) = e}
vel telO0,

and

c= inlﬁ max Io(y(®) withT'={y € C([0,1], D;?(B1)) : ¥(0) = 0 and y (1) = e}
vel' te[0,1
respectively. Since J (o) < Io(¢10) in D}{p (B1), we have ¢ < ¢, by their definitions. Now using
the above lemma together with the mountain pass theorem [33, Theorem 2.2], we con-
clude that there exists a Palais-Smale sequence ((PS) sequence for short) («,) C E for ],
i.e., (u,) satisfies J(u,) — c and J'(u,) — 0.

Lemma 3.3 Suppose (V1) and (f;) to (fs) and let (u,) C E be a (PS) sequence for the func-
tional J. Then (u,) is bounded in E.

Proof Define the set A = {x € RN : |x| < R or f(u(x)) < @ Ix|%" |u(x) [P 2u(x)}. In A, we
have G(x,u) = F(u). By using (f3), we conclude that there is 6 > p such that —G(x, u) +
%ug(x, u) > 0. So, we have

1 .
! f PV ul? + Vx| Jup / Gl )
P Ja A

1 *
——</ ™I Vul? + Vix|"# Iulp—/ug(x,u)>
0 A A

1 1 « -1 "
> (— - —) / [ Val? + Vix[ e g = £ / APV ul? + VI Jup.
p 0)Ja pk  Ja

Now consider the set B= A° = {x € RN : |x| > R and f(u(x)) > @ %]~ |u(x) P2 u(x)}. In
B, we have fB ug(x,u) >0 and G(x, u) = plklxr"f’* |ulP. Then

1 X
! f APVl + Vi / Gl )
P JB B

1 .
- —( / APV ul? + VI Jup / ug u))
9 B B

1 k V k
>1 / PVl + Vx| Jup f Y up
kJp B bk

-1
pk

>

/ x|~ |Vl + Vx| |ul?.
B

Therefore, we get J(u) — 0% "(W)u > % ||z£||?. In particular, the above equation holds for

the (PS) sequence (u,,) for J, and we have J(u,,) — %]’(u,,)u,, > % lz£,,]|”. On the other hand,
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_Un
el

%]/(u,,)u,, <M+ $||u,,|| < M + ||u,||, for some constant M > 0. Then we have % luxll? <

we have J(u,) = ¢, 6 >p >1 and J'(u, — 0, since J'(u,) — 0. Thus, we get J(u,) —

M + ||u,||, which can be rewritten as
244l ((p = Dl 1P~ — pk) < pkM. (4)

Assuming |u,|| — oo, equation (4) implies that (p — 1)|ju,[|” — pk — 0. So |lu,| —

(;Tkl)l’*l , which is a contradiction. Therefore, | u,]|| is bounded in E. O

Lemma 3.4 Suppose (V1) and (fi) to (f3). Then the functional ] satisfies the Palais-Smale

condition, i.e., every (PS) sequence has a convergent subsequence.

Proof Observe that, given the (PS) sequence (u,), by Lemma 3.3, there exists u# € E such
that u, — u, because E is reflexive space.? Thus, it is enough to show that |u,| — |«
We divide this task in the four claims below.

L Claim 1 [on tng(®, ty) = [on ug(x, u).

2. Claim 2 [on ug(x, u,) = [on ug(x, u).

3. Claim 3 [on VIxl™ uu P 2u,u — [ Vx| ul?.

4. Claim 4 [ 121 |Vuu P>V, Vi — [o 12172 Vul?.

Assuming Claims 1 to 4 for now, we proceed with the proof of lemma.

Since J'(tn)u, — 0, we have [on 6P|V, P + VIx|" |, P — [in ung(%, ) = 0,(1), and

by Claim 1, we get

timsup 1, = [ gt (5)
R

n—00

As J'(up)u — 0, we get [on ™| Vi P2V, Vi + Vx| |uy P2 uu — [o ug(, uy,) =

0,(1). Passing the limit in the above equation and using Claims 2, 3 and 4, we get
lJull” = / P |V ul? + V|l |ulf = / ug (¥, u). (6)
RN RN

Using equations (5) and (6), we have ||u, | — [|u]. O

In order to prove the claims, for a given € > 0, we choose r satisfying, the following two
conditions:

L max{ [y, \5 W67 (ul”, fpe VIxl™ |ulP} <e.

2. n=n,€CPB)issuchthatn=1inB§ and 0 <5 <1, |Vp| < r%, for all x € RN,

Observe that condition 1 follows by integrability of |x|~%"|u[?" and V|x|~%"|u|?. Note
that, when one of these conditions holds for some 7y, it also verifies for every r > ry. Thus,

we can choose an r that satisfies both conditions.

Remark 3.5 From now on, we consider the function g defined in (2) with 7 = r satisfying
conditions 1 and 2 above. From the growth of g and the choice of r, we conclude:

1. g8 =f(¢), Gx,t) = F(t) in By;

2. glx,t) < Yix|=#" |t)P~2t, G(x,t) < plk|x|-@*|t|1’ in BS;

V. -ap* — 1 —ap*
3. Jy lugle, 0] = [y [l Il ulP < 4 [ VIkl P jup <e.
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Verification of claims
In all proofs, except for Claim 4, we consider separately integration in B,, and B5,.

Claim 1: In By,, by combining the dominated convergence theorem with the com-
pact embedding of E in L (By,), 1 <r<p*and a < (@ + 1)r + N(1 - ﬁ) (see [34, Theo-
rem 2.1]), we obtain |, 5y, Un€(%, ) — /, ,, 4g(x, ). On the other hand, when integrating in
Bj;, we do not have the compact embedding of E in L] (BS,). In this case, we first estimate
IBS, X" | Vi, l? + Vx| |, P, by using the cut-off function 1 defined before. As (nu,)
is also bounded we have J'(u,)(nu,) — 0, namely,

/N ™ |V 1, P2V, V () + VX (P2 ,mua, = 0,(1) + /
R

ng(x: Up) Uy (7)
RN

Since n = 0 in B,, equation (7) holds in B’. Adding to this, the fact that g(x,¢) <
%|x|‘”1”* |£/P~2t in B¢ we have

/ (1512 Vit + VI [10,]7) + 1617 |V, P2V 10, (V)
B
= | 1P IV u P2V, V(u,) + Vikl ™™ w2 u,mu,
By
v —ap* P
=0,(1) + | ngle,un)u, <0,Q)+ | n—I|x"% |u,l’.
BS Bk
From this, we obtain
/ n(&l PVl + VIx iy P)
B
| A _ _
SOn(1)+/ 0L |un|P+/ P i Vi1, P |V )
Bk B
4 —ap* |, |p -ap p-1
<o)+ | nlal™ lul + 1]~ |14, |V, [P~ V]
Bﬁ By, \Br
+/ P i Vit PV
B

C
2r

1 « 2
<00+ & [ 0T+ VIS ) 6 2 [ 1V
k Je r* JBy\8,

Thus, we have

f 11172 | Vit P + VIx|™" |u,|?)
By,

1\ "2
<o,(1)+ (1 - %) —d/ |6~ |24 | V1t (8)
7™ J By \B,

Using the boundedness of (u,) in E, i.e., | u,|| < C, strong convergence of (u,) in Lﬁp(Bgr \

B,) and Holder’s inequality we conclude that

1
p
1im5up/ o]~ |t | | Vit [P~ < C(/ le_“plulp)
n—00 By \Br Byr\Br
1
e

i k k
< Col (2r)d< fB . ||~ |ul? )” ) 9)
2r \Dr
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where wy is the volume of the unit sphere in RN. Therefore, given € > 0, by the choice of
r and by equations (9) and (8), we infer that

limsup/ X" | Vinl? + Vx| |, |
B

— C
=00 2r

< limsup / D (2 Vi + VI 4, ?)
By

n—00

1\'2
Slimsup[On(1)+(1—/—> —d/ le‘“”lunllwnlp‘l}
n—>00 K " JBy,\B,

1
3

4 P
< Col ( f |x|“1’*|u|f’*) <e
Bor\Br

Hence,

lim sup / X" |V l? + Vx| Ju,l? = 0. (10)
B

— C
n=00 2r

Using this fact, we conclude that

1 *
lim supf ung(x, u,) < limsup X / Vix|™ u,?
B BS,

n—00 <, n—oo K

, 1
< limsup —/ X" |V P + Vx| |uul? = 0.
n— 00 k B

o
Now, using Remark 3.5, we have limsup,,_, fBE, |, g (%, uy) — ug(x, u)| = 0.

Therefore, |, B, Un g(x, u,) = |, B, ug(x, u) and the proof of Claim 1 is completed.

Claim 2: The proof of this fact is made as in the proof of Claim 1.

Claim 3: In B,, the proof proceeds like in Claim 1. For integration in Bj,, we estimate
the value of |, By, V|%|7" |u,,|P~2u,u by using the Holder’s inequality

1

4 4

f V|xr“1”*|un|”-2unu§(/ V|x|-“”*|u|”) (/ V|xr“P*|un|P)
BS B¢ BS

3=

2r 2r 2r
1
K [7/
< C( / V| |un|P)
55,
i
< C( f ||Vt [P + V|x|“f’*|un|ﬁ>” . (11)
B,

Using equations (10) and (11), we have

1
7

lim sup/ VIx|™" P2 uyu < lim sup C(/ %™ |Vu,? + V|x|‘“p*|un|p)p =0.
B B

— C — C
n=>00 2r =00 2r

From this fact, we get fBE, Vx| |ty |P2uu — fBﬁr Vx|~ |u|? and the proof of this
claim is completed.

Claim 4: Let p be dual of p. Since u € Dy?(RN) = {u: RN — RN : |x|"%u € 17" (RN) and
|x|*Vu € IP(RN)},> we see that /1 = |x|#|Vu| € LP(RN) and w,, = |x|"?V|Vu,|P2Vu, €
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L7 (RN). As ||lu,| is bounded, we conclude that [|w,]| 7 (RN 18 also bounded. Moreover,
(u,) satisfies the hypothesis of Lemma 3.6, below. So that we have Vu, — Vu a.e.x € RN,
which give us w, — w = |x|7*?V|Vu|P~2Vu a.e. x € RN. Using a theorem [35, Theo-
rem 13.44], we conclude that w, — w in )id (RN). Thus, we have fRN wyh — fRN wh, and
hence [on %™ [Viuy P2V u, Vi — [on %™ | Vul?.

Lemma 3.6 Let E and ] be respectively the space and functional defined in Section 2. Let
(un) C E a bounded sequence such that u, — u in E and J'(u,) — 0. Then, passing to a
subsequence if necessary, we have Vu, — Vu, a.e.x € RN,

The proof of this lemma follows using the same ideas made in [30] and [31], for a
bounded domain. It can be found in [28, Claim 1] and [29, Lemma 1].

Using Lemmas 3.2, 3.3, 3.4 and the mountain pass theorem, in [36, Theorem 2.4], we
conclude that there exists # € E which is a critical point for the functional /, in the minimax
level c. Moreover, u is the least energy solution to the problem (AP).

4 The solution of (AP) is solution of (P)
Now, our aim is to show that the solution found in the previous section is also a solution
of the problem (P). It is sufficient to verify f(u) < ¥ |x|~%" |u|P"2u, for all x € B:.

=%

. . , pkc
Lemma 4.1 Any least energy solution u of (AP) satisfies the estimate |u|? < =g

Proof Since u is a critical point in the minimax level ¢ < ¢, by Lemma 3.3, we have
D ull? < J () - 5]/ (wu = ¢ < <. So that [|u]l? < 25 O

Remark 4.2 The constant I‘jfkf depends only on Vi, 6 and f.

Lemma 4.3 Let h be such that |x|"" |h|7 is integrable, with pq > N. Consider H : RN x
R — R, and b : RN — R nonnegative and continuous functions such that |H(x,s)| <
h(x)|x|~ %" Is|P~L, for all s > 0. Let v € E be a weak solution of (AP2):

—Lvgp + blx|" " [v|P"2v = H(x,v) inRVN.
Then there exists a constant M = M(q, ||kl 1 _pv)) > O such that ||v]lee < M||lx]™ V|| =
ap*
Proof Givenm € N and 8> 1,set A,, = {x e RN : |v|?t <m}, B,, = RN \ A,, and

vvP®-D  in A,

Vin =

mPv in B,,.
Thus

@B -p+ )P IVy inA,,
Vv, =
mPVy in B,,,.

Then v,, € E and using it as the test function in (AP2). we have

/ x|~ |V v[P2 VvV, + blx| ™ P 2vv,, = / H(x, V)V, (12)
RN RN
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By definition of v,,, we get
/ x|~ |Vv|P 2V vV,
RN
=@pB-p+1) | |xl PP VYP + P / x|~ |V v (13)

Am Bm

and
/ blxl™ WPy, = | bla™ PP +m? | blx| ™ v > 0. (14)
RN Am B
Using equations (13) and (14), we have
/ |x|_ap|v|p(ﬂ_1)|Vv|p
Am
<@B-p+1)7" / X" Vv P2V YV, + blx| % |vP 2w, (15)
RN

Putting

vlv[f1 in A,,

Wy =
my in B,,,
we have
v BlvIf1Vv inA,,
Wy, =
mVvy in B,,.
Thus,
/ x|~ |V W, | = BP / x|~ [v[PED |V y|P 4 mP / x|~ |V yP. (16)
RN m B

Now, taking into account (14), we get

/ bl Wy [P = / bla| " [v|PP + m? f bla| ™" vl
RN Am B

= / blx|™" v 2vv,,. 17)
RN
Using (17), (13) and (16), we have
f % |V W l? + bl | P — / x| VP2V vV, + blx| ™ (VP 2vv,
RN RN
(8" -pBip-1) f a2 [P . 18)
Am

Combining (18), (15) and (12), we obtain

/ le_”’”IVWmIp+b|x|_“p*lwm|p5ﬁp/ H(x, v)vp. (19)
RN RN
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* A
Let S be the best constant for inequality ([ %1% [ul?")?* < S [on |67 |Vul?, for all u
D,ll’p(RN). (See [32].) By the inequality (19), the boundedness of H and the definitions of

* A * . .
vy and S, we get ([, %™ [w, |7 ) 7" < SBP [on () |x|% [v|8. Since |w,,| = [v|? in A,,,

we have

A
(/ |x|“f’*|v|”*ﬁ)” <spP f hx) x|~ [P
Am RN

Making m — 0o and using the monotone convergence theorem, we get

4

(/ |x|“P*|v|P"ﬂ)” <spP / hx) x|~ [P
RN RN

ﬁ > 1. Thus, we can consider 8 = ¢/ for j =1,2,3,... and, using the

Holder’s inequality, we have

Since pg >N, 0 =

_a j . i
|2l |2 < So | h(e)lxl " |vP”

1

1 oL
sor| [ | [ [ et
RN RN

1 .
< Moo"f’[ fR K |v||"’”"“} " < Mool T2

being My = S[fRN x|~ | h(x)|9] %. Note that M, is independent of j. Thus, we get

I
gMg”’aﬁ|||x|’FlvH forallj=1,2,3,.... (20)

-£
” |x| v prol polqy

Forj=1andj =2, we have poq; = p* and poq; = p*o. Applying this in (20), we have

_a 5 1 _
”|x| UVHp*a SM(I)JGJU ” |x| ﬂv”p* and
a % 2
I, =5 _a
[l = M 0 1501,
By iterating, we have
_a 1,2 S(z+ty)
”|x| Zy o SUU+52M(I)7 e ” x|y .
Thus, we get
_a 1,2 pd GGyt
[l v oy <0 o2 Mg " ], forallj=1,2,3,....

Then we can say that, for all £ > p*, we have

1
a —_—
IVlle < o @2 MET |2y

r*
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o 1
Putting M := o @2 MV, we get

Vlloo = lim [Vl < lim M| x| . = M| |x|™v
t—00 t—>00 p

P

As o depends on g, we have, by definition of M, that M = M(q, |14l ;4 (RN)) > 0. O
ap*

Remark 4.4 In the previous lemma, the constant M does not depend on the potential »
of the problem (AP2).

Lemma 4.5 There exists a constant My > 0 such that || u|| .o < M, for all u positive solution
of (AP).

Proof Take r from the definition of g and define A = {x € RN : |x| < rorf(u(x)) <
@lxr"”*lu(x)lp‘zu(x)} and B=RV\ A = {x € RN : |x| > rand f(u(x)) > @Ixr“p* X
|u(x)|P2u(x)}. Now define H and b by

Hx t) = f(¢) inA4, and b(x) - V(x) in A,
0 inB (1-HV() inB.

We will show that, if u is solution of (AP), then u is weak solution of (AP2).

In particular, we recall that H(x, u) = f(u) = g(x,u), in A, and g(x, u) = %|x|‘“p* |u|P~2u,
in B. Using the fact that RV is the disjoint union of A and B and the definitions above, for
a given ¢ € E, we write

/ X" |V ulP2VuVe + blx|™ |l up — / H(x,u)¢
RN RN
=/ X" |V ulP2VuVe + Vix|™ [ulf2up —/ g, u)p = 0.
RN RN

Hence, u verifies [ %17 |VulP2VuV ¢ + blx| ™" |ulPu¢ = [ H(x,u)¢, forall ¢ € E.
From (f;) and (f), we obtain |f(s)| < colx| " 5|, for all s > 0, with a € (p,p*). From the
definition of H, it follows that |H(x,u)| < |f(u)| < h(x)|x|"%" |u|P~t, with h(x) = co|u|*?.
Taking g = %, we have |x|"#"|h|? = |x|"%" |ul" that is integrable. Then u satisfies the

hypotheses of Lemma 4.3, that is,

lulloo < M| el .. (21)
Using the definition of the constant S and Lemma 4.1, we have
1 1
* * * p
el u| . = (/ | )P ),, S(S/ le_“”IVMI”>
p RN RN
1
1 kc \
< (Sllull?)? < (s”—) . (22)
p-1

_ 1
Combining equations (21) and (22), we obtain ||u#|/» < M(Sﬁ—lfi)ﬁ = M. O
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Lemma 4.6 Let r be as in the definition of g and consider Ry > r. Let u a be any positive
solution of (AP). Then we have

11\7[7:{’ _ N-pla+l) 1;# _ N-pla+l) .
ux) < llullooRy x| 7T <MRy " |x|" »1  forallx e By .

N-p N-p(a+l)

P _
Proof Consider v(x) = MlRé’_1 |x|”" 7T . By Lemma 4.5, we have ||u||o <M;.Sou <v,

for |x| = Ro. It follows that (z — v)* = 0, in |x| = Ry, and the function given by

0, |x| <R0)

(m—v)", |x[=Ro

w =

issothatwe Dol{p(RN). Moreover, w € E, because u, v € E. Let us show now that (u —v)* =
0, in |x| > Ry. Taking w as the test function, using the hypotheses on g and V and the fact
that u is positive solution of (AP), we have

/ |x|_“1’|Vu|"_2Vqu:/ g(x,u)w—/ Vx| |uluw
RN RN RN

),

glx, u)w — / Vx| |ulP2uw
BC

20 0
1 —ap™ -2

=1--1 Vix|™ |ulP~*uw < 0. (23)
k) D,

Here, we considered that k > 1. Using the radially symmetric form of the operator —Lv,,
(see [37, 38]), we have that — div(|x|~#|Vv|?2Vv) = 0 in B, - In the weak form, it is

/ x|~ |Vv[P2VvV¢ =0 forall ¢ € E.
B

C
Ro

Hence,

/ |%| 2| Vy[P2VyVw = / x|~ | Vy[P2VyVw = 0. (24)
RN y

BR0

Putting A = {x € RN : |x| > Ry and u(x) > v(x)} and B = RN \ A, we have

u—-v inA,

0 in B.

w =

By (23) and (24), we obtain, for all 1 < p < N, that
/ x|~ [IVul?>Vu - [VvP2 V][V - V]
A
= / [1%™ 2|V ulP2 Vi — |5~ | VvP2Vy]Vw
A

:/ |x|‘”p|Vu|p‘2Vqu—/ |%|~|Vv|P2VyVw < 0. (25)
RN RN
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Consider 2 < p < N. Using the Tolksdorf’s inequality (see [39, Lemma 2.1] or [31,
Lemma 4.1]) and equation (25), we obtain

/ x|~ IVl
RN

/ |x|~®|Vu - Vy|?
A

IA

c/ x|~ [|VulP > Vu — |VvIP>Vv] [V - Vv] < 0.
A

In the case 1 < p < 2, in addition to the above arguments used, we also use the Holder’s
inequality. Then

f PV
/ 2|Vl = f (V= Vo]?)

< c/ |~ ([ VulP >V - | VP> Vy] [V - Vv])
A

p
2

(IVul + |Vv|)Tp

(SIS

2-p
=z

50{/ |x|“p[|Vu|P2Vu—|VV|p2VV][Vu—VV]}2{/ x|~ [|Vul +|Vv|]p}
A A

<0.

Then fRN |x|~|Vw|? < 0 for all 1 < p < N. Thus, we have w = 0, in RN, which implies that
(4 —v)* =0, in |x| > Ry. From this, we conclude that z < v in RN, and lemma is proved.
a

Proof of Theorem 1.3 We will show that f(u) < %|x|‘“p* |u|P~2u in B, for all solution u of
p2

(AP). By Remark 1 we have |sf(s)| < Colx|" |s|?", which gives us S | Colu|N-,.

Ix|=" julp—2u —
Now, note that the hypothesis (V3) holds for all Ry > R. Hence, for Ry = r > R, we can use
P2 PZ

(V3) and Lemma 4.6. Thus, for each x in B, and A* = kCoM,"? R, we have

S Colul ™7 < ColptRIT 1o FE
_— < u|nN-r < X p- ~
IxI‘“P* |u|p_2u = 0| | = O| 19 | | |

= 5 14 A* 14 A"V
= CoM," "R} =— <——
2N-pla)] |k PN-par)] = A k
v|x|(p1<Np v|x|(p1Np
Now, taking A* < A it follows that % < %, for every x in B¢, which give us f(u) <
Y 1x|7%" |u|P~2u, in BS. O
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Endnotes

@ The proof of this fact follows by using the same ideas made in the usual Sobolev spaces; see [40].

b The proof of this fact follows by using the same ideas made in the case D'?(R"); see [41].
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