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1 Introduction
Let A denote the class of functions which are analyticinf = {z € C: |z| <1} and let A
denote the class of functions f € A normalized by £(0) = f'(0) — 1 = 0. Each function f € A

can be expressed as
f(z)=z+2a,,z" (zell). 1
n=2

By S, we denote the class of functions f € A, which are univalent in /.

A typical problem in geometric function theory is to study a functional made up of com-
binations of the coefficients of the original function. Usually, there is a parameter over
which the extremal value of the functional is needed. The paper deals with one important
functional of this type: the Fekete-Szego functional. The classical Fekete-Szego functional
is defined by

A#(f)=6lg—/iﬂ% 0<pu<l)

and it is derived from the Fekete-Szeg6 inequality. The problem of maximizing the abso-
lute value of the functional A, in subclasses of normalized functions is called the Fekete-
Szego problem. The mathematicians who introduced the functional, M. Fekete and G.
Szego [1], were able to bound the classical functional in the class S by 1 + 2 exp{%}. Later
Pfluger [2] used Jenkin’s method to show that this result holds for complex i such that
Re ﬁ > 0. Keogh and Merkes [3] obtained the solution of the Fekete-Szeg6 problem for
the class of close-to-convex functions. Ma and Minda [4, 5] gave a complete answer to the
Fekete-Szego problem for the classes of strongly close-to-convex functions and strongly
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starlike functions. In the literature, there exists a large number of results about inequalities
for A, (f) corresponding to various subclasses of A (see, for instance, [1-23]).
In the paper, we consider the classes of functions which generalize these subclasses of

functions.
We say that a function g € A is subordinate to a function G € A , and write g(z) < G(z)

(or simply g < G), if and only if there exists a function
weQi={we A: lw(2)| < |zl (zeU)},

such that g = G o . In particular, if G is univalent in ¢/ we have the following equivalence:
g22) < Glz) <= [g(0)=G(0)Agth) C GU)].

For functions f, g € A of the forms

f@=> a" and g2)=) b,
n=1

n=1

by f * g we denote the Hadamard product (or convolution) of f and g, defined by
(f*Q)@) =) anbyz" (zell).
n=1

Let o be complex parameter and let ® = (¢, ¢), ¥ = (¥, x), P=(p,q) € A x A be of the

form
oz)=z+ ianz”, ¢(z) =z + iﬂnz” (zel),
n=2 n=2
X(Z)=Z+§:Vnzn, V(z) =z + iSnZ" (zell),
n=2 n=2
pz) =1+ im’“, q(@) =1+ iqﬂ” (zeU,p1,q1 #0).
n=1 n=1

By W, (®, ¥; p) we denote the class of functions f € A such that

(e *N@(x /)2 #0 (zeU\{0})

and

oef VX,

Ly Ay

Moreover, let us put
W(®;p) 1= Wo(®, D5p),  Malsp) = Wa((2¢/(2),9), (2(2¢(2)) 20/ (2)); p)

S pip) = Milgip)  S*@ip)i= Molgip),  S*(p):= 8*(i;p).

1-z
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It is clear that the class M, (¢; p) contains functions f € A such that

2(¢ xf) (2) ( Zg *f )”(Z))
l-o)————— 1+ —————= .

= n@ T e ) P
We denote by CW(®;P) the class of functions f € A for which there exist a function g €
S*(q) such that (¢ *f)(z) #0 (z €U \ {0}) and

¢ *f
g*g

<

Moreover, let us denote CW(®; p) := CW(®P; p, p).
In particular, the classes
z l+z

Ma = Ma<— —>, S* = Mo, S¢= Ml,

1-2'1-2

are the well-known classes of a-convex Mocanu functions [24], starlike functions and

z z l+z

o i) 1_Z) is the well-known class

convex functions, respectively. The class C := W((
of close-to convex functions with argument 8 = 0.
The object of the paper is to solve the Fekete-Szeg6 problem in the defined classes of
functions. Moreover, we find sharp bounds for the second and third coefficient in these
classes. Some remarks depicting consequences of the main results are also mentioned.

2 The main results

The following lemmas will be required in our present investigation.
Lemmal [3] Ifw € Q, w(z) =) o) cu2" (z €U), then

leal <1 (1=1,2), el <1-]arf,

|2 — pei| <max{1,|ul} (neC).

The result is sharp. The functions

zZ+a
Z——
1+az

w(z) = z, wa(z) = (zel,lal <1)

are the extremal functions.
Theorem 1 Let
A -a)(Be—au) +a(Bk — ) #0  (k=2,3).

Iff € Wo(®,¥;p), then

|p1l

1 S B —an) + a6 =) @)
|p1l
53] = 1) — )+ oy — oy "I )
2 |p1
G T s o TR LU R G @)
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where

_p A -a)aa(Br —a2) + ay2(32 — 1)
p1 [A=a)(Br—a2) + a8y — y2)]?

(A =-a)(Bs —a3) +alds —ys) B

Y= @) (Br—a) + o~ P P (©)

:3 P1, (5)

The results are sharp.

Proof Let f € W,(®, ¥;p). Then there exists a function w € Q, w(z) = Y ooy c,2" (z €U),

such that
oxf  Yxf
l-a)— +a—= =poow. 7)
oxf  Cunf
It is easy to verify that
(pow)(z) =1+ (p1c1)z + (p102 +pgc%)z2 +-- (zel), (8)

(@2 (¥ =*f)2)

= 2 o
0 N@ NG =1+Azz+ 452" + (zel), ©)

(1-a)

where

Ay =[(1—)(B2 — a2) + a(83 — y2) a2,

As=[(1-a)(Bs —as) +a(ds — y3)]as - [1 - @)aa(B2 — @2) + @y2(82 — 12)]a3.

Thus, by (7), we have
pia
A-a)(Br—a2) +a(8r—12)’

_pie +p2c] + (1= a)aa (B — o2) + aya (82 — yo)la3
(I-a)(Bs —as) +a(ds — y3)

(10)

a) =

, (11)

which by Lemma 1 gives sharp estimation (2). Let « be a complex number. Then, by (10)
and (11) we obtain

P
(I—o)(B3 —a3) +0e(83 — ¥3)

as — uag = {Cz - J/Cf},
where y is defined by (6). Thus, by Lemma 1, we have (4). Let functions fi,f> € A satisfy
the conditions

)@@ W)
(pxfi)2)  (x xf)2)

(¢ x /o)(2) w ¥ xh)@) _

(pxf)z)  (x*f)(2)

1 p(2) (zell),

(1-a) () (zel).

Then the functions belong to the class W, (®, ¥;p) and they realize the equality in the
estimation (4). Thus, the results are sharp. Putting = 0 in (4) we get the sharp estima-
tion (3). O
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Theorem 2 Let o 7!—%,—1. Iff e My(p,p), then

|p1l |p1l

b . - 17 b
= w207 20y " P
2| - |p1 1 C
’513 Mﬂ2|_2(1+20l)|0l3|max{ ,|)’|} (/LE ):
where
(1+3ax) 2(1 + 2a)a
p=22 e T)

(1+a)? L V= (1 +a)as
The results are sharp.
Proof Letf € My(¢,p) = Wy(®, ¥;p), where
x@) =0 =2¢'(2), V(@) =2(2¢'(2)) (zeU).
Since
Bu=Vn=nty,  8;=na, (n=2,3),
the results follow from Theorem 1. O
If we put o = 0 in Theorem 1, then we obtain the following theorem.

Theorem 3 Let i # ay (k =2,3). If f € W(®; p), then

|p1l -

las] < ———,  las| < ——— max{L, |B|
2= By — 2= 1Bs —asl (L 1e1},
| |
a3 —na| = 2 P max{Liyl) (we©)
where
;3=12+ apr Bs-az

p Br—ay = (Bs— a)?

The results are sharp.

Theorem 4 Let 8,3 #0. If f € CW(®;P), then

|as — paj| < 2 |(D+ max{0,A,} + max{0,B,}), (12)
las| < 2“13 |(D+max{0 ,Ao} + max{0,Bo}), 13)
] = 2 Pl + |0l2||¢I1|’ (14)

|82
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where
a2ﬁ3q2
Ay =|os(q2+qt) —2u Zﬁzl +C,—lasllqal,  D=2|pi| +lasllqil, (15)
2
Bspi B
B, =2|pr—n ;; +C, = 2|p1l, C,L:|a2||p1||ql|1—2uﬂ—§. (16)
2 2

The results (12) and (13) are sharp for A, B, > 0 and AyBy > 0, respectively.

Proof Let f € CWW(®;P). Then there exists a function g € $*(g) and functions w,n € €,

0@ =) et @)=Y diZ" (zell),
n=1 n=1

such that
¢xf zg'(2)
i TP oy —@eME) el 17)

Thus, by (8), we have

_ apr t azdﬂl

by = quds, 2bs = qids + (92 + q1)d5, a 5 , (18)
2
o
Bsas = ?3{6]1612 +(q2 + @)di} + coprqradh + pica + pacs, (19)

and by Lemma 1, we obtain the sharp estimation (14). Let i« be a complex number. Then,
by (18), (19) and Lemma 1 we have

21Bsl|as - paz| < (A= O)ldi? + (B- CO)lar|® + 2Cldh|e1| + D, (20)
or equivalently

21Bsl|as - pa3| < Aldi> + Blerl” - C(1da| = lerl)” + D, (21)
where A=A,, B=B,, C=C,, D are defined by (15) and (16). Thus, we obtain

21Bsl|as — naz| < Aldy|* + Bler]* + D, (22)
and, in consequence, by Lemma 1 we have (12). It is easy to verify that the equality in (22)

is attained by choosing ¢; =d; =1,¢,=d;, =0if A>0,B>0o0rc¢i=dy1 =0,¢cp=dp =11if
A <0, B <0. Therefore, we consider functions f;,f> € A such that

(@ xfi)z) zg'(2)
wro@ P

=q(z) (zelU)

and

(¢ *2)(2) () zg'(2)

0+ *

@ =p(2*) (zelh),
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respectively. Then the functions belong to the class CW(®; p) and they realize the equality
in the estimation (12) for AB > 0. Putting u = 0 in (12), we get the sharp estimation (13). (]

The following theorem gives the complete sharp estimation of the Fekete-Szeg6 func-
tional in the class CW(®; P).

Theorem 5 Let 5,05 # 0. If f € CW(®;P), then

ﬁ(AJfB’rD) if0<A<CVvO0<B<C
V(A>CAB>C),
as — pay| < % ifA<0AB<O0, 03)
e (D+B-C+ &) ifA<OAB=C,
ﬁ(D+A—C+CC—fB ifB<OANA>C,

where A=A,, B=B,, C=C,, D are defined by (15) and (16). The result is sharp.

Proof From Theorem 4, we have sharp estimation (23) for AB > 0. Let now A > C and
B <0. Then, by (20) and Lemma 1 we have

2|Bsl|as — pa3| < v(laul),
where
vx):=—(C-B)?+2Cx+(A-C) +D.

Simply calculations give that the function v attains a maximum in the interval [0, 1] at the
point x = C—fB < 1. Thus, we have (23) for A > C and B < 0. Moreover, the equality in (20)
. . . . c C

is attained by choosing the functions 1(z) = z, w(z) = z{%, fora= 75, ie.c1 = 75, d1 =1
and ¢; =1 - |a|?, dy = 0. Therefore, the result is sharp for A > C and B < 0.

Next, let A < 0 and C < B. Then, by (20) and Lemma 1 we have

2|Bsl|as — pas| <V(|dil),
where
V(%) := —(C—A)x*> +2Cx+ (B—C) + D.

Since the function 7 attains a maximum in the interval [0,1] at the point x = & <1, we
have the estimation (23) for A < 0 and C < B. The equality in (20) is attained by choosing
the functions w(z) = z, n(z) = z{=;, fora = c%’ iec=1,d = C% andc, =0,d, =1—|al?.

Finally, let us assume (0 <A <CAB<0)Vv (0 <B<CAA<0). Then, by (20) we have
2|Bsl|as — paz| < F(lal, |dal), (24)
where

F(x,9) = —(C — A)x*> — (C — B)y? + 2Cxy + D.
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Since F is the continuous function on 7 := [0,1] x [0,1], by (24) we have
2|Bsl|as — pa3| < max F(T) = max F(OT UK), (25)
where K is the set of critical points of the function F in T It is easy to verify that

if C2#(C-A)C-B)VA=C,

K\oT =
{(xy) eintT:x= Ly} ifC*=(C-A)C-B)AA#C.

If C2=(A-C)B-C)#0, then

< C >=C“4C—AXC—BU2

Fleza A-C

c A +D=D (ye[O,l]).

Moreover, we have

F(x,0)=—(C-Ax*+D<D, F(0,5)=—(C-B)y’+D=<D (xy€[0,1]),
F(x,1)=—(C-A)x*+2Cx+B-C+D<F(,1)=A+B+D (x€[0,1]),
F(Ly)=—(C-B)y*+2Cy+A-C+D=<F(L,L1)=A+B+D (ye[0,1]).

Thus, we obtain
max FOTUK)=A+B+D,

which by (25) gives (23) for (0 <A <CAB<0)V (0 <B<CAA<0). The equality in
(24) is attained by choosing ¢; =d; =1 and ¢, = d; = 0. Therefore, the result is sharp and
the proof is completed. d

Putting u = 0 in Theorem 5 we obtain the following theorem.

Theorem 6 Let 8,583 #0. If f € CW(D; D), then

51551(A + B+ D) f0<A<CVO0<B<C
V(A>CAB=>CQC),
las| = 1 55 ifA<0AB<O,
1 c2 .
W(D"'B_C"'m) ifA<OAB>C,
1 CZ .
ggD+A-C+ &) ifB<OAAZ=C,

where A = Ay, B = By, C = Cy, D are defined by (15) and (16). The result is sharp.

3 Applications
If we put @ =1 and « = 0 in Theorem 2, then we obtain the following two corollaries.

Corollary 1 Let apo3 #0. If f € S%(o, p), then

1
|ﬂ2|55

P

1
) |ﬂg| == ‘ﬂ max{lr
6|03

(29}

|
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1i;m
|a3—ua§|sg]—]max{1,|y|} (ueo),
as
where
_ 3aspr p Z
20[% ! 1

The results are sharp.
Corollary 2 Let ayas #0.Iff € S*(@,p), then

1|y
, a < —|—
l3|_2‘0{3

laa| < maX{l,‘}2 +p1 }
P
12

1
|a3—,uzz§| < E‘as'max{l,h/l} (ueC),

where
aspi ) 2)
y=2—un-p——.
o) p

The results are sharp.

Choosing the function p in Theorems 1-6, we can obtain several new results.
Let a, b be complex number, |b| <1, a # b, and let

1+az
1+bz

plz) = (zeld).
It is clear, that
p@)=1+(a-bz—bla-b)Z? +--- (zell).

Thus, by Theorems 1-3 and 5, we obtain the following four corollaries.

Corollary 3 Let (1 —a)(Br — o) + a(8x — vi) #0 (k =2,3). Iff € W, (P, W; H%2) then

;1+bz

|ﬂ2|§ |a_b| )

[(1—a)(Ba —az) + (82 — o)
a5 < il max{L, 161},

|1 —a)(Bs —a3) + a(ds — y3)]

2 |a_b|
93 =12 = B e + sy I (1€ 0

where
(I —a)aaz(By — az) + ayz(82 — v2)

/3=— 2 (P2 2 2\02 ;(d—b),

(1 —a)(B2 —a2) + (82 — y2)]
(1-a)(B3 —a3z) +a(d3 — y3)

’e (A= a)(By —ar2) + (83 — ¥2)]2 (a-b)u-p.

The results are sharp.

Page9of 13
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Corollary 4 Let o 7’—5,—1 Iff € My(o, i*‘”) then

+bz”?

|a — b| |a — b|

<7’ P 17 )
oS el %= 2Ty 2alja M P
la - b|
- 1, ©),
|as “2|—2|1+2a|| " max({1,|y|} (ueC)
where
(1+3a) 2(1 + 2a)(a - b)as
— _b, =M — pP.
P +(1+a)2(a ) v (1+a)2a w-Fb

The results are sharp.

Corollary 5 Let i # oy (k =2,3). If f € W(®; H%), then

> 1+bz 7’
|a - b la — b
laz| < m; las| < 1Bs = |max{1 |ﬂ|}
|as — pa3| < |maX{Llyl} (Le0),
where
(a—b)ay (B3 —az)(a—b)
=—b+—"F, =2 ‘-
g ’ B2 — a3 v (B2 — a2)? w-Fp

The results are sharp.

Corollary 6 Let B3 #0. Iff € CW(d; %), then

> 1+bz”?
375 (D +A +B) f0<A<CVO<B<C
V((A>CAB=> (),
a3~ pnas| < | 5D ifA<OAB<O,
lzbusa\‘(D+B C+ &) ifA<OAB=C,
b—al c? ,
Z\ﬂaw(DJrA_Cch—) ifB<OAA>C,
where
2 h—
= a3(2b—ﬂ)—2MW‘+C—|a3|, D=2+ |as),
2
b—
B=2‘b_ML2ﬂ) +C-2, = lay||b—al(l- 2Mﬁ3
B5 B2

The result is sharp.

Let0<0 <1andlet

1+2\’
p(z) = <1—> (zel).
-z

Page 10 0of 13
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It is easy to verify, that
p2)=1+202+00 +1)Z% +--- (zell).
Thus, by Theorems 1-3 and 5, we obtain the following four corollaries.

Corollary 7 Let (1 —a)(Br —ax) + a(8x — vx) #0 (k= 2,3). If f € W, (P, V; (22)%), then

1-z
laa| < 26 ,
[(1—a)(Ba — az) + (82 — o)
26
1, s
las = [(1—o)(Bs —a3) + (83 — ys)| max{L |5}
, 26
R e s e T SIS
where

_1+90 . (1 —a)az(Br —az) + aya(82 — v2)
2 (1 —a)(B2 — a2) + (82 — 12)]?

., =a)(Bs—a3) +a(ds —y3)

YA vl -l P

B

The results are sharp.

Corollary 8 Let o 7!—%,—1. Iff € My (p,(X2)%), then

1-z

20
< <
el S T ow P 0 20w

max{1, ||},

0
|a3 —,ua§| < 7max{1,|y|} (u eC),

1+ 2a)as)|
where
5 1+60 2(1+3a) 4(1+ 2a)0 a3 5
= —0, =——nu-5
2 (1+a)? 4 (1 +a)al "

The results are sharp.

Corollary 9 Let By # ay (k= 2,3). Iff € W(®D; (2)), then

1-z

260

20
gy < ————,  lag| < max{L, |81},
|2 — ata |83 — a3
|as — paj3| < 2 max{1,|y|} (neC),
|83 — a3
where
1+6 20,60 2 —3)6
f= t0 2 (B3 —a3) —y

2 52—042’ v= (/32—012)2

The results are sharp.

Page 11 0f 13
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Corollary 10 Let 8,85 # 0. Iff € CW(®; (%)9), then

lﬂ%(D+A+B) if0<A<CVO0<B<C
V(A>CAB=>Q),
az — pay| < L ifA<0AB<O,
0 c? .
@(D+B_C+ﬂ) l_fA<0/\BZC,
6 c? .
@(D+A—C+§) {fB<0/\AZC,
where
1+56 28,6
= a2 - u%ﬁf +C—lasl,  D=2+]as,
2 B>
0
B-= 1+9—4u’3i2 +C-2, C=29|a2|1—2pcﬂ—z.
B3 By

The result is sharp.

LetQp={u+iv:u> k\/m}, k > 0. Note that €2 is the convex domain contained
in the right half plane, with 1 € Q. More precisely, it is the elliptic domain for k > 1, the
hyperbolic domain for 0 < k <1 and the parabolic domain for k = 1.

Let us denote by /; the univalent function, which maps the unit disc ¢/ onto the conic
domain Q4 with /;(0) = 1. Obviously, the function /4, is convex in U. It is easy to check
that f € W(®; k) if and only if

Re<(¢ *f)(Z)) N k‘ (¢ *f)(2)

— u).
w:20@) N @ 1‘ (zetd

The following lemma gives coefficients estimates for the function.

Lemma2 [13] Let hy =1+ -, pu2" (z€U). Then

% for0<k<1,
b1 = 7% fork=1,
WZZ—DIC%) fork>1,
Mpl for0<k<1,
p=1ip fork=1,

4(£%+61+1) K2 (1) -m2
24/t(1+8)K2(t)

p fork>1,
where D(k) = % arcsink and K2(t) is the complete elliptic integral of first kind.

Using Lemma 1 in Theorems 1-5 we obtain the solutions of the Fekete-Szeg6 problem
for the classes W, (®, W; ki), Mo (@, 1), Wa(®; ), CWo (s h).

Remark 1 The classes W, (®, V; k), My (@, h), CW,(®;P) reduced to well-known sub-
classes by judicious choices of the parameters; see, for example [1-28]. In particular, they
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generalize several well-known classes defined by linear operators, which were investigated
in earlier works. Also, the obtained results generalize several results obtained in these

classes of functions.
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