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Abstract

In this paper, we consider the existence of least energy solutions for the following
quasilinear Schroédinger equation:

7Au+()La(x)+1)uf%(A|u|2)u:f(u), xeRY, (E3)

with a(x) > 0 having a potential well, where N > 3 and A > 0 is a parameter. Under
suitable hypotheses, we obtain the existence of a least energy solution uy, of (£;)
which localizes near the potential well inta™ (0) for A large enough by using the
variational method and the concentration compactness method in an Orlicz space.
MSC: 35J60; 35B33
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1 Introduction

Let us consider the following quasilinear Schrédinger equation:
1
—Au+ (Aa(x)+1)u—§(A|u|2)u=f(u), xRN, (Ex)

for sufficiently large A, where N > 3.
Our assumptions on a(x) are as follows:

(a1) a(x) € C(RN, [0, +00)), the potential well 2 := inta™1(0) is a non-empty set and Q =
a ' (0);
(a3) There exists a constant My > 0 such that u({x € RN|a(x) < My)}) < oo, where u de-

notes the Lebesgue measure on RV,

Condition (a,) is very weak in dealing with the operator —A + (Aa(x) + 1)I on RY, which
was firstly used by Bartsch and Wang [1] in dealing with the semilinear Schrédinger equa-
tion.

Remark 1.1 € :=inta~'(0) can be unbounded.

For f(u), we assume that f is continuous and satisfies the following conditions:

(ﬁ) 1iInI44>O+ f(:) = 0;
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(f2) 0 <f(u) <C( +u?) for u >0, where C >0 is a constantand 4 < p +1 < 2 - 2", where
«_ ON |
2 = No

(f3s) There is a number 4 <6 < p + 1 such that for all u > 0, we have f () - u > 6 F(u), where

F(u) = [, f(t)dt.

Hypotheses (a1), (a2) and (f1), (f2), (f3) will be maintained throughout this paper.
Solutions of (E;) are related to the existence of the standing wave solutions of the fol-
lowing quasilinear Schrédinger equation:

i0;z=-Az+V(x)z —f(|z|2)z - kAh(|z|2)h’(|z|2)z, xeRY, (1.1)

where V(x) is a given potential, k is a real constant and f, / are real functions. We would
like to mention that (1.1) appears more naturally in mathematical physics and has been
derived as models of several physical phenomena corresponding to various types of 4. For
instance, the case /(s) = s was used for the superfluid film equation in plasma physics by
Kurihara [2] (see also [3]); in the case of h(s) = (1 + s)%, (1.1) was used as a model of the
self-changing of a high-power ultrashort laser in matter (see [4—7] and references therein).

In recent years, much attention has been devoted to the quasilinear Schrodinger equa-
tion of the following form:

—Au+AV(x)u—kA(u2)u= lulP2u, xeRN. 1.2)

For example, by using a constrained minimization argument, the existence of positive
ground state solution was proved by Poppenberg, Schmitt and Wang [8]. Using a change
of variables, Liu, Wang and Wang [9] used an Orlicz space to prove the existence of soliton
solution of (1.2) via the mountain pass theorem. Colin and Jeanjean [10] also made use of
a change of variables but worked in the Sobolev space H'(RY), they proved the existence
of a positive solution for (1.2) from the classical results given by Berestycki and Lions [11].
By using the Nehari manifold method and the concentration compactness principle (see
[12]) in the Orlicz space, Guo and Tang [13] considered the following equation:

—Au+(ka(x)+1)u—%(A|u|2)u:up, u>0,xeRN, (1.3)

2N
N-2

Sobolev exponent, and they proved the existence of a ground state solution of (1.3) which

with a(x) > 0 having a potential well and 4 <p +1<2-2", where 2" = is the critical
localizes near the potential well inta~1(0) for A large enough. In [14], Guo and Tang also
considered ground state solutions of the corresponding quasilinear Schrédinger systems
for (1.3) by the same methods and obtained similar results. For the stability and instabil-
ity results for the special case of (1.2), one can also see the paper by Colin, Jeanjean and
Squassina [15].

It is worth pointing out that the existence of one-bump or multi-bump bound state so-
lutions for the related semilinear Schrédinger equation (1.3) for k = 0 has been extensively
studied. One can see Bartsch and Wang [1], Ambrosetti, Badiale and Cingolani [16], Am-
brosetti, Malchiodi and Secchi [17], Byeon and Wang [18], Cingolani and Lazzo [19], Cin-
golani and Nolasco [20], Del Pino and Felmer [21, 22], Floer and Weinstein [23], Oh [24,
25] and the references therein.
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In this paper, based on the idea from Liu, Wang and Wang [9], we consider the more gen-
eral equation (E; ), the existence of least energy solutions for equation (E;) with a potential
well inta~1(0) for A large is proved under the conditions (a;), (a2) and (), (f2), (f3).

The paper is organized as follows. In Section 2, we describe our main result (Theo-
rem 2.1). In Section 3, we give some preliminaries that will be used for the proof of the
main result. Finally, Theorem 2.1 will be proved in Section 4.

Throughout this paper, we use the same C to denote different universal constants.

2 Main result
Let V; (x) = La(x) + 1. Formally, we define the following functional:

T(u) = %/RN(I + uz)IVulzdx+ %/]RN V,\(x)u2dx—/RNF(u)dx (2.1)

for u € X := {u € H'(RY)| fpn Vi (¥)u? < 00}. Note that under our assumptions, the func-
tional J;, is not well defined on X.

We follow the idea of [9] and make the following change of variable.

Letv=h(u) = %u 1+u2+ % In(z + v/1 + u2), then dv = V1 + u?du. Moreover, h(u) satis-
fies

u, ul L1,
h() ~ ||

%u|u|, |u| > 1.

Since ' (u) = V1 +u? > 0, h(u) is strictly monotone and hence has an inverse function
denoted by u = g(v). Obviously,

v, vl <1, ,
gv) ~ () =

1
g SR
|27‘v, v >1, V1+g2(v)
Let G(v) = g2(v). Then it holds that

Vv, vk,
2, v[>1

G(v) = g*(v) ~

and G(v) is convex. Moreover, there exists Cy > 0 such that G(2v) < CyG(v),

=2V ey
VG +g2(v) - (1+g2()?

Now we introduce the Orlicz space (see [26])

0.

E?;:{V‘/ VAG(v)dx<+oo}
RN

equipped with the norm

|v[% := inf& (1 + / ViG(E7) dx).
£>0 RN

Then EZ is a Banach space.


http://www.boundaryvalueproblems.com/content/2013/1/9

Jiao Boundary Value Problems 2013, 2013:9
http://www.boundaryvalueproblems.com/content/2013/1/9

Let
H} = {veE’é‘f |Vv|*dx < +oo}
RN

equipped with the norm
IVllx = 1VVIIz2 + IVIG.

Using the change of variable, we define the functional ®; on Hg; by

1 1
O, (v) = E/RN IVv|®dx + 5 /RN V)\gz(v)dx—/l;w F(g(w)) dx, (2.2)

where v, = max{v, 0} is the positive part of v.
Let

N := {v e H5\{0}|(®} (v),v) = 0}
be the Nehari manifold and let

C) = vlelzl\g @, (v)
be the infimum of ®, on the Nehari manifold N, where @/ (v) is the Gateaux derivative
(see Proposition 3.3).
We say that u; = g(v,) is a least energy solution of (E;) if v, € Nj such that ¢, is achieved.
Note that under our assumptions, for A large enough, the following Dirichlet problem

is a kind of a ‘limit’ problem:

—Du+u—S(AuPu=f(u), x€Q,
u>0, xeQ, (D)
u=0, x €09,

where Q := inta~1(0).
Similar to the definition of the least energy solution of (E; ), we can define the least energy
solution of (D) which will be given in Section 4.

Our main result is as follows.

Theorem 2.1 Assume that (a1), (az) and (1), (f2), (fs) are satisfied. Then for X large, c; is
achieved by a critical point v, of @, such that u, = g(v,) is a least energy solution of (E,).
Furthermore, for any sequence X, — 00, {v,,} has a subsequence converging to v such that
u =g(v) is a least energy solution of (D).

3 Preliminaries
In order to obtain the compactness of the functional ®;, we recall the following Lem-
mas 3.1 and 3.2 which can be found in [13].

Page 4 of 17
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Lemma 3.1 There exist two constants C; > 0, Cy > 0 such that
Cymin{||v]l;, I3} < / IVvPdrs f | Vi@g’v)dx < Cmax{vib, IVIZ} B
R R

foranyv € HE.
Lemma 3.2 The map: v — g(v) from Hf, into LY(RN) is continuous for2 <q <2-2".

Now we consider the functional ®; defined on HZ by (2.2), the following Proposition 3.3
is due to [9].

Proposition 3.3
(i) ®; is well defined on H;
(ii) ®; is continuous in Hg;
(ili) @, is Gateaux differentiable, the Gateaux derivative @, (v) for v € Hg is a linear
functional and @', (v) is continuous in v in the strong-weak topology, that is, if
vy — v strongly in Hf;, then ®(v,) — @ (v) weakly. Moreover, the Gateaux
derivative @' (v) has the form

(¢;(V),W>:/ Vvadx+/ Vi (x)g(v)g (v)wdx
RN RN
- /R Nf (gv.))g (vi)wdx. (3.2)

Recall that {v,} C H, is called a Palais-Smale sequence ((PS). sequence in short) for ®;
if @, (v,) = ¢ and ®(v,) > 0 in (HZ)", the dual space of H;. We say that the functional
®, satisfies the (PS). condition if any of (PS), sequence (up to a subsequence, if necessary)
{vu} converges strongly in H}.

Lemma 3.4 Any of (PS), sequence {v,} for ®, is bounded.

Proof Suppose that {v,} is a (PS), sequence of ®;. We have ®; (v,) - ¢ € Rand @/ (v,) >

0 in the space (HE\;)*
Taking w,, = , , then |Vw,| = (1 + 1fg2‘z?/ WVv,| <2|Vv,|, we have [|[w, |, < Cllvallx,
thus
(V )
o(I1vall.) <q> g ”

/ VV,,andx+/ Vigva)g va)w, dx — /f(g((v,,)+))g’((v,,)+)w,,dx
RN RN RN

/RN<1+ f(zz) )|an| dx+ R V,\g (v,) dx
- [ (0D )e(0).) dx 63)

and

1 1
@, (v,) = 3 /I;N |V, dx + 3 /]RN Vig*(v,) dx — /];N F(g((v,,)+)) dx=c+0(1). (3.4)

Page 5 of 17
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Taking (3.4) — $(3.3) yields

1 1 gz(Vn) 2 L1 2
Ju G (i)t (3-5) [, vetonas

+ é /I‘QN (f(g((vn)+))g((vn)+) - 9F(g((v,,)+))) dx=c+o(l) + O(HV”HA)'

Note that
1 1 2 n -
L1, & \ 1 2 6-4
2 0 1+g2va)/) 2 6 26
1 1 6-2
TR f(u)-u>6Fw), 0>4,

we have

5 _94 (c+0() +o(l[vall1))-

/|an|2dx+/ V,\gz(v,,)dxf
RN RN

It follows from Lemma 3.1 that

. 20
G mln{||V||A, ||V||,2\} = o_a (C +o(l) + 0(”‘/;1”)»)), (3.5)
thus {v,} is bounded in H.
Let K, = {v € H:|®} (v) = 0} be the critical set of ®,. Suppose v € K, then it is easy to
check that either v > 0 or v =0 in RV by the definition of ®; and the strong maximum
principle. d

Lemma 3.5 There exists 0 < o <1 which is independent of ) such that ||v||, > ||v|1 > o for
allve K;\{0} and A > 1.

Proof Assume that ||v||; <1 for any v € K; \{0} (otherwise, the conclusion is true). From
(f1), (f2), we see that for any ¢ > 0, there is a constant C, > 0 such that f(x,u) < su + C.1”
for u > 0. We have

gv)
gl

)
_ gw) ,
= AN(O *1 +g2(v))|Vv| + Vg (v)) dx—A;Nf(g(W))g(h)dx

> fRN(|V"|2 + VAgZ(V)) dx - fRNf(g(w))g(h)dx

0= <‘1’&(V),

> / (IVv* + Vg2 (v)) dx—/ (eg*(v)) + C.g? (v,)) dx
RN RN

-1 / (Vv + Vigk(v) dx - C. f & (v,) dx
2 RN RN

1
> Cymin{||vil;, VI3 } = Co(max{|Ivl;, IIVII%})%_

) vl
= GlIvll; - GlIvIL*

and we can easily deduce the desired result. O
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Lemma 3.6 There exists a positive constant ¢y > 0 such that

20 20
c C
n—00 (0 - 4)C1 (9 - 4‘)C1

limsup [|v, ||, < max

and either ¢ > ¢ or ¢ = 0 if {v,} is a (PS). sequence for ®,, where C; is the constant in

Lemma 3.1.

Proof Since {v,} is a (PS), sequence, we have

(1) - $<<1>;(v,,), j((vv))>

_ 1 1 gz(Vn) 2 11 2
= v/I;N<5 - 5(1+ m))|qu| dx + (E - 5) <[RN VAg (Vn)dx
1
o5 [ )ele.) -0 e(wn.)) de

=c+o(l)+ O(HVnH)»)'

It follows from (3.5) that

i Il < 20 20
msup ||V max c, Cg.
n%oop = (9 - 4)Cl (9 - 4‘)C1

On the other hand, for ||v, ||, <1, we have

gwu) >
g/(Vn)

o(llvallz) = <<I>'A(Vn),

1
> Crmin{|[v, s, Ival} } = Co(max{[[valls, ||vn||i})'%

pl
= Cillvall} = Callvall,2 (3.6)
Thus, there exists o1 > 0 (o7 < 1) such that
g(Vn) 1 2
P’ (v,), >—C|v for ||v,|lx < o1. 3.7
< A( n) g/(Vn)>_ 4 1” n”)\ || n”A =01 ( )
Taking ¢y = s———" then we have
max{ Gaye; y T4
20 20 1
max c, cp <oy <
©-9G VO-9G |

if ¢ < ¢g. It follows from (3.6) and (3.7) that

1
levnllf < o(lIvallz),

hence, ||v,|l;, = 0 and ¢ = 0. Therefore, we have proved that there exists a constant ¢y such

that either ¢ > ¢y or ¢ = 0. O
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Proposition 3.7 Let M > 0 be a constant. Then for any € > 0, there exist A, >0, R, >0
such that

lim sup/
n—>00 B

if {vu} is a (PS). sequence of @, with 1 > A, ¢ <M, where By ={x € RN||x| > R,}.

(56(0)el00) - Fle(on).)) ) s <

C
Re

Proof Forall R >0, let

AR) = {x e RN||x| = R, a(x) = Mo},

B(R) = {x € RV||x| = R,a(x) < Mo}.

We have

1
2 2
(vp)dx < / ra(x) +1)g”°(v,) dx
/1‘4(R)g )\.M() +1 A(R)( )g

1
)\M0+1

1 26
WMo + 1 (9 —4c" O(HV”"*)>

1 26
= —— c+o(l)
AMo+1\ 60 -4

-0 (A— o00). (3.8)

=

/ (IVval* + (ra(x) +1)g*(v,)) dx
AR)

IA

On the other hand, by the Holder inequality and interpolation inequality, we have

/ gz(vn)dx < </ (gz(vn))qu) ! (/ ldx)T (1 <gq< 2)
B(R) B(R) B(R)
q-1 B . 1;_!5
< M(B(R))q< / Ngz(v,,)dx) ( /& (vn)dx> 0<p<D)
< Cu(BW)T (max{[vals lval2)) 1l
< C/L(B(R))%l (||V,,||)L is bounded).
-0 (R— oo). (3.9)

By using the Gagliardo-Nirenberg inequality, we obtain
1
[ (3@ e(.) - Fle().)) ) ds
Re

< /1; ) (%f (@(n):))g(a)s) = C(g((vn)+))0) dx  (by ()

=c [ [gvn)™ s
5

Page 8 of 17
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(1B (p+1)A-p)

e o)™ ([oon)* (-2

(p+l)2(17/3)
< Cllvall P ( / S dx+ / gz(v,,)dx)
A(R) B(R)

(p+)(-p)
2

< C</ g, dx + / g2(vn)dx) (Ilvll5. is bounded).
A(R) B(R)

Let A and R be large enough, from (3.8) and (3.9), we get the desired result. (I
Lemma 3.8 ¢, = infy, @, (v) is achieved by some v > 0.

Proof By the definition of ¢, and the Ekeland variational principle, there exists a (PS),
sequence {v,}, by Lemma 3.4, we know that {v,} is bounded. Hence (up to a subsequence)
we have v, — vin L%, Vv, — Vvin L% v, — v a.e. in RN, g(v,) =~ g(v)in L for2 <q <
2.2,

It is sufficient to prove that v # 0 and v € N;,. In fact,

L~ g(vn)
D, (vy) — §<¢A(Vn)¢ g/(Vn) >
1 > (V) 1
—=5 [t [ (e )e(wn:) - Flelv.) ) ds
=c+0(1) +o([vall), (3.10)
it follows that

fR N(%f(g((vn>+))g((vn)+) —F(g((Vn)+))) > c+o(1) + o([Ivall).

Letegg = ic, since g(v,) — g(v) strongly in LP*1(Bg) for R > 0, by Proposition 3.7, there exist
Ag >0, Ry > 0 such that for A > Ag, R > Ry,

)

dx < &g,

(3/€e(.) - Flee).))) - (3etv et - Fletw.))

C
R

thus

/ Gf(g(m))g(w) - F(g(w))) dx > %c > 0.
Br

Hence v #0.

Now we prove v € N;,. Indeed, since {v,} is a (PS), sequence, we have

/ Vv, Vvdx + / Vigwn)g (v,)vdx
RN RN
= [ (@) (G )vds +oivl), (311)

where o(||v,]|;) = 0 as n — oo.
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N { 7). i T q(TN Y .
Let/,: Nl then {/,,} is bounded in L7(R") for 2 < g <2 -2, by the continuity of

g, we have, up to a subsequence, [, —~ [ = f(—v)z() in L1(RN).
+g-\v,

+1
Similarly, we have s, := jig(i‘;% <f(g(v,)) is bounded in L7 (RN). Again, by the con-
+8“Wn

p+l
tinuity of g, we have s, —~ s = jig—(v_z))() inL7 (RN). Passing to the limits in (3.11), we get
+g= (v,

f |Vv|®dx + / VigW)g' (v)vdx = f f(g(v+))g/(v+)vdx,
RN RN RN
which is equivalent to (® (v),v) = 0, that is, v € N,. O

4 Proof of the main result

Consider the following quasilinear Schrédinger equation in & C RN (N > 3):

“Au+u- S AuPu=f(u), x€Q,
u>0, x€Q, (D)
u=0, x € 082.

We have the same change of variables and the same notation as in the previous sections.

Define the corresponding Orlicz space Eg(2) by

Eg(Q) = {v‘ / W) dx < +oo}

Q

with the norm

[Vl := inf& (1 + / G(™) dx).

§>0 Q

The space Hg(S2) is defined by

Hg(Q2) := {v‘ / |Vv|2dx < +oo,/ gz(v) dx < +oo}

Q Q

with the norm

Vil = Ivilz2 + Vlg@):-
The following Lemma 4.1 is a counterpart of Lemma 3.1.

Lemma 4.1 There exist two constants C; > 0, C, > 0 such that
Cumin{Ivla, M2} < [ (VP dv+ [ 20)ds < Comax{Ivla, 113
Q Q

forany v e Hg(R2).

Page 10 of 17


http://www.boundaryvalueproblems.com/content/2013/1/9

Jiao Boundary Value Problems 2013, 2013:9
http://www.boundaryvalueproblems.com/content/2013/1/9

We denote by Hg(Q) the closure of C3°(2) in Hg(S2). We define the functional ®¢ on
HE(S2) by

1
Do) = 5 / (IVvl2 +g2(v)) dx — / F(g(v+)) dx, (4.1)
Q Q
and we define the Nehari manifold Ng by
Ng = {v € Hg(Q)\{0}|(®,(v),v) = 0}.
Let
C(Q) = }\r[gd)Q(v)

We recall that # = g(v) is a least energy solution of (D) if v € Ng such that ¢(2) is achieved.
Lemma 4.2 Suppose c, =infy, ®,. Then lim;_, ;o ¢; = c(2).

Proof 1t is easy to see that ¢, < ¢(€2) for A > 1. We claim that ¢, is monotone increasing
with respect to A. In fact, for A; < Ay, we assume that c,,, c,, are achieved for v;, > 0,
vy, > 0. Obviously,

[ ivviars [ Gaar g bds< [ fleti))gtumads @2)
RN RN RN

We first prove that there exists 0 < & < 1 such that av,, € Nj,. This is sufficient to prove
that

a2/ Vs, 12 dx + / (Ma + I)Mwm2 dx
RN RN 1+ g%(avy,)

= /RNf(g(O‘sz))g,(OlVAZ)OMZ dx.

That is,

g(avkz) / /

Vv, |*d A 1) ——=22 vy, dx= dx.
a/RN| Vi, | x+/RN( 1a+1) 1+g2(aV,\2)VA2 x RNf(g(ozmz))g(av)\z)vkz x
Let

(f(g(OlV)LZ)) - ()\.161 + l)g(asz))sz dx.

RN oy/1+ g% (avy,)

Then by (f;), we can obtain lim,_, /(o) < 0 and

I(x) =

0< / |Vvk2|2dx <I(1).
RN
Hence, there exists 0 < «g < 1 such that f]RN |V, > dx = I(ag), i.e., agVs, € Ny,. Thus

ey < Dy, (aovyy).

Page 11 of 17
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In the following, we will prove that
D, (ovay) < i, (vay) = iy

In fact, we consider the function p(«) defined by

_ (flalavyy)) = (haa + Dglavs,))vi,

ay/1+g%(avy,)

(avyy)
By g(t)+/1 + g%(t) < 2t for ¢t > 0, we have gg’(avZ) = glavi,)V/1+ g% (avy,) <2av;, < (0 -
2)av,. It follows that

p(a)

av;,g(av,,) - av;,g(av,,)
glaviy)lg (aviy) +avi, — (0 =2)av,, +av;,

Obviously,

f/ (g(anz ))g/(av)»z )Vizag(avkz) _f(g(avkz ))VA.Z (g(th) + Olg/(dez)sz) = 0
and hence it is easy to check that

4 (Liem o )
:i< WMQ:V@MMm+i«WMMMﬁ glavs,)
doa \ /T+g*avy,)/ oglavs,) da \ aglav,) ) /1+g%avs,)
Ve [y,

(L+g%(avy,))?  aglav,)

. F1(glaviy)g (aviy V2, ag(avs,y) — £(glavsy))va, (glavs,) + ag (aviy)vi,)

a?g?(avy,)

y glavy,)

1+g%(avy,)

> f/(g(OlVAz))g/(“VAZ)Vizag(aVAz) —f(g(ang))sz (g(“"xz) + Olg/(avkg)ng)

02g(avy,)y/1+ g2 (avy,)

>0.

On the other hand,

i(()\ a+ 1) g(OlV)\Z)V)LZ )
da \'"? a/1+g2(avs,)
)aviz —glaviy) 1+ g2(avs,) 1 + g%(aviy))

=(A 1
(e + @21+ g2(av;,))

Vg

by v = %g(v),/l +2%2(v) + % In(g(v) + /1 + g2(v)), it is easy to check that for any ¢ > 0,

t—g(t)y1+g2(6)(1+g*(1) <0,
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which implies

d glavy,)vi,
do <()\2éZ ¥ 1)oz,/l +g2(av,\2)> =

for any « > 0, thus we have proved that p(«) is monotone increasing for « > 0.
Now we consider the function y («) defined by

y(a) = % / (012|vaz|2 + (Azu(x) + l)gz(avh)) dx — / F(g(avxz)) dx.
RN RN

o ‘/N(oer,\ZI2 + (haa(x) + 1)glavy,)g (v, )vs, ) dx
R

- /RNf(g(ozvh))g/(ocvh)v,\z dx

a< / F(@a))g (Vo) Vi d— / (Raax) + 1)g(viy)g ()01, dx)
RN RN

+ < /R y (haa(x) +1)glavs,)g (@vs,)va, dx — A;{ S (g(@viy))g (@viy)va, dx)
B (f(gvay)) = (hoa(x) + 1)g(va,))Viy
= a/RN 1 +g2(—V,\2) dx

(f(glavy,)) — (Aaa(x) + Dglav,))va, dx
RN a1+ g% (avy,)

>0 (by the monotonicity of ,o(a))

for 0 < a < 1. Therefore, y(«) is monotone increasing with respect to @ < 1. Thus, we de-
duce that

Cu =< q))q (0”/)»2)

1
= —/ a2|VVK2|2dx+/ (Ala(x)+1)g2(avh)dx—/ F(g(av)\z)) dx
2 RN RN RN

IA

%AN|va2|2dx+A;N(kza(x)+1)g2(v)\2)dx—/RNF(g(vA2)) dx

= (b)uz (V)\2) = C)»z'

Assume that lim;_, o ¢, = kK < ¢(R2). If k < ¢(R2), then for any sequence {A,} (A, — +00),
we have ¢, — k< ¢(Q).

We assume that v, is such that c,, is achieved, by Lemma 3.4, {v,} is bounded in Hé".
Since [|vull o < IIanlHé,,, {v,} is bounded in HY, as a result, we have Vv, — Vvin L*(RY),
gv,) = gv)in Ll (RN)for2<g<2-2,v,—~vinLI(RN)for2<g<2-2,v, > vae.
in RN,

We claim that v|qc = 0, where Q¢ := {x|x € RN\Q}. Indeed, it is sufficient to prove
g)|qe = 0. If not, then there exists a compact subset ¥ C Q€ with dist{%, 9} > 0 such

Page 13 0of 17
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that g(v)|z #0 and

/gz(Vn)dxﬁfgz(v)dx>O.
z %

Moreover, there exists &9 > 0 such that a(x) > ¢y forany x € X.
By the choice of v,,, we have

0= <<I>;n(vn>, %>
= /R § <1+ %)wmdm /}R Vg ) dax = /R S (e(n).))eg(vn))
hence,
®;,(v,) = % /R (Va4 Vi, g ) dx - fR F(g(().)) dx
= % /RNUWZ +Vig (va) dx = g /R S@(@a):))e(().) ds,
= %/RN(|VVn|2+VAng2(Vn))dx

1 &) ) ,
o (e £ty vgton )

1 1 gz(vn) 9 1 1 )
(-5 (gt s (5-5) [ vestomas

(% _ é) /E (hnto + Dg>(vy) dx

— +00  (n— 00).

I
ﬁé\

v

This contradiction shows that g(v)|qc = 0 and so does v.
Now we show that

gv,) > glv) inlL1 (]RN) for2<g<2". (4.3)

Suppose that (4.3) is not true, then by the concentration compactness principle of Lions
(see [12]), there exist § > 0, o > 0 and x,, € RV with |x,| — +00 such that

lim sup/ |g(v,,) —g(v)|2 >68>0.
Bg(xn)

n—0oQ0
On the other hand, by the choice of {v,}, we have

1

D, (vy) = E/RN(WV”'Z + ang2(v,,)) dx—/]RN F(g((v,,)+)) dx

1 1
(_ _ _> / (Ana(x) + l)gz(Vn)dx
2 0 By (xn)Nf{xla(x)>=Mo}

1 1
> (_ _ _)/ Ana(x)|g(vn)—g(V)|2dx
2 0/ Jp,mnixiat)=mo}

v

Page 14 of 17
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1 1
2 9
y ( / lo(v) = g()[2dx - f lg(v) —g(v)ﬁdx)
By (xn) By (xn)N{xlalx)<Mo}

1 2
(2 e)k Mo(/Bg(xn)\g(vn)—g(V)I dx—O(l))

— +00  (n— 00),

which shows that g(v,,) — g(v) in LY(RN) for 2 < g < 2". In the above proof, we have used the
fact that u{B,(x,) N {x|a(x) < Mo}} — 0 as n — oo and the L? bounded property of g(v,,).
Now, since {v,} is bounded, by the Fatou lemma, we obtain

/|Vv|2dx§ lim/ |Vv,|? dx,
Q n—>00 JpN

/g’(v)g(v)vdxf lim/ g gy, dx.
Q n—>00 JpN

But, by the choice of v,,, we have

AN (|an|2 +(Ana + 1)g(Vn)g/(Vn)Vn) dx = / f(g((Vn)+))g/((Vn)+)Vn dx,

RN

hence,

/(|Vv| +g(v)g’ (v)v) dx < hm IVv,|>dx + lim /Ng(vn)g/(vn)v,,dx
n— 00 R

RN

< Iim [ f(g((v)i)g ((va)s)vada. (4.4)

n—00 JpN

In the following, we will prove that

| (E0))e ())v = (gv))g (va)v] dx — 0.
Indeed,
/R ()8 () va (e} (2 0) i
V(@) (@) )vs =f (6(r))g ((n)- Jvs)

- /R e0)g (). )va (e )g v )) d

Since f(g(v,))g' (Vi)+)vu — f(g(v,))g'(v4)v, one can easily see that I, — 0 as n — 00, and
(f( (Vn) )) ( )+ )Vn —f(g(v+))g/((vn)+)v,,) dx

[ (Fle().)) = (e))e (0. Jvn s
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< [ Je(©) £ )] Il as
< |fe(@ne) =£ )] vally - (Vg +1/q =1)

-0 (n— 00)

by using g(v,,) — g(v) in LI1(RN) for 2 < g < 2. It follows from (4.4) that

/ (IVV2 + g0)g W) dx < f Flgw)g v)vds,
Q RN

thus, there exists 0 < ag <1 such that apv € Ng and
Dalagv) < Po(v),

hence ¢(R2) < ®q(apv) < Po(v) <lim,_, o Dy, = k < c(2). A contradiction. Thus we have

proved that lim; _, o, ¢;, = ¢(2) as L — +00. O

Proof of Theorem 2.1 Suppose that {v,} is a sequence such that v, € N;, ®,,(v,) = c,,, by
the proof of Lemma 3.2, we have Vv, — Vvin L2(RN), g(v,,) — g(v) in LI(RN) for2 < g < 2
and v|qc = 0. Moreover, ®q(v) < lim,_.o P;,(v,) < c(R2), and if v € Ng, then g (v) = ¢().
Hence, in the following, we need only to prove that v € Ng. To do this, it is sufficient to
prove that

lim Ana(x)g*(v,) dx =0,
N

n—00 R

n—00

lim |an|2dx:/ |Vv|?dx
RN RN
and

lim g(v,,)g/(vn)vndx:/ g)g' (v)vdx.
RN RN

n—00

In fact, if one of the above three limits does not hold, by the Fatou lemma, we have

f |Vv|2dx+/ g(v)g’(v)vdx</ f(g(v))g/(v)vdx.
RN RN RN

Similar to above, there exists ay € (0,1) such that agv € Ng and ¢(Q) < ®q(agy) <
Do (v) <limy_ oo Dy, (Vi) < c(£2). A contradiction, and thus we complete the proof of The-
orem 2.1. O
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