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Abstract

A Fredholm-type theorem for boundary value problems for systems of nonlinear
functional differential equations is established. The theorem generalizes results
known for the systems with linear or homogeneous operators to the case of systems
with positively homogeneous operators.
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1 Statement of the problem
Consider the system of functional-differential equations

w(t) = piun, ..., u,)(8) + fiuy, ..., u,) (&) forae.tela,b](i=1,...,n) (1)
together with the boundary conditions

Ci(ur, .. uy) = hi(uy,...,u,) (i=1,...,1). 2)
Here, p;.fi : C([a, b]; R") — L([a, b]; R) are continuous operators satisfying Carathéodory

conditions, i.e. for every r > 0 there exists g, € L([a, b]; R, ) such that

n

> (lpitw . un)@)] + [filss, .., un)(®)]) < () forae.tela,bl,y  llullc<r,

i=1 i=1

and ¢;, h; : C([a, b]; R") — R are continuous functionals which are bounded on every ball
by a constant, i.e. for every r > 0 there exists M, > 0 such that

n

Z(|Zi(u1,...,u,,)| + |hi(u1,...,un)|) <M, whenever Z luillc <r.

i=1 i=1

Furthermore, we assume that p; and ¢; satisfy the following condition: there exist positive
real numbers A; and u; such that A;A;, = A;, whenever i,j,m € {1,...,n}, and for every
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c¢>0and ()7, € C([a, b];R") we have

cpi(u, ..., u,)(t) :pi(c*ilul, . ..,c'\i"u,,)(t) fora.e. t € [a,b], (3)

HMi(u, ..., uy,) =Ei(c’\i1u1,...,ckf”uy,). (4)

Remark 1 From the above-stated assumptions it follows that A; = 1, A;; = 1/A;; for every

iL,jefl,...,n}.
In the case when p; and ¢; are linear bounded operators and fi(-,...,)(t) = qi(¢),
hi(-,...,-) = c;, the relationship between the existence of a solution to problem (1), (2) and

the existence of only the trivial solution to its corresponding homogeneous problem, so-
called Fredholm alternative, is well known; for more details see e.g. [1-8] and references
therein.

In 1966, Lasota established the Fredholm-type theorem in the case when p; and ¢; are
homogeneous operators (see [9]). Recently, Fredholm-type theorems in the case when
pi and ¢; are positively homogeneous operators were established by Kiguradze, Ptza,
Stavroulakis in [10] and also by Kiguradze, Sremr in [11].

In this paper we unify the ideas used in [11] and [9] to obtain a new Fredholm-type theo-
rem for the case when p; and ¢; are positively homogeneous operators. The consequences
of the obtained result for particular cases of problem (1), (2) are formulated at the end of
the paper.

The following notation is used throughout the paper.

N is the set of all natural numbers;
R is the set of all real numbers, R, = [0, +00);
R” is the linear space of vectors x = (x;)7; with the elements x; € R endowed with the

norm

n
el = lils
i=1

C([a, b]; R") is the Banach space of continuous vector-valued functions
u = (u;)L, : [a,b] — R” with the norm

llellc = Zmax{’ui(t)‘ 1t €la, b]};

i=1

AC([a, b];R") is the set of absolutely continuous vector-valued functions
u:la, bl — R"
L([a, b]; R) is the Banach space of Lebesgue integrable functions p : [a,b] — R with

the norm

b
Iplls = / 1p(s)| ds

L([a,b];R,) = {p € L([a,b};R) : p(t) > O for a.e. t € [a, b]};
if Q is a set then meas 2, intQ, 2, and 92 denotes the measure, interior, closure, and
boundary of the set €2, respectively.
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By a solution to (1), (2) we understand a function (u;)%., € AC([a, b];R") satisfying (1)

almost everywhere in [a, ] and (2).
Notation 1 Define, for every i € {1,...,n}, the following functions:
def .
qi(t, p) = sup{[ﬁ(ul,...,u,,)(t)‘ e < phi,k = l,...,n} fora.e. t € [a,b],
def )i(
ni(p) = SUP{|hi(M1,~-,Mn)| Nurllc <p i k= 1,...,1’1}.

2 Main result
Theorem 1 Let

b,
lim / 450 4o

p—>+00 0

(5)
lim M:O (i=1,...,n)
p—>+00 P
If the problem
u;(t) = (L= 8)pi(ur, ..., un)(t) = 8pi(—us, ..., —ut,)(t)
forae telab](i=1,...,n), (6)
Q-8 (ur,...,uy) —68;(—ug,...,—u,) =0 (i=1,...,n) (7)

has only the trivial solution for every § € [0,1/2], then problem (1), (2) has at least one
solution.

The proof of Theorem 1 is based on the following result by Krasnosel’skii (see [12, The-

orem 41.3, p.325]). We will formulate it in a form suitable for us.

Theorem 2 Let X be a Banach space, Q2 C X be a symmetric* bounded domain with 0 €
int Q. Let, moreover, A : @ — Q be a compact® continuous operator which has no fixed
point on 2. If, in addition,

Ax) —x A(=x) +x
AGx) -2l © A(=x) + ||

forx e dQ

then A has a fixed point in Q, i.e. there exists xy € 2 such that xo = A(xg).
Furthermore, to prove Theorem 1 we will need the following lemma.
Lemma 1 Let, for every § € [0,1/2], problem (6), (7) has only the trivial solution. Then

there exists r > 0 such that for any (u;)i., € AC([a, bl;R") and any § € [0,1/2], the a priori
estimate

n A n ~ - )il
D Ml <y (WA + il ) 8)
k=1 i=1
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holds, where

FO € ut) - A= 8)pilw, .., un)(®) + Spi(—a, ..., —1,)(£)

fora.e. telab](i=1,...,n),
T S (1= 8)eiu, . th) = 8=ty ..., —t1)  (i=1,...,7).

Proof Suppose on the contrary that for every m € N there exist (#;,)?; € AC([a, b];R")
and §,, € [0,1/2] such that

n n - ‘ - a
> Nl > m Y (Wil + Vil 75, )
k=1 i=1
where
For(®) E ) (O) = (U= 8,0 W1 s ) () + SyDi( =t e, =thyr)(2)
fora.e.t€la,bl (i=1,...,n), (10)
7 def .
him = (1 - 8m)£i(u1mr ooy unm) - amzi(_ulm, ceey _unm) (l =1,..., I’l) (11)
Put
= Nl formeN, (12)
k=1
i (t
Vin(®) = 2 ";f_) for t € [a,b],m € N. (13)
pm'
Then
> il =1 formeN (14)
i=1

and from (10) and (11), in view of (3), (4), (12), and (13), we get

~

im(t /
f )Lli) = Vim(t) - (1 - (Sm)pi(vlm’ e Vnm)(t) + (Smpi(_vlmx e _Vnm)(t)
o
forae. telabl(i=1,...,m;;meN), (15)
7.
,\lln:l =1 =8, (Vimy -+ Vim) = 8li(=Vips - s V) (i=1,...,m;m € N). (16)
om'

On the other hand, from (9) and (12) we have

~ ~ Al
“ e AN |
Z(‘ fz:; + ki"; > <— formeN, (17)
i=1 Ppm' L [ m
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whence, according to [13, Corollary I'V.8.11] it follows that

. im\S
lim fm’/\( ,)
measE—0 [ pmll

ds=0 uniformlyformeN (i=1,...,n). (18)

Therefore, (14), (15), and (18) imply that the sequences {v;,,} 123 (i =1,..., n) are uniformly
bounded and equicontinuous. Thus, according to Arzela-Ascoli theorem, without loss of
generality we can assume that there exist (v,o)’, € C([a,b];R") and &, € [0,1/2] such that

lim §,, = do, lim ||V, —viollc=0 (i=1,...,n). (19)
m—>+0Q m—+00

Furthermore, (15)-(17) yield (vi)7; € AC([a, b];R") and show that it is a solution to (6),
(7). However, (14) and (19) result in

n
Ait
E Iviollc” =1,
i=1
which contradicts our assumptions. O

Proof of Theorem1 Let X = C([a, b]; R”) x R” and forx € X i.e. x = (u, ) = ()L, (@) 14),
define the norm

llxll = Nl c + lleell.

Then (X, || - ||) is a Banach space. Let the operators T, F,A : X — X be defined as follows:

T(x) % ((ui(a) +a;+ /tpi(ul,...,u,,)(s) ds)n (o + Ei(ul,...,u,,));), (20)

i=1
F(x) def ((f Sfilugy ..., un)(s) ds)‘ , (—hi(ul,...,l,t,,));.q= ), (21)

i=1

Alx) = T(x) + F), (22)
and consider the operator equation
x=A(x). (23)

It can easily be seen that problem (1), (2), and (23) are equivalent in the following sense:
if x = (4, ) is a solution to (23), then o;; =0 (i = 1,...,#) and (&;)}, is a solution to (1), (2);
and vice versa if (1;)}, is a solution to (1), (2), then x = (¢, 0) is a solution to (23).

Let 7 > 0 be such that the conclusion of Lemma 1 is valid. According to (5) we can choose
0o > 0 such that

1 < Y k1
_Z(”ql()p();h) 211 + |ni(p())~hll«l) " ) < -, (24)
Po r
Let, moreover,
n
Q={xeX: Y (lml +lel) < po - (25)

k=1
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Now we will show that the operator A has a fixed point in Q. According to Theorem 2 it
is sufficient to show that

A(x) —x #V(A(—x) +x) forx € 0Q,v € (0,1].

Assume on the contrary that there exist xo = ((#i0)7;, (o)1) € 92 and vy € (0,1] such
that

Alxo) — %0 = vo(A(=x0) +x0). (26)
Then from (26), in view of (20)-(22) we obtain
%0 = (1=80)T (xo) — 80T (—x0) + (1 — 80)F (o) — SoF (—x0),
where 8¢ = vo/(1 + vg) € (0,1/2], i.e.
t
uio(t) = ujp(a) + oo + (1 - 5o)f pi(tio, ..., Uno)(s) ds

—80/ pi(—um,...,—uno)(S)dH(1—80)/ﬁ(um,..-,uno)(S)ds

t
— 8o / fil~u10,...,—uno)(s)ds fortela,b] (i=1,...,n), (27)
a0 = ajo + (1= 80)€i(h10, ..., Uno) — Soli(=t10, ..., —Uno)
— (1= 80)hi(t10; ..., Uno) + Sohi(—thr0, ..., —tno) (i=1,...,1). (28)

Now from (27) and (28) it follows that (u;)", € AC([a, b]; R"),

=0 (i=1,...,n), (29)
o) = (1= 80)pi(t10, - . thno) () — 80pi(~th10r -, ~1hn)(£)

+ (L= 80)fi(tt10 - - o) () — 8ofi(~h10, ..., —110)(£)

forace. tela,b] (i=1,...,n), (30)
(1= 80)Ei(1t10, - . o) — S0Li(=1t10, ..., ~1hyo)

= (1-80)hi(ur0, ..., Uno) — Sohi(—t10,...,—thwo) (i=1,...,1). (31)

Moreover, since xg € 9€2, on account of (25) and (29) we have
n
A
po= Y lluoll . (32)
k=1

Now the equality (32), according to Notation 1, implies
| = 80)fi(at10, -, 1n0)(8) = Safi(=th10, .., ~140)(8)| < (8, £5™)
forae. tela,b](i=1,...,n), (33)

(1= 80)hi(ur0, ... tno) — Sohi( =110, - ., —thno)| < ﬂi(PéliM) (i=1,...,n). (34)
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Therefore, in view of Lemma 1, with respect to (30)-(34) we obtain

n

po <7 Y (a8 ;™ + i o6™)

i=1

M1
2 )

However, the latter inequality contradicts (24).

3 Corollaries
If the operators p; and £; are homogeneous, i.e. if moreover
pil-u,...,—un)(t) = =pilus, ..., un)(2)
fora.e.t €[a,b], (u)j_4 € C([a, b];R”) (i=1,...,n),

Ci(=ur,..y=ttg) = =L, .., ), ()i € C(la, B RY) (i=1,...,m),
then from Theorem 1 we obtain the following assertion.

Corollary1 Let (5), (35), and (36) be fulfilled. If the problem

u(t) = pi(uy, ..., u,)(t) forae telabl(i=1,...,n),

Li(ur,...,u)=0 (i=1,...,n)
has only the trivial solution then problem (1), (2) has at least one solution.

For a particular case when p; are defined by

i, 1) (0) E D) i (1)) | sgn i (i(2)

fora.e.t€la,b](i=1,...,n-1),

Pty ) (@) B ()12 (1,0)) | sgn iy (r,(0))  for ace. £ € [a, ],

35)
(36)

(39)

(40)

where p; € L([a, b];R) and 1; : [a, b] — [a, b] are measurable functions, we have the follow-

ing assertion.

Corollary 2 Let (5), (36), (39), and (40) be fulfilled. Let, moreover,

n
[]r=1
i=1

and let problem (37), (38) have only the trivial solution. Then problem (1), (2) has at least

one solution.

Namely, for a two-dimensional system of ordinary equations and a particular case of

boundary conditions we get the following.

Corollary 3 Let Ay =1, and let

u =prOlua|M sgnuy,  uy = Pa(8)lm |2 sgnu,

ui(a) — i (b) =0, us(a) — caup(b) =0

Page 7 of 9
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with p1,D2 € L([a, b]; R), c1,¢2 € R have only the trivial solution. Then the problem

uy = P1()uz] ™ sgnus + £(2), uy = o) |2 sgnuy +f(8),

uy(a) — ey (b) = hy, uy(a) — couz(b) = hy
has at least one solution for every fi,f> € L([a, D]; R) and Iy, hy € R.

The particular case of the system discussed in Corollary 3 is so-called second-order
differential equation with A-Laplacian. Therefore, in the case when p; =1, Corollary 3
yields the following.

Corollary 4 Let the problem

(0:(#®))) = (&)@ (1(2)),
u(a) — cu(b) =0, u'(a) - cou' (b) =0

with p € L([a,b];R), ®,(x) = |x|* sgnx, c1,co € R have only the trivial solution. Then the
problem

(2(u (1)) = p(O) s (u(D)) +£(8),
u(a) — cu(b) =, u'(a) — cou (b) = hy

has at least one solution for every f € L([a, b];R) and hy, hy € R.
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Endnotes
d Ifx e Qthen —x e Q.
It transforms bounded sets into relatively compact sets.
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