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Abstract

The paper provides an existence principle for a general boundary value problem of
the form Y7 a,(0u? (1) = h(t, u(t), ..., u" (D), ae. t e la,bl CR, Ly, U,...,u" V) = ¢,
k=1,...,n, with the state-dependent impulses u? (t+) — u¥(t-) = Jy(u(t-), V' (t-), ...,

U (=), where the impulse points t are determined as solutions of the equations
t=put=),u(t),...,u" @), i=1,...,p,j=0,....n-1.Here,n,p e N, cy,...,c, € R,
the functions gi/an, j=0,...,n - 1, are Lebesgue integrable on [, b] and h/a, satisfies
the Carathéodory conditions on [g,b] x R". The impulse functions Jy, i=1,...,p,
j=0,...,n—=1,and the barrier functions y;,i = 1,...,p, are continuous on R” and R,
respectively. The functionals £, k=1,...,n, are linear and bounded on the space of
left-continuous regulated (i.e. having finite one-sided limits at each point) on [g, b]
vector functions. Provided the data functions h and J; are bounded, transversality
conditions which guarantee that each possible solution of the problem in a given
region crosses each barrier y; at the unique impulse point t; are presented, and
consequently the existence of a solution to the problem is proved.
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1 Introduction

In this paper we are interested in the nonlinear ordinary differential equation of the nth-
order (n > 2) with state-dependent impulses and general linear boundary conditions on
the interval [a, b] C R. Studies of real-life problems with state-dependent impulses can be
found e.g. in [1-6]. Here we consider the equation

> a@uf @) = h(tu@),...,u" 1), ae.telabl, (1)

j=0
subject to the impulse conditions

Ul (t+) — uf (=) = Jy(ut=), u' (t-), ..., u"D(z-)),
where t = y,(u(t=), ' (t-),...,u" 2 (t-)) 2)
fori=1,...,p,j=0,...,n-1,
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and the linear boundary conditions
Ek(u,u/,...,u(”’l)) =c, k=1,...,m (3)

In what follows we use this notation. Let k, m,n € N. By R”*" we denote the set of all
matrices of the type m x n with real valued coefficients. Let AT denote the transpose of
A e R Let R” = R”*! be the set of all #n-dimensional column vectors ¢ = (ci,...,¢,) 7,
where ¢; € R, i = 1,...,n, and R = RI*1, By C(R";R™) we denote the set of all map-
pings x : R” — R™ with continuous components. By L>®([a, b]; R"*"), L!([a, b]; R™*"),
Gy ([a, bl;R™*m), AC([a, b]; R™"), BY([a, b]; R™*"), C¥([a, b]; R"*"), we denote the sets of
all mappings x : [a, b] — R"*” whose components are, respectively, essentially bounded
functions, Lebesgue integrable functions, left-continuous regulated functions, absolutely
continuous functions, functions with bounded variation and functions with continuous
derivatives of the kth order on the interval [a,b]. By Car([4,b] x R";R) we denote the
set of all functions f : [a,b] x R” — R satisfying the Carathéodory conditions on the set
[a,b] x R”. Finally, by x5 we denote the characteristic function of the set M C R.

Note that a mapping u : [a,b] — R” is left-continuous regulated on [a, ] if for each
t € (a,b] and each s € [a, b) there exist finite limits

u(t) = u(t-) = lim u(r), u(s+) = lim u(z).
T—>t— T—>5+
Gy ([a, b]; R") is a linear space, and equipped with the sup-norm || - || it is a Banach space
(see [7, Theorem 3.6]). In particular, we set

4]l oo = ier{rllax ( sup ’ui(t)‘) foru = (uy,...,u,)’ € GL([a, b];R”).

,,,,, 1} \te[a,b]

A function f : [a,b] x R” — R satisfies the Carathéodory conditions on [a, b] x R" if

e f(-x):[a,b] - R is measurable for all x € R”,

e f(t,-) : R" — R is continuous for a.e. t € [a, b],

« for each compact set K C R” there exists a function my € IL}([a, b]; R) such that

If(t,x)| < mg(t) for a.e. t € [a,b] and each x € K.

In this paper we provide sufficient conditions for the solvability of problem (1)-(3). This
problem is a generalization of problems studied in the papers [8—10] which are devoted to
the second-order differential equation. Other types of initial or boundary value problems
for the first- or second-order differential equations with state-dependent impulses can be
found in [11-19]. To get the existence results for problem (1)-(3), we exploit the paper [20]
with fixed-time impulsive problems.

Here we assume that

n>2,% eLY[a,b;R),j=0,...,n—1, ’;‘;m € Car([a, b] x R%;R),

an (®)
¢ €R,J; € CR";R),y; € CR"5R),i=1,...,pj=0,...,n-1,
Ly : Gi([a, b]; R") — R is a linear bounded functional, i.e. (4)

6(2) = Kiz(@) + [7 Vi) dlz(0)], 2 € Gy ([a, b]; R,
where K; € R¥>", V; € BY([a, b; R™"),k=1,...,n,n,p €N,
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Remark 1 The integral in formula (4) is the Kurzweil-Stieltjes integral, whose definition
and properties can be found in [21]. The fact that each linear bounded functional on
Gy([a, b]; R"™1) can be written uniquely in the form described in (4) is proved in [22].
See also [20].

Now let us define a solution of problem (1)-(3).

Definition 2 A function u € G ([a, b]; R") is said to be a solution of problem (1)-(3) if u
satisfies (1) for a.e. t € [a, b] and fulfils conditions (2) and (3).

2 Problem with impulses at fixed times
In the paper [20] we have found an operator representation to the special type of problem
(1)-(3) having impulses at fixed times. This is the case that the barrier functions y; in (2)

are constant functions, i.e. there exist #,...,t, € R satisfying a < f; < - - - <, < b such that
Vi(®0, %1, .., %y 0)=t; fori=1,...,p,x0,%1,...,%,2 € R. (5)

In this case, each solution of the problem crosses ith barrier at same time instant t; = ¢;
fori=1,...,p.

Note that boundary value problems for higher-order differential equations with im-
pulses at fixed times have been studied for example in [23-31] and for delay higher-order
impulsive equations in [32, 33].

Let us summarize the results of the paper [20] according to our needs. Assume that the

linear homogeneous problem

Y auf() =0, ae.telabl,
j=0

(6)

Ek(u,u’,...,u(”_l)) =0, k=1,...,n,
has only the trivial solution. Let {i,...,u%,} be a fundamental system of solutions of the
differential equation from (6), W be their Wronski matrix and w its first row, i.e.

m() o ()
wey=| @@ - @ |, w) = (@), #.0), telabl. 7)
Z ORI 0

Denote

ew) = (6, i, ... " )] ®)

From [20, Lemma 8] (see also Chapter 3 in [34]) it follows that the unique solvability of

(6) is equivalent to the condition

det (W) #0. 9)
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Further assume (9), consider V}, j=1,...,#n, from (4), and denote

v 1 0o - 0
Vl(t) 0 0 1 0
vio=| O ao=|. ,
o 0 0 0 1
V() L@l _al) o0 _ana®
an(t) an(t) an(t) an(t)
t € [a,b] and
b
H(t) = —[(Z(W)]f1 (/ V()A(s)W(s)ds- Wl(z) + V(t)), T € [a,b]. (10)

If we denote by H;; and w;; elements of the matrices H and W', respectively, that is,

n

H(t)= (Hy(0)); . WD) = (05(0); (11)

ij=1

we can define functions g;, j = 1,..., 7, as

g(t,7) = Z () (Hig (1) + X(p) (W) wii(1)), &7 € [a,b]. (12)
k=1
Bk

‘?f,i’r) ,k=0,1,...,n—1, will be understood as right-

For each fixed t € [a, b] the functions
continuous extensions at ¢ = a and left-continuous extensions at ¢ = T and ¢ = b. In this way
the Green’s function of problem (6) is built (¢f. Remark 6).

Remark 3 In order to state one of the main results of [20] we introduce the set of all func-
tions u continuous on the intervals [a, t1], (1, %], ..., (ty, b], with ¢; from (5), having their
derivatives «/,...,u""V continuously extendable onto these intervals. This set is denoted
by PC""}([a, b)). For u € PC""}([a, b]) we define

uf@) =u®@+),  uP)=uP@-) fork=1,...,n-1,i=1,...,p.

Equipped with the standard addition, scalar multiplication, and with the norm
n-1
lull =Y [u® ., uePC"([a,b]),
k=0

PC""([a, b]) forms a Banach space.

Now we are ready to state the operator representation theorem for the problem with
impulses at fixed times @ < #; < - - - < £, < b which has the form

> a©uf () = h(tu@),...,u" (), ae.telabl, (13)
j=0

ul(ti+) — V(&) = Jy(wt), (&), ...,u" @), i=1..,pj=0,...,n-1, (14)
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Ek(u, u,..., u("_l)) =c¢, k=1,...,n. (15)
Theorem 4 [20, Theorem 17] Let (4), (9) hold, and let W, w, £(W) and g;, j =1,...,n

be defined in (7), (8), and (12). Then u € PC" ([, b)) is a fixed point of an operator H :
PC"([a, b]) — PC"([a, b]) defined by

b
(Hu)(t) = / g;(t(;j)h(s,u(s), e u(”_l)(s)) ds
nop
+ Z Zgj(t, t)ij (M(ti); ces M(n_l)(ti)) (16)
=1 =1
+w@[eW)] 1),

t € [a,b], if and only if u is a solution of problem (13)-(15). Moreover, the operator H. is

completely continuous.

Remark 5 Let us note that the row vector
-1
w(t)[€(W)]

does not depend on the choice of a fundamental system of solutions i, ..., #,, but only
on the data of problem (6).

Remark 6 Let us put

Ji=0, i=1,...,pj=0,...,n-1, =0, k=1,...,n
and

h(t,x) = ho(t) € ]Ll([a, b];R) forx € R".

Then the operator H in Theorem 4 can be written as

b
(How)(t) = f &lbrs), o ds.

a an(s)

Theorem 4 implies that u is a fixed point of H, if and only if u is a solution of the problem
Y au @) =ho(t),  Glwu,... u" V) =0, j=1,..,n. 17)
j=0

Therefore a (unique) solution of problem (17) has the form

b
_ gn(t, S)
u(t) = / (o) ds,

and consequently % is the Green’s function of (6).

Page 5 of 15
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Remark 7 Under the assumption (9) we are allowed using (11) to define the functions

g(t7) =Y iult)Hy(v),
k=1

- (18)
g2(67) =Y it) (Hig(z) + wii(1))
k=1
fort,7 € [a,b],j=1,...,n. Obviously, due to (12),
[1]
g (t,t) fora<t<rt<b,
gt,t)=1" (19)

gjm(t,t) fora<t<t<b,

for j=1,...,n. Let us stress that glm, as well as g;, do not depend on the choice of funda-
mental system #, ..., it,, but only on the data of problem (6). The functions gj”] possess

crucial properties for our approach. From their definition it follows that for each 7 € [a, b]

ak [V]

8t]k (1) € AC([a, b];R) (20)

forv=1,2,j=1,...,n,k=0,...,n—1. Moreover, foreachv =1,2,j=1,...,n,k=0,...,n-1,

there exists a constant C,jx > 0 such that

kg
a5 &)

akgl[v]

otk

(t,7)| <Cyx and

< max Cjr ttelab]. (21)
v=l,

This follows from the definition of gj[v] (v =1,2), from the fact w € C*!([a, b]; R*") and
from the boundedness of the matrices W' and H (cf. (7), (10) and (11)).

3 Transversality conditions

The most results for differential equations with state-dependent impulses concern initial
value problems. Theorems about the existence, uniqueness or extension of solutions of
initial value problems, and about intersections of such solutions with barriers y; can be
found for example in [35, Chapter 5].

A different approach has to be used when boundary value problems with state-
dependent impulses are discussed and boundary conditions are imposed on a solution
anywhere in the interval [a, ] including unknown points of impulses. This is the case of
problem (1)-(3).

Our approach is based on the existence of a fixed point of an operator F in some set
Q = B”*! (¢f Lemma 12), where B C C""'([a,b];R) is a ball defined in (28). In order to
get a fixed point, we need to prove for functions of B assertions about their transversality
through barriers. Such assertions are contained in Lemmas 9 and 10 and it is important

that they are valid for all functions in B and not only for solutions of problem (1), (2).
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Remark 8 Having the lemmas about the transversality, we will prove in Section 4 the
existence of a solution « of problem (1)-(3), which has the following property:

for each i € {1,..., p} there exists a unique 7; € (a, b) such that

5 = yiu(t=), ' (t=), ..., u" (=), a<t < <1, < b,

(22)
and the restrictions u|(,r,), #|(11, 2], ..., Ul (z, ) have absolutely
continuous derivatives of the (# — 1)th order.
Consider real numbers Kj, j = 0,1,...,n — 1, and denote
An = {(xo,xl,. X)) ER”: [xo| <Koy |xpaa] < I(n_l}. (23)
Now, we are ready to formulate the following transversality conditions:
a<miny; <maxy,_;<miny, <maxy,<b, i=2,...,p, 24
min 1 < maxyiy < min y; < maxy, r (24)
foreachi=1,...,p,k=0,...,n -2 there exists Lj, € [0, 00) such that
if (x0,%1,- .., %4-2), W0, %1, - - ., ¥n—2) belong to A,_;, then
n-2 (25)
|yi(x0’x1: cee ¢xn—2) - VL'()/Ovyb oo ’yn—Z)l = Zj:O Lijlxj _yj|1
i=1...,p
n-2
D LiKja<1 fori=1,...p, (26)
j=0
Vi(%0 + Jio (K05 -+ »%n-1)s s %2 + Jim-2(®0s - - »%n-1)) 27)
< Vl’(x(): e :xn—2): (xO: cen :xn—l) € An: i= 1: e P
Let us define the set
B= {u € C"‘l([a,b];R) : ||u(j) ||oo <Kjforj=0,...,n —1}. (28)

Our current goal is to find a continuous functional P; for i = 1,..., p, which maps each
function # from B to some time instant 7; of (2).

Lemma9 LetKj,j=0,...,n—1,Ly,i=1,...,p,k=0,...,n—2, be real numbers satisfying
(26), and let A, and B be given by (23) and (28), respectively. Finally, assume that y;,
i=1,...,p,satisfy (24), (25), and choose u € B. Then the function

o(®) = y(u@®), ' ®),...,u"?@®) -t, telabl, (29)

is continuous and decreasing on [a,b] and it has a unique root in the interval (a,b), i.e.
there exists a unique solution of the equation

t=yi(u(®),...,u" (). (30)
Proof Letu e B,ie{l,...,p}. By (24),

o(a) = yi(ua),u (a),...,u" () —a>0,
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o (b) = y;(u®),u/ (b),...,u" 2 (b)) - b <0
is valid. This together with the fact that o is continuous shows that ¢ has at least one
root in (a, b). Now, we will prove that o is decreasing, by a contradiction. Let s1,s; € (a, b),

$1 < 82 be such that

o(s1) = o(s),

Vi(u(s), ..., "2 (s1)) = vi(uuls2), ..., u"2(s3)) = 51 — 5.

From (25), (26), (28), and the Mean Value Theorem we obtain

0 <ls1 =82l = |yi(uls)s...,u" 2 (s1)) = i (ulsa),.., u" 2 (s))|

n-2 n-2
< ZL17|MU)(51) ~u¥(s,)| < ZLinj+1|Sl =] <|s1=$2l,
j=0 j=0

which is a contradiction.
According to Lemma 9, we can define a functional P; : B — (a, b) by

Pu=1, uech, (31)

where 7; is a solution of (30), i.e. a unique root of the function o from Lemma 9, for
i=1,...,p. g

Lemma 10 Let the assumptions of Lemma 9 be satisfied. The functionals P;, i=1,...,p,

are continuous.

Proof Let u,,, u € B, for m € N such that

Uy — U in (C”_l([a,b];R) as m — 00. (32)
Let us choose i € {1,...,p} and prove that P;u,, — P;u as m — oo. We denote

T =Pu, T = Pithyy, meN.
From Lemma 9 it follows that 7, t,,, € (4, b) are the unique roots of the functions

o@®=y(u@®),...u"2®)~t,  owu® = yi(um®),..., ul @) ~t, telab],
and these functions are strictly decreasing. Let € € R, € > 0 be such that 7 —¢,7 + € € (4, b).
Then o(t — €) >0 and o (7 + €) < 0. According to (32) we see that ¢,, — ¢ uniformly on
[a, b], in particular 0,,(t —€) = o (7t —€) and 0,,,(t + €) = o (t + €) as m — 0. These facts

imply that

om(t—€)>0 and o,(t +€)<0 forae meN.
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From the continuity of 0, and the Intermediate Value Theorem it follows that
Pitty=tn€(t—€,1+€)=(Pu—¢,Pu+¢) forae.mel,
which completes the proof. O

Our next step is to define an appropriate operator representation of the BVP with state-
dependent impulses. The first idea would be a direct exploitation of the operator H from
Theorem 4, putting P;u in place of ¢;. This is not possible for many reasons. First, each
P; acts on the space of functions having continuous derivatives - but we need functions
having p discontinuities. Even if we would overcome this difficulty we arrive at a prob-
lem of choosing an appropriate Banach space on which H would be acting. According to
Remark 8, we search a solution u of problem (1)-(3), which has its jumps (together with
u,,...,u" V) at the points 7; = Piu € (a,b), i = 1,...,p (see (31)). In general, these points
are different for different solutions. Consequently, such solutions have to be searched in
the Banach space Gy ([a, b]; R"). But then there is a difficulty with the continuity of such
operator. In fact the operator H from (16) having P;u in place of ¢ is not continuous in
the space Gi([a, b]; R") (¢f. Remark 6.2 and Example 6.3 in [36]).

Therefore, we choose the way here, which we have developed in our joint papers [8—10].
The main idea of our approach lies in representing the solution « of problem (1)-(3) by an
ordered (p + 1)-tuple (us, ..., up.1) € [C"}([a, b];R)IP* as follows:

w(t),  tela,Puml,
u(t) = w(t),  te (P, Paurl, (33)
Up1(t), te(Pyuy,, bl
Consequently, we work with the space

X = [C"Y([a, b R) P

equipped with the norm

p+l n-1

||(u1,...,up+1)|| = ZZ”MY)HOO for (u1,...,up.1) € X.

i=1 j=0
It is well known that X is a Banach space.

4 Main results
Let us turn our attention to problem (1)-(3) with state-dependent impulses under the as-
sumptions (4) and (9). In our approach we will make use of the tools introduced in the
previous sections.

In addition we assume

there exists m € L!([a, b]; R), A; € R such that

IZS(;C)) | <m(t) fora.e. t € [a,b] and all x € R", (34)

[/ix)| <Ajforeachi=1,...,p,j=0,...,n -1
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Consider cy,...,c, from (3), w from (7) and £(W) from (8), and denote

b
M= / m@)dt,  co=(ct....c))’, D= max w0 [eW)] " eo, (35)
a tela,
and
np
Ky = Mmax{Cyy} + ;;%{CW}AM +Dy, (36)
J= =

forr=0,...,n -1, where C,j, are constants from (21).

Remark 11 Let us note that the constants D, from (35) do not depend on the choice of the
fundamental system of solutions 73, .. ., ,, but only on the coefficients a; of the differential
equation (1) and on the operators ¢; from (3) (and, of course, on the constants c;).

Now, we are ready to construct a convenient operator for a representation of problem
(1)-(3). Let us choose its domain as the closure of the set

Q=prlcx,

where B is defined in (28) with Kj from (36).
[1]

Now, we have to modify the operator H from Theorem 4 using g and g;

the Green’s functions gj, that is, we define an operator F : Q — X by Fluy,...stipa) =

2] instead of

(%15, %p1) With

pl g h(s, ui(s),..., M(nil)(S))
x(t) = 8n(6:9) —
; / Pae)
+ Z( > g wd et (), - () (37)
j=1 Ni<k<p
£y g;'[z](t, )1 (1 (T), - ..,uin_l)(fk))> +w@[eW)] e
1<k<i

fori=1,...,p+1,t€ [a,b], where

=P fork=1,...,p,70=a,Tp1 =D,

and W, w, g,g-m,gj[z],j =1,...,n,and ¢ are from (7), (12), (18), and (35), respectively.

Let us compare (16) for the operator H with (37) for the operator F. The first term
in (16) expresses a solution of homogeneous boundary value problem without impulses.
This term is decomposed in (37) on subintervals which depend on the choice of (p + 1)-
tuple (u1,. .., 4p.1). The second term in (16) caused (according to the discontinuity of func-
tions g;) needed impulses of solutions of the fixed-time impulsive problem (13)-(15). We
significantly modify this term in (37) in such a way that, instead of discontinuous func-
tions g; which have jumps at the points 73 = Pru, we use smooth functions g.m, ].[2] de-
fined in (18). Due to this modification the operator F maps one tuple of smooth functions

Page 10 of 15
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uy, ..., Uy, onto another tuple of smooth functions x, ..., %,.1, and we will be able to prove
the compactness of F on Q.

In the next lemma we arrive at a justification of our definition.

Lemma 12 Let assumptions (4), (9), (23)-(27), (34)-(36) be satisfied. If (u1,...,upn) is a
fixed point of the operator F, then the function u defined by (33) is a solution of problem
(1)-(3) satisfying (22).

Proof Let B be defined by (28) and Q = B?*!. Further, let (15, Up1) € Q be such
that F(uy, ..., 4p1) = (41,...,Upa). For each i € {1,...,p + 1}, we have u; € B, and hence
by Lemma 9 and (31), there exists a unique solution t; = P;u; of the equation ¢ =
y,'(ui(t),...,ugn_z)(t)). Due to (24), the inequalities a < 7 < - - - < 7, < b are valid and « can
be defined by (33). We will prove that « is a fixed point of the operator H from Theorem 4,
taking the space PC"Y([a, b]) from Remark 3 with

ti=1, i=1,...,p.

Denote
To =4, Ty = b, T = [0, 1], T, = (1, 2],
I3 = (12, 73], cer Ip+1 = (Tp; Tp+1];

and choose i € {1,...,p + 1}, t € Z;. Then, according to (33), we have

p+l

u(t) = u;(t) = ZL &t S) ( L ux(s), ...,M,(("_l)(s)) ds
k

= Jz an(s)

+ Z( Z g/[ I, Tk jo1 (i (i) ’H)(tk))

=1 Ni<k<p

+ Y g T (i), o ”(rk))) Fw(t)[e(W)] o

1<k<i

p+l

~ a(t, S) (n-1)
_ Z[Z u(s), ..., u"(s)) ds

VI

+ Z( > gt T (T, "D (1))

=1 z<k<p

Z Yt v (i), D (15— ))) +w(t)[e(W)]’1co.

1<k<i

Of course we have

p+l

n(t ) n— b n(t’) n—
Z/z gﬂn(; (s, u(s), . Y(s)) ds:/a gan(sj h(s,u(s),....,u"V(s)) ds
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Let k € N be such that i < k < p. Then ¢ < 7; < 1} and therefore (19) gives
gjm (o) =gt ) forj=1,...,n

Let k € N be such that1 < k < i (such k exists only if i > 1). Then ¢ > 7;_; > 7% and therefore
we get by (19)

¢t n)=gltw) forj=1,..,n.

These facts imply that

> & 6wk (@), u" (@)

i<k=<p
+ ) g 6w (@), . u D (5-))
1<k<i
= Y gt W (w@), .., u" "V (w-))
i<k<p
+ Z Gt Tk (w(z), .., "D (1))
1<k<i
P
_ Zgj(t’ k1 (u(‘l,'k), e u(”_l)(tk—)),
k=1

for j =1,...,n. Consequently, by virtue of (16) and Theorem 4, u is a solution of prob-
lem (13)-(15). Clearly u fulfils equation (1) a.e. on [4, b] and satisfies the boundary con-
ditions (3). In addition, since u fulfils the impulse conditions (14) with ¢; = 7;, where
T = yi(ui(ri),...,ul(."_z)(ri)) = yiu(r),...,u"P(t;-)), i = 1,...,p, we see that u also fulfils
the state-dependent impulse conditions (2). According to Remark 8, it remains to prove
that 7y,..., 7, are the only instants at which the function u crosses the barriers y1,..., ¥,
respectively. To this aim, due to (24) and (33), it suffices to prove that

t #yi(ia (), O, ..., w7 (2) forte (w,bli=1,...,p. (38)

Choose an arbitrary i € {1,..., p} and consider o from (29). Since u fulfils (2), we have
o(ti—)=0.

Let us denote
V() = yi(in @), uy O, ..., w7 @) -1, te[a,bl.

From Lemma 9 it follows that v is decreasing. So, by virtue of (38), it suffices to prove
that

Y(r) =0. (39)
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Using (33), (2), and (27), we have

V(@) = yilwia (@), w32 (@) = 7 = i), " (@) -
= yi(u(mi-) + Joo (w(im), ..., " D (wim), o, w2 (i)
+Jin-2 (M(TL'—), .. .,u(nfl)(fi_))) -7

< yi(u(ti=), ..., u" (1)) - = 0,
which yields (39). This completes the proof. d

Lemma 13 Let assumptions (4), (9), (23)-(27), (34)-(36) be satisfied. Then the operator F
from (37) has a fixed point in Q.

Proof The last term w(t)[£(W)] ¢y in (37) is the same as in (16) for the compact opera-
tor . Therefore it suffices to prove the compactness of the operator F on S for ¢y = 0. To
do it we can use the same arguments as in the proof of Lemma 6 in [9], where the second-
order state-dependent impulsive problem is investigated. In particular, the compactness
of F on Q is a consequence of the following properties of functions and functionals con-
tained in (37):

« the first term in (37) can be written in the form

p+l (n-1)
Zf 2(t,9) h(s,uk(S) 7 (S))ds

a,(s)

p+l

(n-1)
/ &n(t,s) Z Mok (s), .-, (S)) Xt () ds,

zz,,(s

where 7 = Pruy fork=1,...,p, 1o = a, Tpu1 = b,
« Py are continuous on B (due to Lemma 10),
M & Car([a, b] x R%;R),

gm g, I satisfy (20), g, satisfies (19),

+ Jij are continuous on R”.

For the application of the Schauder Fixed Point Theorem it remains to prove that
FQ)ca. (40)
Let (%1,...,%p41) = F(u1,...,Ups1) for some (uy, ..., up,1) € Q. Then, by (21), (34), (35), and

(37), we have

n

p
(r)
% (0] < Mmax{Con} + le ; max{C}Agj1 + D,
e

fori=1,...,p+1,r=0,...,n—1,t € [a,b]. From (36) we get

Pl =

Hx » o i=1..,p+1Lr=0,...,n-1,

and so F(u1,...,Ups1) € Q. We have proved (40), and consequently there exists at least one
fixed point of F in Q. g
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Theorem 14 Let assumptions (4), (9), (23)-(27), (34)-(36) be satisfied. Then there exists
at least one solution to problem (1)-(3) satisfying (22).

Proof The assertion follows directly from Lemma 12 and Lemma 13. O

Remark 15 The existence result from Theorem 14 can be extended to unbounded func-
tions / and J; by means of the method of a priori estimates. This can be found for the
special case n = 2 in [10].
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