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1 Introduction

The prescribed mean curvature problems like

x €,

- diV(\/ﬁ) =f(x, u),

u=0, xeodf2

have attracted much attention in recent years, see [1-4] and the references therein. Since
the problem is quasilinear non-uniformly elliptic, it is more difficult to study the exis-
tence of classical solutions. The greatest obstacle is the lack of gradient estimate, such
kind of estimate does not hold in general and boundary gradient blow-up may occur. This
leads to some new phenomena very different from those in semilinear problems. Many
well-known results of semilinear problems have to be reconsidered for this quasilinear
problem. Motivated by the search for solutions of the above problem, many authors (see
[5-13]) studied the existence of (positive) solutions for one-dimensional prescribed mean

curvature equations with Dirichlet boundary conditions

_(\/ﬁ)’ =rw), x€(0,1), a.1)

u(0) = u(1) =0,

where k > 0 is a constant, f € C([0, 00), [0, 00)) and f(«) > 0 for u > 0 and x € [0,1].
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Note that if « = 0, problem (1.1) is degenerate to the second-order ordinary differential

equation boundary value problems

—u" =Af(u), x€(0,1), 1.2)
u(0) = u(1) = 0.

The existence of (positive) solutions of (1.1) has been well known with various qualitative

assumptions of the nonlinearity f, see [14, 15] and the references therein.

If k = 1, Bonheure et al. [6], Habets and Omari [9], Kusahara and Usami [10], Pan and
Xing [12, 13] studied the existence of (positive) solutions of (1.2) by using the variational
method, lower and upper solutions method and time mapping method, respectively.

However, to the best of our knowledge, the existence and multiplicity of positive solu-
tions for (1.1) are relatively few by the fixed point index theory. In this paper, based on
the fixed point index theory, we shall investigate the existence and multiplicity of positive
solution of (1.1) when f is ¢-superlinear and ¢-sublinear at 0 and oo, respectively, here
9(s) =

T+ks2

Let ¢(s) = \/ﬁ Then (1.1) can be rewritten as

(@) = Af(u(x), «x€(0,1), 13)
u(0) = u(1) = 0. ’
Obviously, ¢ : R — (—%, \%) is an odd, increasing homeomorphism with ¢(0) = 0.

For convenience, we introduce some notations

i L9,

u—0 ¢(u) T u—oo ¢(u)

We will also need the function f* () = maxo<;<,{f(t)}, and let f; = lim,_.¢ % By asimilar
method in [14, Lemma 2.8], it is not difficult to verify that fj = f;.

In the rest of this paper, we shall study the existence of positive solutions of (1.3) by using
the fixed point index theory to give a brief and clear proof for the existence of positive

solutions of (1.1). More concretely, we shall prove the following.

Theorem 1.1 Assume that f € C([0,00),[0,00)) and f(u) > 0 for u > 0.
() Iffo =0, then there exists 0 < Ay < A* such that (1.1) has a positive solution for
Ay <A< AX,
(ii) Iffo = oo, then there exists Lo > 0 such that (1.1) has a positive solution for 0 < A < Ag.
(ili) Iffo =fx =0, then there exists 0 < L, < X* such that (1.1) has at least two positive
solutions for A, < A < A*.
(iv) Iffo = foo = 00, then there exists 0 < Ay < A* such that (1.1) has at least two positive

solutions for A, < A < A*.

Corollary 1.2 Assume that f € C([0, 00), [0,00)) and f(u) > 0 for u > 0.
(@) Iffo = 0 and f, = 00, then there exists 0 < L, < \* such that (1.1) has a positive

solution for L, < X < A*.
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(b) Iffo = 00 and fi, = 0, then there exists Lo > 0 such that (1.1) has a positive solution for
0<A<Ag.

Remark 1.1 The results of Theorem 1.1 and Corollary 1.2 are different with the case « =0
which is the classical Dirichlet boundary value problem (1.2). This phenomenon is a strik-
ing feature of problem (1.1), which is just the reason why we study the existence of positive
solutions of problem (1.1). It is pointed out that in equation of (1.1), having replaced f(u)
with f(x, #), Theorem 1.1 and Corollary 1.2 also hold as well as all of the proofs with obvi-
ous changes.

2 Preliminaries

Throughout the paper | - | will denote absolute value, and let
E = {u e C[0,1]| u(0) = u(1) = 0}.

Then E is a Banach space endowed with the norm ||| o = maxye[o, [#(x)].
We first establish some preliminary results to prove our main result. An easy but useful
property of ¢ and ¢! is the following one.

Lemma 2.1 Let ¢(s) = ﬁ Then ¢ : R — (—%, %) is an odd, increasing homeomor-
phism with $(0) = 0. Moreover, ¢ has the following properties:
(i) ¢ is convex up on [0,00) and ¢! is concave up on (0, %).
(ii) Foreach ¢ > 1, there exists AC > ¢ such that ¢(cs) < Ac¢(s), Vs > 0 with
lirnc_mo;lc =00 and for each 0 < ¢ <1, there exists 0 < BC < ¢ such that
¢(cs) > Egj)(s), Vs > 0 with lim,_¢ B, = 0.
(iii) For each 0 < ¢ <1, there exists B, > ¢ such that ¢~"(cs) < B¢ (s), Vs € (0, #). For

each ¢ > 1 with -+ <cs< % there exists A, < c such that ¢~ (cs) > AP~ (s),

7
Vs € (0, #).
Proof By a simple computation, it follows that ¢(—s) = —¢(s) and ¢'(s) = ———= > 0. So

N/ (1+ks2)3

¢ is an odd, increasing homeomorphism with ¢(0) = 0. Moreover, from ¢ (s) = —=2&

w25’
S

we get that ¢ is convex up on [0, 00). Notice that ¢~1(s) = T is also an odd, increasing
—KS

homeomorphism with ¢(0) = 0. It is easy to verify that ¢! is concave up on (0, %).

(ii) For each 0 < ¢ <1, there exists B, < ¢ such that

$les) = ———— > B——
cs) = >
1+ Kkc?s? ‘

Vs > 0;

Vi+ks? -

and for each ¢ > 1, there exists AC > ¢ such that

cs A s
<A, Vs> 0.

¢(CS) = = ’ =
1+ Kkc?s? 1+ ks?

(iii) By a similar argument, it is not difficult to compute that for each 0 < ¢ < 1, there
exists B, > ¢ such that ¢~'(cs) < B.¢~!(s), Vs € (0, \iﬁ). For each ¢ > 1 with —% <cs<
there exists A, < ¢ such that ¢~'(cs) > A.¢~'(s), Vs € (0

1
1 W’
;W)' a
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Lemma 2.2 Let h € C([0,1], [0, 00)) with h #£ 0. Assume that w is the solution of

{_(W)y = h(x), x€(0,1), o

u(0) = u(1) = 0.
Then w >0 on (0,1) and |W ||eo < ¢~ (M), where M = min{%, SUP,c(o,1 [H(X)[}.

Proof By integrating, it follows that (2.1) has the unique solution given by

w(x) = /Ox ot (C— /Osh(t) dt) ds,

where C is such that w(1) = 0. Hence we must have 0 < C < fol h(t) dt. Further, since ¢(') €
(—%, %), by using ¢(w'(x)) = C—f(f h(t) dt, we obtain —-M < ¢p(W'(x)) < M,Vx €[0,1] and
W lloe < ¢~ 1(M) follows, here M = min{ﬁ, SUP,cfo1) [ ()}

Since w(0) = w(l) = 0, there exists xg € (0,1) such that w'(xy) = 0 and it follows from
—(¢p(w)) = 0 that ¢(w') is decreasing on (0,1). Then w'(x) > 0 for x < x¢ and w'(x) < 0 for
x> xg. Hence, w > 0 on (0,1). O

Note that from Lemma 2.2, there exists t; € (0, %), i =1,2, such that minye[ -, w(x) >

0 |[w|ls with 0 < 0 <1 depending on t;. Define the cone P in E by

P= {u eE | u(x)>0on[0,1]and min u(x)>o|luwf,
x€[t1,1-17]

and forr> 0, let Q, = {u € P| ||u|loo < 7}

Lemma 2.3 ([11, Lemma 4.1 and Lemma 4.2]) For each h € C[0,1], (2.1) has a unique
solution given by

u(x) = /x ot (C— /Sh(t) dt) ds =: Ty, (1) (x),
0 0

where C is such that u(1) = 0 with 0 < C < fol h(t) dt. Moreover, the operator Ty, : E — E is

continuous and sends equicontinuous sets in C[0,1] into a relatively compact set in E.
We next state the fixed point index theorem which will be used to prove our results.

Lemma 2.4 ([16, Chapter 6]) Let E be a Banach space and P be a cone in E. Assume that Q
is a bounded open subset of Ewith 0 € Q, and let T : PN Q — P be a completely continuous
operator such that Tu # u, u € 9Q N P.

Q) If | Tull < |lull, u € QN P, then i(A, 2N P,P) =1.

(i) If || Tull = lul, u € 9Q NP, then i(A, QN P,P) = 0.

From Lemma 2.2, problem (1.3) is equivalent to the fixed point problem

u(x) = /x ot <C0 -\ /Sf(u(t)) dt) ds := Ty (u)(x)
0 0
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in the space E, where Cj is such that #(1) = 0 with 0 < Cy < A folf(u(t)) dt, since otherwise,

u(l) = fl ¢71 (CO —-A fsf(u(t)) dt) ds > /1 ¢! (A /1f(u(t)) dt) ds >0,
0 0 0 s

which is a contradiction. This together with Lemma 2.3 implies that T; : E — E is a com-

pletely continuous mapping. Moreover, for any fixed u € P, we have

Ty (u)(x) = /0 xq)*l (Co - A /0 s £ (u() dt) ds>0, x€[0,1] (2.2)

and T (u#)(0) = Ty (#)(1) = 0. In addition, from Lemma 2.2, it follows that T; (u#)(x) > 0 on
(0,1) and there exist 7; € (0, %), i =1,2, such that mine[q,1-¢y) Tatt = 0 | Thtt]loo. SO T :

P — P is a completely continuous operator.

Lemma 2.5 Let r > 0 be given. If there exists ¢ > 0 small enough with B, <1 such that
fH(r) < e¢(r), then

1Tottlloo < Bielltllw  foru €92,

where B, is defined as in Lemma 2.1(iii).

Proof From the definition of T;, for any u € 9%2,, we have

1T ull 0o = xréllg)i] /Ox o (Co - ;\/Osf(u(t)) dt) ds
1 1 1 1
- dt)d -1 *(r)dt ) d
5/0¢ <)»/Sf(u(f)) L‘> s§/0¢> <)»‘/5f(r) t)s

1
< / ¢~ (reg(r)) ds < By.r. O
0

Lemma 2.6 Let n > 0 be given. If u € P and f(u(x)) > ne(u(x)) for x € [0,1], then
1 Th2llo0 = Ux*¢_1 ()"(1 - O)x*mf)(ff ”u”oo)):
where x, = min{xo, 1 — xo} and u(xo) = maxye[o,1) #(*) = |[#] co-

Proof From problem (1.3), since u(0) = u(1) = 0, it follows that there exists xy € (0,1) such

that #'(xp) = 0. Let |||l = u(x0). Then u satisfies the following boundary value problem:

—(P('(x))) = Af (u(x)),  x € (0,x0), (2.3)

u(0) =0, u(xo) = lltllcc- '
Let v be the solution of the problem

—(¢(V(x))) =0, x€(0,%), (2.4)

v(0)=0,  v(xo) = [lullco-

Page 5 of 12
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Then we have

(2.5)

(W' (%)) = d(V (%)) = Af (u(x)), «x € (0,%0),
(u—-v)(0) =0, (= v)(x0) = 0,

and by a comparison argument, we get that > v on (0, xo). In fact, from (x — v)(0) = 0,
(u —v)(xo) = 0, there exists & € (0,x) such that (z —v)'(x) = 0, i.e., u/(X) = V' (k). Thus, by a
simple computation, we have that

d)(u'(x)) = qb(v/(x)) + / kf(u(t)) dt > qb(v’(x)) for x € (0,%)

and

qb(v/(x)) = ¢(u/(x)) + / kf(u(t)) dt > ¢>(u’(x)) for x € (%, x0).

X

This together with ¢ is an increasing homeomorphism implies that

u'(x) >V (x) forxe(0,%), (2.6)
V(x)>u'(x) forxe (Xx0). (2.7)
Integrating from 0 to x for (2.6) and integrating from x to x, for (2.7), respectively, we have

that u(x) > v(x) for x € [0,x0].
Note that

W(x) = 1t — / "o (Cy) ds,

where Cj is such that v(0) = 0, and hence ||| s = (;CO ¢ (C) ds. If C; > ¢( ”’ﬂf"), then it
follows that

lulloe =/0 ¢>-1<c1)ds>f0 ¢—1(¢<%)) ds > 1l oo

which is a contradiction. Thus, 0 < C; < ¢( L

o
*0

Vo) =l = [ 674G ds = o~ o —x)¢-1(¢( ”””‘”))

X0

). Moreover, we have

X
= _”M”OO! X € [xlix()])
X0

where %1 = 0x. Consequently, u(x) > v(x) > o ||u||» for x € [x1,%0]. Obviously,

u(x) = /" ot (C2 —A /Sf(u(t)) dt) ds,
0 0

where C, satisfies /(xo) = 0. It follows from ¢~(C, — A [;° f(u(t))dt) = O that C, =
A [o° f(u(t)) dt. Therefore,

u(x) = /o e <x / " f () dt> ds=Tou(x), xe[0,x). (2.8)
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If xg > %, then
1T ulloc = /0 1¢1(x / Of(u(t))dt) ds > ]0 1¢>1(A f °n¢(u(t>)dt)ds
> /0 67 (Mo — 3 (0 1l o)) s = 00 ({1 = 0 Yo (o 1))

Ifxg < %, let w be the solution of

—(q&(w/(x)))/ =0, x¢€(x0,1),

(2.9)

w(xo) = |1l oo, w(1) = 0.

Then
X
wia) =l + [ 47(Cods,
X0
where C; < 0 satisfies w(1) = 0, i.e., ||ut]|00 = —fxlo ¢1(C3)ds. If C3 < —¢(%), then
- - llll oo
ltlloo == | ¢ (C3)ds>—| ¢~ | -0 1 ds > ||t o
X0 X0 — X0
which is contradiction. Hence —¢(%) <C3<0.
By a similar argument as before, it follows that # > w on (x¢,1). Moreover,
* u
wie) =l + [ 97(Cadds = e (x—xo)¢1(—¢( ” "“))
X0 1 — X0
1-x
= 1 ”u”OO’ PAS [xOerJJ
— X0
where xy =1 -0(1 —xg). So u(x) > w(x) > o ||it]| 00, X € [%0,%2]. Therefore, we have
1 s
u(x) = / ¢! <)\ / S (u(®) dt) ds = Tou(x), x & [xo,1], (2.10)
X X0

and subsequently,

1 s 1 X2
Tl = | ¢>-l<x | rtut) dt) as= | ¢-1(A | notute) dt) ds

1
> f ¢~ (M2 —x0)n (0 |l o)) ds
>0 (1-x0)¢ (A1 - 0)(1 - x0)ng (o llull)).

Let x, = min{xg,1 —xo}. Then

ITsttlloo > o™ (A1 = 0)2anp (0 1] o)) O
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Lemma 2.7 Letr> 0 be given. Ifu € 0Q,, then
1Tl < 7' (M),
where M, =1+ maxo<,<-{f ()} > 0.

Proof Obviously, for any u € 9€2,, it follows that f(u(x)) < M, for x € [0,1]. So we have

nnwwsl}lol}WmMOmf¢wM» O
Lemma 2.8 Letr > 0 be given. If u € 0Q2,, then

I T5ttlloo = %27 (M1 = 0 )y,
where m, = Ming <y < {f (1)} > 0 and x, = min{xg,1 — xo}.

Proof By using a similar argument of the proof of Lemma 2.6, we have that u(x) > o ||u] oo
for x € [x1,x2]. Meanwhile, (2.8) is true. If xo > %, then we can get that

1T tt]l oo = /Oxl ¢! <)L /S‘xof(u(t)) dt) ds > /Oxl ¢! <A /xxo m,dt) ds

> /xl ¢ (Mo — x1)m,) ds = x1 ™ (Mo — 1))
0
=ox0¢p (A(l - a)xom,).

Ifxy < %, then (2.10) holds and it follows that

| Tl oo z/x:¢-l<A/x:f(u(t))dt) dszfx:qs‘l(/\/x:z m,dt) ds

1
> / ¢! (Mo — x0)my) ds = (1= x2)p ™" (w2 — x0)m,.)
=0 (1-x0)¢~ (M1 -0)(A - x0)my).

Let x,, = min{xy, (1 — x¢)}, then

1T ulloo = Gx*qﬁ_l()»(l—o)x*m,). 0

3 Proof of the main results

Proof of Theorem 1.1 (i) Choose a suitable number r; > 0. By Lemma 2.8, we have
IThttllo >l foru €9, and A, <A < A%,

where

1 1
P and ez ()

T V@A - o)xamy, (1-o0)x*my, ox*

Page 8 of 12
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If f = 0, then f; = 0, and so we can choose r; € (0,r;) such that f*(r;) < e¢(ry), where
& > 0 small enough satisfies

B)Lg < 1. (3.1)
Then Lemma 2.5 implies that
IThttlloo < llttlloc  for u € 9K2;,.

From Lemma 2.4, it follows that i(T),$2,,P) = 0 and i(T;,<2,,,P) = 1. By using the
additivity-excision property of the fixed point index [16], we have that

(T, 2, \2,, P) = i(Ty, 2y, P) — (T, Ry, P) = 1.
Therefore, T has a fixed point in ,,\2,,. Consequently, (1.1) has a positive solution

for A, < X < A*.

(ii) Choose a suitable number r; > 0. By Lemma 2.7, there exists

0<A0§min{ 1 ¢(V1)}_¢(V1)

\/EMVI, M, B M,

such that || 75|« < ||#]loc for u € 32, and 0 < A < A¢. That is, i(Ty, 2,,,P) = 1.
If fo = 0o, then there exists r, € (0,r;) such that f () > n¢(u) for 0 < u <r,, where n >0

is chosen large enough so that

1
Al -0)xmp(om) < — and oAl -o)xln>1. (3.2)

Jk

Clearly, f(u) > n¢(u(x)) for u € 9Q,,, x € [0,1]. From Lemma 2.6, we get that

ITattll oo = o™ (AL = 0)xan (0 [l 0)) = 021 = )xZn ]l oo > el

for u € 90€2,,.

This together with Lemma 2.4 implies i(T, 2,,, P) = 0. By using the additivity-excision
property of the fixed point index [16], we have

(T, 2, \2,, P) = i(T3, 2, P) = i(T), 2y, P) = 1.
Therefore, T has a fixed point in Q,,\,,. Consequently, (1.1) has a positive solution

for 0 < A < Ag.
(iii) Since ¢ is a bounded operator, multiplying (1.3) by #’ and integrating from 0 to xy,

we get that
“ - 1 ! L asu(0)
A wdu=—-|1- ——| — = asu/(0) = oco.
0 f K|: \/1+K(L£/(O))2i| K
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Let A* > 0 be the solution of A for*f(u) du = % Then there exists 7 := r* — € > 0 such that

k/orf(u) du < % (3.3)

with 7 = u(xg) = || co-
Choose two numbers 0 < r3 < r4 < 7 satisfying

¢< "3 >< %M;) and ¢< "4 )< M(f)(;)'

O Xy M; O Xy M;

By Lemma 2.8, there exist

A —max{ qb(“% ¢("% }
* (1-o0)x*m,, "1- o)X my,
and
2 = mi { 1 (@) 1 1 } ¢
= min , = ) =
VM My (1= 0)xmp ik (L= 0)xam,, Jk M;

such that for A, < A < A*, we have
IThtlloo > llttlloc  foru e dQ,,i=23,4.
This together with Lemma 2.4 implies i(T;,2,,P) =0, i = 3,4.
Since f; = 0, from the proof of the case (i), it follows that we can choose r; € (0, %3) such
that i(T;, Q,,, P) = 1. Subsequently,
i(T;, Qrg\fzrl,P) = i(Ty, 25, P) — i(T, 2y, P) = -1.
On the other hand, fi, = 0, A < A* and (3.3) together with Lemma 2.7 implies
I Thttlloo < @ (AM;) < ||t]loo  for any u € 3Q;.
That is, i(T;, Q7, P) = 1. Subsequently,

(T, Q;\S_Z,4,P) =i(Ty, 2, P) - i(T5,,,,P) =1

Therefore, T; has two fixed points #; and u; such that u; € S_er\er and u, € Q;\Qm.
These are the desired distinct positive solutions of (1.1) for A, < A < A* satisfying

1 < | tille <13 <14 < |lthz]l0c < 1o (3.4)

(iv) Choose two numbers 0 < r3 < ry < 7 satisfying

M, r
> and ¢(r4)>7(1—a)x*m;¢<a—x*>'

6(rs) > qu( ’

(1 -o0)xem; \ ox,
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By Lemma 2.7, there exists 0 < 19 < min{%, %} such that for 0 < A < A, we have
r3 T4
IThttlloo < llttlloo  foru € 9R2,,,i=3,4.
That is, i(T5, 2, P) =1 and i(T, Q,,, P) =
Since fy = 00, from the proof of the case (11), choose r; € (0, %3) such that i(T3, 2,,P) = 0.
Consequently,
i(T)u QrS\S_Zrl,P) = i(T)u Qrg»P) - i(T)u er’P) =1
On the other hand, f, = 0o and (3.3) together with Lemma 2.8 implies that
1 Thulloo > Ux*¢_l (k(l - U)x*mi)~

$(55)

(1-0)xsm;

Let A, = and A* = min{A, m} Then, for any A, < A < A*, we have

IToulleo > |||l forany u € u € 9.
That is, i(T;, 27, P) = 0. Subsequently,
i(T,, Q;\Qr4,P) =i(T), 2%, P) - i(T5,,,,P) = -1
Therefore, T; has two fixed points #; and u; such that u; € S_Z,S\er and u, € S_Z;\Qm.

These are the desired distinct positive solutions of (1.1) for 1, < A < A* satisfying (3.4).
O

Proof of Corollary 1.2 1t is easy to show by the result of Theorem 1.1(i) and (ii). O

Example 3.1 Let us consider the following problem:

{_(\/1::(—”/)2)/ =xe’, x€(0,1), (3.5)
u(0) = u(1) = 0.

Obviously, fy = lim,_,¢ ;(—Z) =00 and f = lim, ;(—L;) = 00. From Theorem 1.1(iv), there
exists 0 < A, < A* such that (3.5) has at least two positive solutions for A, < A < A*.

Example 3.2 Let us consider the following problem:

(—— )y =2?, x€(0,1),
i ( 1+K(u’)2) “ * ( ) (36)

Obviously, we divided the discussion into two cases as follows.

Casel.p>1

In this case, f (1) = u” is convex, and fy = lim,_,¢ - — ¢ =0andfy = limy_ 00 o ¢( 5 = 00. From
Corollary 1.2(a), there exists 0 < A, < A* such that (3 6) has at least one positive solution
for A, < A < A*.
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Case2.p<1
In this case, f(u#) = u” is concave, and fy = lim,_, #I;) =00 and f = lim,_, #I;) = 00.

From Theorem 1.1(iv), there exists 0 < A, < A* such that (3.6) has at least two positive

solutions for A, < A < A*.

Remark 3.1 It is worth to point out that our results only partly generalize the results of
Habet and Omari [9] and Pan [12], since f(u) is more general than e, & and due to the
limitation of the fixed point index method.

Remark 3.2 Since f(«) in (1.1) is autonomous, it is not difficult to show that the solutions
of (1.1) are symmetric around %, see [2, 12]. It follows that xg = % in the proof of Theo-

rem 1.1, and we can set 7; = %, i=1,2ando = %
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