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Abstract

In this paper the operator-theoretical method to investigate a new type boundary
value problems consisting of a two-interval Sturm-Liouville equation together with
boundary and transmission conditions dependent on eigenparameter is developed.
By suggesting our own approach, we construct modified Hilbert spaces and a linear
operator in them in such a way that the considered problem can be interpreted as a
spectral problem for this operator. Then we introduce so-called left- and right-definite
solutions and give a representation of solution of the corresponding
nonhomogeneous problem in terms of these one-hand solutions. Finally, we
construct Green's vector-function and investigate some important properties of the
resolvent operator by using this Green’s vector-function.

Keywords: Sturm-Liouville problems; eigenparameter-dependent boundary and
transmission conditions; Green's function; resolvent operator

1 Introduction

Many important special equations which appear in physics, such as Airy’s equation,
Bessel’s equation, wave equation, heat equation, Schrodinger’s equation, Heun’s equation,
advection-dispersion equation, etc., are associated with Sturm-Liouville type operators.
For instance, the one-dimensional form of the advection-dispersion equation for a non-
reactive dissolved solute in a saturated, homogeneous, isotropic porous medium under
steady, uniform flow is

G+ Ve =Dcyy, 0<x<L,t>0,

where c(x, t) is the concentration of the solute, v is the average linear groundwater velocity,
D is the coefficient of hydrodynamic dispersion, and L is the length of the aquifer. Using
the method of separation of variables, the problem can be written in the simplest Sturm-
Liouville form

[pP®X] +rrX =0,  X(0)=0, X(L)=0, 0<x<lL.
This example makes it clear that the Sturm-Liouville problems are of broad interest. There

is a well-developed theory for classical Sturm-Liouville problems (see, e.g., [1-5] and the
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references therein). Details of the derivation of the theory and of related background re-
sults can be found in the cited references. Although the subject of Sturm-Liouville prob-
lems is over 160 years old, these problems are an intensely active field of research today.
The main tool for solvability analysis of such problems is the concept of Green’s func-
tion. Green’s functions have played an important role as a theoretical tool in the field of
physics, since the possibility of a transition from the problems in mathematical physics to
integral equations is based on the fundamental concept of Green’s function. Therefore, the
powerful and unifying formalism of Green’s functions finds applications not only in stan-
dard physics subjects such as perturbation and scattering theory, bound-state formation,
etc., but also at the forefront of current and, most likely, future developments (see [6]).
Green’s function transforms the differential equation into the integral equation, which, at
times, is more informative. In terms of Green’s function, the BVP with arbitrary data can
be solved in a form that shows clearly the dependence of the solution on the data. Namely,
Green’s function approach would allow us to have an integral representation of the solu-
tion instead of an infinite series. Determination of Green’s functions is also possible using
Sturm-Liouville theory. This leads to series representation of Green’s functions (see, e.g.,
the monograph [1] as well as the recent results in [7] and the references therein).

Sturm-Liouville type problems with transmission conditions have become an important
area of research in recent years because of the needs of modern technology, engineering
and physics. Many of the mathematical problems encountered in the study of boundary-
value-transmission problem cannot be treated with the usual techniques within the stan-
dard framework of boundary value problem (see [8—12]). In this study we shall consider
a new type of Sturm-Liouville problems consisting of the two-interval Sturm-Liouville
equation

L(u) := (—p(x)u/(x)), +q)u(x) = Wlulx), xeQ UQ 1)

together with eigenparameter-dependent boundary conditions of the form

01(u) := S1ou(a) - Su1ud' (@) — 11 (Srou(a) - S (@)) = 0, 2)
() := Saoua(b) — 811t (b) + 1> (Ba0u(b) — 81d' (b)) = O, (3)

and eigenparameter-dependent transmission conditions at one interaction point x = ¢ of

the form

£3(u) := yyoulc+) + ypou(c-) =0, (4)
Ly (u) = yopu(c+) + you (c+) + Yooulc=) + Yy 1t (c=)

— 12 (Pooulc+) + Pt (c4) + Prgule=) + Py (c-)) = 0, (5)

where p(x) is a real-valued piecewise constant function, p(x) = p~ > 0 for x € Q™ = [a,¢),
p(x) =p* >0 for x € Q" = (c, b], the potential g(x) is a real-valued function continuous in
each of the intervals 2~ and Q*, and has finite limits g(ct) = lim,_, .+ g(x), 1 is a complex
spectral parameter, the coefficients 6, 5,-,, yzj;, )7;; (i=1,2andj=0,1), yfot are real numbers.
This Sturm-Liouville problem is a non-classical eigenvalue problem since the eigenvalue
parameter p appears not only in the differential equation, but also in the boundary and
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transmission conditions. Moreover, in the differential equation there appears a singular-
ity at one interior point. Because of these reasons the spectral theory of this problem is
more complicate. Naturally, eigenfunctions of this problem may have discontinuity at the
singular interior point. Some special cases of this problem arise after an application of the
Fourier method to a varied assortment of physical problems. For instance, some boundary
value problems with transmission conditions arise in heat and mass transfer problems [13],
in vibrating string problems when the string is loaded additionally with point masses [14],
in diffraction problems [12], in quantum mechanics [15], in thermal conduction problems
for a thin laminated plate [16] efc. Such properties as isomorphism, coerciveness with
respect to the spectral parameter, completeness and Abel bases property of a system of
root functions of some boundary value problems with transmission conditions and its ap-
plications to the corresponding initial boundary value problems for parabolic equations
have been investigated in [16—19]. For the background and applications of boundary value
transmission problems to different areas, we refer the reader to the monographs and some
recent contribution [8-11, 17, 18, 20—-25].

2 Hilbert space formulation of the problem

In certain cases the boundary value problem can be characterized by means of a uniquely
determined unbounded self-adjoint operator. In these cases the eigenvalues and eigen-
functions of the boundary value problem are determined by the eigenvalues and eigenvec-
tors of the corresponding operator; these will be called a self-adjoint case of the boundary
value problem. In some cases such a characterization is not possible and these will be re-
ferred to as ‘symmetric’ cases in general. In classical point of view, our problem cannot
be characterized as ‘self-adjoint case’ For ‘self-adjoint characterization’ of the considered
problem (1)-(5), we shall define a new Hilbert space as follows.

Denote the determinant of the ith and jth columns of the matrix
0= Yo Yo Yo Ya
Vao Vo Yao Va
by |6;] (1 <i<j < 4). Throughout the paper we shall assume that the conditions
Vio (V01012 = 71610231) >0, 115 (101034l = ¥1016hal) <O, 162a] =0,
51 4 Sn 6
p1 =det e >0, Py = det 220 >0
S b 81 320

hold. Define a new inner-product space # as a direct sum space (Ly(Q7) @ L,(Q*)) & C°
equipped with the modified inner-product

(U, V)y = —%<|934|—y—lf|914|) / V) dx

10

+ b _
+i(|912|—y—1?|923|) f w() () dx

n
V4 10 +

1 Yo _ 1 Y16 _ _
-— (|934| - Lf|914|>u1v1 +— (|912| — Z201003] sV + usvs (6)
L1 10 L2 Y10
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for U = (u(x), Uy, Uy, MS): V= (V(?C), Vi, V2, V3) € (LZ(Q_) S?) L2(Q+)) @ CB' It is easy to see
that the relation (6) really defines a new inner product in the direct sum space (Ly(27) &
Ly, (Q) & C3.

Lemmal H is a Hilbert space.

Proof Let U, = (uy(x), tan, ton, Usy), n = 1,2,..., be any Cauchy sequence in . Then
by (6) the sequences (u,(x)) and (u1,, 42y, us,) will be Cauchy sequences in the Hilbert
spaces L,(Q7) @ L,(2*) and C3, respectively. Therefore they are convergent. Let u(x) and
(t10, U0, U30) be limits of these sequences, respectively. Defining Uy = (uo(x), 410, 420, #30)
we have that Uy € ‘H and U, — U, in H. The proof is complete. O

Let us now define the boundary and transmission functionals B, (u) := iou(a) — 1114 (a),
Bo(u) := Siu(a) - Su'(a), By(u) := 80u(b) — 811d'(b), By(u) := Srou(b) — 5311/ (b), T.(u) :=
T (u) — T (w), To(u) := T (u) — TF(u), where TF(u) = yibulct) + viiu/(ct), THu) =

4
Posul(ct) + 75t/ (c+) and the linear operator % : H — H with the domain

dom(N) := {U = (u(x), w1, uz, u3) : u(x), u/ (x) € ACioc(7) B ACioc (27,
with a finite left- and right-hand limits #(c F 0) and /(c  0);

L(u) € Ly[a, bl; €3(u) = 0;u1 = Ba(u); uz = —By(u); us = T.(u))
and action low
m(u(x),ul,uz,ug) = (Ef,Ba(u),Bb(u), Tc(u)).

Then problem (1)-(5) can be written in the operator equation form as Rl = u2U, U €
dom() in the Hilbert space H.

Theorem 1 The linear operator R is symmetric in the Hilbert space H.

Proof By applying the method of [22] it is not difficult to prove that the operator N
is densely defined in H, ie., dom(0) = H. Now let U = (u(x), B, (u), - By, (), TC‘(M) -
’Jv":(u)), V = (v(x), Ba(v), =By (v), Tc’(v) - TC*(V)) € dom(R). By partial integration we have

(RU, V) —(U,NV)y

Y10 _
= (|934| -0 |914|> W (u,v;a)
10

Y10 _ Y10 _
- <|934| - %|914|)W(M»V;C—) + (|912| - L?|923|>W(b¢: v; b)
Y10 Y10

- (|912| - V_1£)|923|> W(u,v;ct) - L <|934| - J/—IE)|4914|> (Ba(u)m—fia(u)m)
10 o1 10

L (|912| - V—?wm) (Bo() By (v) - By () By (v))
P2 10

+ (T T.0) - T.() T.(v)), 7)
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where, as usual, W(u,v;x) denotes the Wronskians of the functions # and v. From the

definitions of boundary functionals we get that

Ba(u)ga(v) - Ea(u)m = W(u,v;a), (8)

By(4)By(v) - By()By(v) = —po W (1, % b). 9)

Further, taking in view the definition of i and initial conditions (14)-(19) we can derive
that

T T.(7) - () To(9) = (|912| - V—@wm) W, 7sc4)

Y10

+ <|934| - y—lf|914|> W (u,v; c-). (10)
10

Finally, substituting (8), (9) and (10) in (7) we obtain that
NU, VYyy ={U,NV)y forall U,V e dom(N).
The proof is complete. d

Theorem 2 The linear operator N is self-adjoint in H.

Proof Since N is symmetric and densely defined on H, it is sufficient to show that if
(MU, V) = (U, W)y (11)

for all U = (u(x), B4(u), —By (), i‘(u) - T:(u)) € D(M), then V € D(N) and RV = W, where
V = (v(x), b1, hip, h3) and W = (W(x), k1, k2, k3). Writing equality (11) for all U € (C5°(27) @
C(22*)) @ C* C D(N) by standard Sturm-Liouville theory, we find that (¢, v)[, = (1, w);,
and w(x) = Lv. Then from equality (11) it follows that

1 = ~ _
(Lu,v)r, = (u, L), — o <|934| - y—lf|914|) (Ba(w)icy — Bo(u)hy)

Y10
1 Y10 B — =
— — | 16121 = =2 1623] ) (By(w)ic + By(u)hy)
P2 Y10

+ (T ) - T ()& — (T7 () - T2 () B3 ).

On the other hand, by two partial integrations we get

(Lu,v)py = (u, Lv)p, + <|934| - y—lfl914l> W (u,v;a)

Y10

- <|934| - y—lf|914|) W (u,v;c-) + <|912| - J/_1£)|923|> W (u,v; b)

10 10

.
- <|912| - y—19|923|> W (1, v; c+). (12)
10
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Thus,

1 - ~ _
= (|934| - V—lfwm) (Ba(te), — Ba(u)iy)
P1 10

1 + ~ _
. (wm - V—1£’|023|)(Bb(u)xz + By(u)y)
P2 Y10

+ (T () - T w)'s - (T2 () - T/ (w))is]

= (|934| - V—T|914|>W(uﬂ7;ﬂ) - (|'934| - V—T|914|>W(M;V;C—)

Y10 Y10
" (|912| - @wm) W (1,7 b) <|912| - @wm) W, 7 c4). (13)
Y10 Y10

From this equality, by applying the technique of Theorem 2.5 in our previous work [11], it
can be derived easily that ; = Ea(v), hy = —Eb(v), hs = i‘(v) - i*(v), £3v =0andk; = B,(w),
kg = Bp(w), k3 = T, (w) — T (w). The proof is complete. |

Theorem 3 The operator i has only point spectrum, i.e., o (R) = 0,(N).

Proof It suffices to prove that if 42 is not an eigenvalue of i, then ? is a regular point
of N, i.e., u? € o(R). Let u? not be an eigenvalue of R. The resolvent operator R(u?,N) =
(w* - N) 7! exists and is defined on all of . By Theorem 2 and the closed graph theorem,
we get that R(u?, %) is bounded. Thus, u? € o(%). Hence o (%) = 0,(R). O

3 Left-definite and right-definite solutions

In this section we shall define two basic solutions v~ (x, ) and @™ (x, #) on the left inter-
val Q~ (so-called left-definite solutions) and two basic solutions v*(x, ) and w*(x, 1) on
the right interval Q* (so-called right-definite solutions) by a special procedure as follows.

Let v~ (x, 1) and w*(x, ) be solutions of equation (1) on 2~ and Q" satisfying the initial

conditions

v (a, 1) = 8y — S, W =810 — 14?810 (14)
and

o* (b, ) = 81 + 1?8, %ﬁﬂ) = 830 + 147820, (15)

respectively. By using these solutions we shall define the other solutions v*(x, ) and

™ (x, ) by the initial conditions

Vo, -
vtet, p) = =2 v (e, 1), (16)
Y10
vt (c+, 1) _ 1 |:)/+ (M217_ _y_)av_(C—,/L)
ox Vio(va — 12757) L™ Ao dox

+ (fo) (M2)72_0 - Vz_o) - Y10 (sz’d{o - V2+o))v_(C—’ M)] 17)
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and
— _ VlB +
w (C_’ /'L) =-———w (C+’ I'L)’ (18)
Y10
dw (c—, 1) _ 1 |:y‘(,u2)7+ y )8a) (c+, )
ox Vio(vsr — 375) L7 A o
+ (vio (%50 = v30) — V10 (P30 — ¥30) )@ (c+, M)], (19)

respectively. The existence of these solutions follows from the well-known Cauchy-Picard
theorem of ordinary differential equation theory. Moreover, by applying the method of
[20], we can prove that each of these solutions are entire functions of the parameter u € C
for each fixed .

4 Construction of Green'’s function
In this section we develop the idea of a resolvent operator to solve nonhomogeneous
boundary-value transmission problems (BVTP) as follows. Consider the operator equa-

tion
(WI-R)U=F (20)

for arbitrary F = (f(x),£i,f2.f3) € H. This operator equation is equivalent to the following
nonhomogeneous BVTP:

(Mz - £)u(x) =f(x), xeQ UQ", (21)
& (u) = f1, £o(u) = fo, £3(u) =0, Ly(u) = f3. (22)

Let us define the Wronskians A~(u) := W[v, o], forx € Q™ and A*(u) := W[v*, w*], for
x € Q" and suppose that (y21 1% yZI)Ai(M) # 0. We shall search the resolvent function
of this BVTP in the form

(23)

u(x, 1) = ha(x, p)v~(x, 1) + hio(x, o~ (x, n)  forx e Q,
' Fo1 (%, W)U (3, 1) + B (%, * (%, 1) for x € QF,

where the functions A1 (x, 1) and A2 (x, 1) are the solutions of the system of equations

ah1y (x, ah
L) gy (o, 11 4 P26 0y (5, 1) = 0, 24)
dh11 (%) dv” (1) + dhia () d0” () _ fx)
ox ax ox ox P
and the functions fy (x, 1), fizo (%, 1) are the solutions of the system of equations
g (x, ddhn;
Py () R ) <0, 05)
g (pt) 0™ wypt) | Dhgp (i) do* ) _ f)
ox ox x ax pt

forx € @~ and x € Q*, respectively. Since A~ (u) #0 and A*(u) # 0, from (24) and (25) we
have

s 0) = A()/fww@mﬁ+%W)x69

Page 7 of 11
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e, 0) = p%w / FOU s W ds +a(w), e,
1 b -
Fig1 (o, ) = ) /x )" (s, ) ds + i1 (1), xe€QF,

s 1) = p%m) f OV 6w ds 1), xe @,

where ﬁij(u) (i,j = 1,2) are unknown functions depending only on the parameter . Sub-
stituting into (23) gives

% v (s, w)f (s)ds + p“ f “w (s, w)f (s)ds

+ R (W)v~(x, 1) + (W) ( ) forx e Q7,
ul, ) = OMEND) vt d ot a 26)
ST 20t (s, ) (s) s + S [ (s, p)f () ds
+ ion (U™ (%, 1) + P ()0 (x, ) for x € Q*.
By differentiating we have
el f (s, w)f (s) ds
+pA1 b f w (s, f(s
dulx, u) + ﬁu(u)”“ (’”‘ + R () 25t forx e Q, 27)
o <>+ - *(;w)f(s)ds
+ gy e [ (s, ) (s) ds
+ hiog () 2 4 g () 25 for x € Q.
By using (26), (27) and conditions (22) we can derive that
= iy S5
() - / o (5, ) ) ds + 2 S
AT A+( ) / A1) vi(vs — 2B AY ()
> A ~ )
Ta(i) = o ) =
12(1) A () 21(p) A 0)
and
> 1 . h S3
h (M):7/ v (s, u)f (s)ds + +— — .
22 A (W) Ja 4 A1) vio(ya — w2V A (1)
Putting in (26) gives
pA(/L)f S’M)f ds+pUAxétL)fciw (s,,u)f()
+ U7 1) G fc+ w* (s, W)f (s) ds + <L YXim]
f—s A _
(o, 1) = oA AT T @ R R forx € 7, (28)

LU [ (s, Wf () ds + 22 [ ot (s, ) (5) ds

tv (x,M)N—(M) + o' (x, M)(m f;_ v (SyM)f(S) ds
fi 5
v i s e .

for x € Q°.

Page 8 of 11
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Thus we find the needed resolvent function u(x, ;t) in terms of the left- and right-define

solutions v* (x, 1) and w® (x, 1t). By introducing Green’s function as

Vw1 e e Q75>
v

S,

e e

o (x,0 S, /L . —

7{7‘A)‘(+u() ) ifx,s € Q ,s<x,

v ()" (s, : — +

=B Sl ifx e Q7,5 € QF,

Glx,sipu) =1 LA W (29)

7 pvtispu) + -

+€+A)+(+#() ) ifxe QfseQ,

ot putise) +

+{*A)+(+;L() ) ifxe Q% s<ux,

vrmpot(se) +

AT ifxe Qf,s>x

from (28) and (29) we have that the considered problem (21)-(22) has a unique solution
given by

1
ulx, n) = S <|934| |914|> G(x,s; w)f (s)ds
1 b
+—(|912| y1°|923| / G, s; w)f (s) ds
p+

1 Y10
+—<|934| 1°|91 |) (G5 )A
P1

1 Y0
- —(|912| 10|923| By(Glx, 5 ))f:
)

+ TGl 5 M))fg. (30)

5 Representations of the resolvent operator in terms of Green’s
vector-function
We now shall define Green’s vector-function as follows:

Gope = (G, 5 1), Ba (G, 5 1)), ~Bo (G, 5 ), Te (G, 5 1)) (31)

Consequently, for the solution U(F, 1) of nonhomogeneous operator equation (21), we

obtain the following formula:

’ﬂl

U(F, 1) = ((Ges B, Ba((Guyus F)), =By (G F) ), Te (G ) (32)
Using this, the resolvent function (30) can be written in the form
u(x’ M) = <@x,;uf)7-b (33)

where F = (f(x),f,,f4.f3) € H. Consequently, we have the following theorem.

Theorem 4 For the resolvent operator R(u?, %) = (I — N)7, the formula
R(sz m)F = ((éx,;u f);Eu«ax,;u f)): _Eb(<éx,;u F)): Tc(<éx,urf))); (34’)

where F = (f(x),fl,_z,_3) € H, holds.
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Theorem 5 The estimation
|R(u% M|, < [Imu?[IFll2, FeH
holds for all regular value u* such that Im u* # 0.

Proof Let F = (f(x),f1,f2.f3) € H. Denote U = R(u?, R)F. Since RU = u2U — F, taking into

account that the operator N is symmetric, we have
WU, UY = (B, U)g = (RU, U)gq = (U RU )3 = U, Uy = (F, Uy
Using the well-known Cauchy-Schwarz inequality, we conclude that

[Im 21U 113, = Im(F, )|, < I FllollUl%.

M
Consequently,

[ R, W)F ], < [tm ] .
The proof is complete. d
Theorem 6 The resolvent operator R(u?,R) is compact in the Hilbert space H.

Proof Let Ay <Xy <--- be eigenvalues of ) and let E; , E;,, ... be orthogonal projections
onto the corresponding eigenspace. Since N is a self-adjoint operator with discrete spec-
trum, we can write the spectral resolution of the resolvent operator R(u?,¢) by

(o = 1) By, (35)

M

R(p?, M) =

i
I

Similarly to [22] we can easily show that A,, = O(#?). Thus (A, — u2)™ = O(n2) for n — cc.
Consequently, the series (35) is strongly convergent. It is obvious that the orthogonal pro-
jections E;,, n=1,2,..., are compact operators since each of them are of finite rank. Con-
sequently, the sum of series (35) is also compact in H. The proof is complete. O
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