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Abstract

This paper concerns the existence of nontrivial solutions for a boundary value
problem with integral boundary conditions by topological degree theory. Here the
nonlinear term is a sign-changing continuous function and may be unbounded from
below.

1 Introduction
Consider the following Sturm-Liouville problem with integral boundary conditions

(Lu)@®) + k(@) (t,u(t)) =0, O0<t<],
(cos y0)u(0) — (sin yo)u'(0) = [y u(r) dat(v), (L1)
(cos ya)u(1) + (sin )/ (1) = [y u(x) dB(z),

where (Lu)(t) = (p(0)u/' (1)) + q(®)u(t), p(t) € C'[0,1], p(t) > 0, g(t) € C[0,1], g(¢) < 0,  and
B are right continuous on [0,1), left continuous at ¢ = 1 and nondecreasing on [0, 1] with
@(0) = B(0) = 0; yo, 1 € [0,7/2], [, u(t)da(z) and [, u(r)dB(z) denote the Riemann-
Stieltjes integral of u with respect to o and B, respectively. Here the nonlinear term
f:10,1] x (-00, +00) — (—00, +00) is a continuous sign-changing function and f may be
unbounded from below, / : (0,1) — [0, +00) with 0 < fol h(s)ds < +00 is continuous and is
allowed to be singular at £ =0, 1.

Problems with integral boundary conditions arise naturally in thermal conduction prob-
lems [1], semiconductor problems [2], hydrodynamic problems [3]. Integral BCs (BCs de-
notes boundary conditions) cover multi-point BCs and nonlocal BCs as special cases and
have attracted great attention, see [4—14] and the references therein. For more informa-
tion about the general theory of integral equations and their relation with boundary value
problems, we refer to the book of Corduneanu [4], Agarwal and O’Regan [5]. Yang [6],
Boucherif [8], Chamberlain et al. [10], Feng [11], Jiang et al. [14] focused on the existence
of positive solutions for the cases in which the nonlinear term is nonnegative. Although
many papers investigated two-point and multi-point boundary value problems with sign-
changing nonlinear terms, for example, [15-20], results for boundary value problems with
integral boundary conditions when the nonlinear term is sign-changing are rarely seen ex-
cept for a few special cases [7, 12, 13].

Inspired by the above papers, the aim of this paper is to establish the existence of nontriv-
ial solutions to BVP (1.1) under weaker conditions. Our findings presented in this paper
have the following new features. Firstly, the nonlinear term f of BVP (1.1) is allowed to
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be sign-changing and unbounded from below. Secondly, the boundary conditions in BVP
(1.1) are the Riemann-Stieltjes integral, which includes multi-point boundary conditions
in BVPs as special cases. Finally, the main technique used here is the topological degree
theory, the first eigenvalue and its positive eigenfunction corresponding to a linear opera-
tor. This paper employs different conditions and different methods to solve the same BVP
(1.1) as [7]; meanwhile, this paper generalizes the result in [17] to boundary value problems
with integral boundary conditions. What we obtain here is different from [6-20].

2 Preliminaries and lemmas

Let E = C[0,1] be a Banach space with the maximum norm ||u|| = maxo<;<; |u(¢)| for u € E.
DefineP={u € E|u(t) >0,t €[0,1]}and B, = {# € E | ||u|| < r}. Then Pisatotal coneinE,
that is, E = P — P. P* denotes the dual cone of P, namely, P* = {g € E* | g(u) > 0, forall u €
P}. Let E* denote the dual space of E, then by Riesz representation theorem, E* is given by

Ef = {v | v is right continuous on [0, 1) and is bounded variation on [0, 1]

with v(0) = 0}.

We assume that the following condition holds throughout this paper.

(Hy) u(t) =0 is the unique C? solution of the linear boundary value problem

—(Lu)(t)=0, O0<t<l,
(cos Yo)u(0) — (sin yo)u'(0) = 0, (cos y1)u(1) + (sinyy)u'(1) = 0.

Let ¢, € C2([0,1], R*) solve the following inhomogeneous boundary value problem:s,

respectively:
—(Le)(t)=0, O0<it<l, —(Ly)(t)=0, O0<t<l,
(cos y0)g(0) — (sinyo)e’(0) =1, and  { (cos yo)¥(0) — (sinyo)¥'(0) = 0,
(cos y1)p(1) + (siny1)e'(1) = 0 (cosy)yr (1) + (siny)y'(1) = 1.

Letiy =1 [g o(v)da(z), k0> = [y (1) da(v), k3 = [y 9(2)dB(x), k4 = 1= [y ¥r(z) dB(o).

(Hz) K1 > 0, Kg > 0, k= K1K4 — K2K3 > 0.
Lemma 2.1 ([7]) If (Hy) and (Hy) hold, then BVP (1.1) is equivalent to
1
u(t) = / G(t, s)h(s)f (s, u(s)) ds,
0
where G(t,s) € C([0,1] x [0,1],R*) is the Green function for (1.1).
Define an operator A : E — E as follows:
1
(Au)(t) = / G(t, s)h(s)f(s, u(s)) ds, ueckE. (2.1)
0

It is easy to show that A : E — E is a completely continuous nonlinear operator, and if
u € E is a fixed point of A, then u is a solution of BVP (1.1) by Lemma 2.1.
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For any u € E, define a linear operator K : E — E as follows:
1
(Ku)(t) = / G(t,s)h(s)u(s)ds, u<cE. (2.2)
0

It is easy to show that K : E — E is a completely continuous nonlinear operator and K(P) C
P holds. By [7], the spectral radius r(K) of K is positive. The Krein-Rutman theorem [21]
asserts that there are ¢ € P\ {0} and w € P* \ {0} corresponding to the first eigenvalue
A1 =1/7(K) of K such that

MK = ¢ (2.3)
and
MK w = o, w() =1 (2.4)

Here K* : E* — E* is the dual operator of K given by:

s 1
(K*)(s) = / / G(t, T)h(x) dv(t)dv, veE".
0 Jo

The representation of K*, the continuity of G and the integrability of / imply that w €
C!0,1]. Let e(¢) := @'(¢). Then e € P\ {0}, and (2.4) can be rewritten equivalently as

1

1
r(K)e(s) :/ G(t,s)h(s)e(t) dt, / e(t)dt=1. (2.5)
0 0

Lemma 2.2 ([7]) If (H;) holds, then there is § > O such that Py = {u € P | fol u(t)e(t) dt >
3\ull} is a subcone of P and K(P) C Py.

Lemma 2.3 ([22]) Let E be a real Banach space and 2 C E be a bounded open set with
0 € Q. Suppose that A : Q — E is a completely continuous operator. (1) If there is y, € E
with yo # 0 such that u # Au + wyo for all u € 0Q and > 0, then deg(l — A,£2,0) = 0.
(2) If Au + pu for all u € 0Q and p > 1, then deg(I — A, 2,0) = 1. Here deg stands for the
Leray-Schauder topological degree in E.

Lemma 2.4 Assume that (H,), (Hy) and the following assumptions are satisfied:

(C1) There exist p € P\ {0}, w € P*\ {0} and § > O such that (2.3), (2.4) hold and K maps
P into Py.

(Cy) There exists a continuous operator H : E — P such that

|l _

lull—+oo |zl

(C3) There exist a bounded continuous operator F : E — E and ug € E such that Fu + ug +
HuePforallueE.
(C4) There exist vg € E and ¢ > 0 such that KFu > A (1 + ¢)Ku — KHu — vy for all u € E.
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Let A = KF, then there exists R > 0 such that
deg(l - A,Bg,0) =0,

where B = {u € E | ||u| < R}.

Proof Choose a constant Lo = (§41) (1L + ¢7!) + |[K|| > 0. From (Cy), for 0 < &g < Ly, there
exists R; > 0 such that ||«| > Ry implies

[Hull < gollull. (2.6)
Now we shall show
u#KFu+u¢ foranyu e dBgand pu >0, (2.7)

provided that R is sufficiently large.
In fact, if (2.7) is not true, then there exist u#; € dBg and pg > 0 satisfying

U = KFu1 + ,Lle). (28)

Since ¢ € P\ {0}, e(¢) € P\ {0}, fol ¢(t)e(t) dt > 0. Multiply (2.8) by e(¢) on both sides and
integrate on [0, 1]. Then, by (Cy), (2.5), we get

1
/ul(t)e(t)dt
0
1 1
=/ (I<Fu1)(t)e(t)dt+m/ o(t)e(t) dt
0 0
1,1 1 1
2A1(1+§)/0 /0 G(t,s)h(s)ul(s)dse(t)dt—/0 (I(Hul)(t)e(i.‘)a't—/0 vo(t)e(t) dt
1,1
=k1(1+§)/0 /0 G(t,8)h(s)u1(s)e(t) ds dt
1,1 1
—/ / G(t,s)h(s)(Hul)(s)e(t)dsdt—/ vo(t)e(t) dt
o Jo 0
1r pl
=k1(1+§)/() |;/0 G(t,s)h(s)e(t)dt:|u1(s)ds
1r el 1
—/ [/ G(t,s)h(s)e(t)dt](Hul)(s)ds—/ vo(t)e(t) dt
o LJo 0
1 1 1
:A1(1+§)r(l()/ e(s)ul(s)ds—r(l()/ (Hul)(s)e(s)ds—/ vo(t)e(t) dt
0 0 0
1 1 1
=(1 dt —r(K Hi dt - dt. 2.9
1+0) [ m@ede k) [ oo dr- [ vooe ds 29)

Thus,

1

1 1
/ w(t)e(t)dt < ¢! (r([()/ (Huy)(t)e(2) dt+/ vo(t)e(t) dt). (2.10)
0 0 0
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By (2.9), fOI(KHul)(t)e(t) dt = r(K) fol(Hul)(t)e(t) dt holds. Then (2.3), (2.6) and (2.10) im-
ply

1
/0 (ul(t) + (KHuy)(t) + (Kuo)(t))e(t) dt
1 1
K H d d
<¢ (r( ) /0 (Hi) (0)e(t) dt + fo vot)e(?) t)

1 1
+r(1()/ (Hul)(t)e(t)dt+f (Kug)(t)e(t) dt
0 0
1 1 1
5{’1(1+§)r(1()f (Huq)(2)e(t) dt+§’1/ Vo(t)e(t)dt+/ (Kuo)(t)e(t) dt
0 0 0

<A+ OrK)eollm |l + L, (2.11)

where L; = ¢! fol vo(t)e(t) dt + fol (Kuo)(t)e(t) dt is a constant.
(C3) shows Fu; + uy + Huy € P and (C;) implies p1¢p = u1A1 K¢y € Py. Then (Cy), (2.8)
and Lemma 2.2 tell us that

uy + KHuy + Kug = KFuq + ¢ + KHuy + Kug = K(Fup + Huy + ug) + 1@ € Po.

The definition of Py yields

1
/ (1 + KHuq + Kug)(t)e(t) dt > 8||\ur + KHuy + Ku ||
0

> Sllur|| - S| KHus || - 81| Kuo|. (212)

It follows from (2.6), (2.11) and (2.12) that

1
lua]l = 5_1/ (u1 + KHuy + Kug)(t)e(t) dt + || KHuq || + || Kuo ||
0

< e0(0M) T (L+ ) llanll + Li8™ + o IK|| - llama |l + | Ko |

= goLollmll + Lo, (2.13)

where L, = ||Kug|| + L187! is a constant.
Since 0 < g9Lg < 1, then (2.13) deduces that (2.7) holds provided that R is sufficiently
large such that R > max{Ly/(1 — &9Lo), R1}. By (2.13) and Lemma 2.3, we have

deg(I — A, Bg,0) = 0. O

3 Main results
Theorem 3.1 Assume that (H;), (Hy) hold and the following conditions are satisfied:

(A1) There exist two nonnegative functions b(t), c(t) € C[0,1] with c(t) # 0 and one con-
tinuous even function B : R — R* such that f(t,x) > —b(t) — c(t)B(x) for all x € R.
Moreover, B is nondecreasing on R* and satisfies lim,_, , oo @ =0.

(A2) f:[0,1] x R — R is continuous.
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f(&x)
X

(A4) limsup,_, |f (i’x)

(Az) liminf,, 10

> A1 uniformly on t € [0,1].

| < A uniformly on t € [0,1].

Here ) is the first eigenvalue of the operator K defined by (2.2).
Then BVP (1.1) has at least one nontrivial solution.

Proof We first show that all the conditions in Lemma 2.4 are satisfied. By Lemma 2.2,
condition (C;) of Lemma 2.4 is satisfied. Obviously, B: E — P is a continuous operator.
By (A;), for any ¢ > 0, there is L > 0 such that when x > L, B(x) < ex holds. Thus, for u € E
with |z > L, B(||#||) < &]|l#|| holds. The fact that B is nondecreasing on R* yields (Bu)(f) <
B(||u||) for any u € P, t € [0,1]. Since B: R — R* is an even function, for any u# € E and
t € [0,1], (Bu)(¢) < B(||u||) holds, which implies ||Bu| < B(||u||) for u € E. Therefore,

|| Bu|| SB(||u||) <¢ellull, VueEwith ||u| >L,

[| Bu|
llzell

Obviously, limj - 1c0 % =0 holds. Therefore H satisfies condition (C;) in Lemma 2.4.

Take uo(t) = b = max;ejoq) b(¢) > 0 and (Fu)(t) = f(¢, u(t)) for t € [0,1], u € E, then it
follows from (A;) that

that is, limy— +o0 = 0. Take Hu = coBu, for any u € E, where ¢y = max;e[o,1) ¢(£) > 0.

Fu+uy+HuecP foralluckE,

which shows that condition (C3) in Lemma 2.4 holds.
By (As3), there exist &; > 0 and a sufficiently large number /; > 0 such that

flt,x) = 1QA +e1)x, Vx>l (3.1)
Combining (3.1) with (A;), there exists b; > 0 such that
ft,x) = 1A +e1)x—by —cyB(x) forallx €R,
and so
Fu>M0+¢&)u—-—by—Hu forallueL. (3.2)
Since K is a positive linear operator, from (3.2) we have
(KFu)(t) = M (1 + &1)(Ku)(t) — Kby — (KHu)(t), Vte[0,1l,ucE.
So condition (C4) in Lemma 2.4 is satisfied.
According to Lemma 2.4, we derive that there exists a sufficiently large number R > 0
such that
deg(I — A, Bg,0) = 0. (3.3)
From (A,) it follows that there exist 0 < &5 <1 and 0 < r < R such that

[f(t,x)] < (1 -e)rlxl, Vte[0,1],x € Rwith |x] <r.
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Thus
[(Au)(6)| < 1 = &) (Klul)(8), Vte[0,1],u € E with ||ul| <r. (3.4)
Next we will prove that
u+#uAu forallu € 9B, and u € [0,1]. (3.5)

If there exist u; € 0B, and i1 € [0,1] such that u; = 1 Au;. Let z(¢) = |u;(¢)]. Then z € Pand
by (3.4), z < (1 - &3)A1Kz. The nth iteration of this inequality shows that z < (1 —&,)"A{ K"z
(n=1,2,...),50 ||zl < @A —&)"AYIK"|| - ||2]|, thatis, 1 < (1—&3)"A}||K"||. This yields 1—¢; =
(1 - &2)A7(K) = (1 — £3) A1 lim,,, o /TK*][ > 1, which is a contradictory inequality. Hence,
(3.5) holds.

It follows from (3.5) and Lemma 2.3 that

deg(I - A,B,,0) =1. (3.6)
By (3.3), (3.6) and the additivity of Leray-Schauder degree, we obtain
deg(I — A, B \ B,,0) = deg(I — A, Bg,0) — deg(I - A,B,,0) = -1.

So A has at least one fixed point on Bg \ B,, namely, BVP (1.1) has at least one nontrivial

solution. N

Corollary 3.1 Using (AY) instead of (A,), the conclusion of Theorem 3.1 remains true.

(A}) There exist three constants b >0, ¢ >0 and o € (0,1) such that

fx)>-b—clx|* foranyxeR.
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