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Abstract

This paper is devoted to the study of a class of Kirchhoff type problems with critical
exponent, concave nonlinearity, and sign-changing weight functions. By means of
variational methods, the multiplicity of the positive solutions to this problem is
obtained.
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1 Introduction and main results
This paper is concerned with the existence and multiplicity of positive solutions for the
following problem:

—(a+b [ |Vul* dx) Au = Af ()ul + g(x)u°, inQ,
@)

u=0, on 0€2,

where Q is a smooth bounded domain in R® with 0 < g <1 and the parameters a, b, A > 0.

The weight functions f(x), g(x) satisfy the following conditions:

(i) f(x) € L19(Q) and f* = max{f,0} # 0, where g = %{;

(f2) there exist positive constants By and 8y such that B(xg,289) C 2 and f(x) > By in
B(xo,280);

(g1) g(x) € L*(R2) and g* = max{g, 0} #0;

(g2) g(x0) = lIglleo and g(x) > O for all x € B(xo,280);

(g3) there exists k > 3 such that g(x) = g(xo) + o(|x — %o 1) as x — x.

In (1), if we replace Af (x)u? + g(x)u® by h(x, u), it reduces to the following Dirichlet prob-
lem of Kirchhoff type:

{ ~(a+b [, |Vul*dx)Au=hix,u), inQ, .

u=0, on 0%2.
Problem (2) is related to the stationary analogue of the equation

Uy — (a+bf |Vu|2dx)Au = h(x, u),
Q
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proposed by Kirchhoff in [1] as an extension of the classical d’Alembert wave equation for
free vibrations of elastic strings. Kirchhoft’s model takes into account the changes in the
length of the string produced by transverse vibrations. It received great attention only after
Lions [2] proposed an abstract framework for the problem. The solvability of the Kirchhoff
type problem (2) has been paid much attention to by various authors. The positive solu-
tions of such a problem are obtained by using variational methods [3—5]. Perera and Zhang
[6] obtained a nontrivial solution of problem (2) via the Yang index and the critical group.
He and Zou [7] obtained infinitely many solutions by using the local minimum methods
and the fountain theorems. Recently, when /(x, &) is a continuous superlinear nonlinearity
with critical growth, the existence of positive solutions of the Kirchhoff type problem has
been studied [8-13]. Moreover, the paper [14] considered problem (2) with concave and
convex nonlinearities by using a Nehari manifold and fibering map methods, and one ob-
tained the existence of multiple positive solutions. In addition, the corresponding results
of the Kirchhoff type problem can be found in [15-25], and the references therein.

In the present paper, we deal with problem (1) and consider the existence and multi-
plicity of positive solutions of problem (1). About the critical growth situation, the afore-
mentioned papers only showed the existence of positive solutions of the Kirchhoff type
problem. Moreover, involving the concave and convex nonlinearities, [14] only consid-
ered the subcritical growth case. Therefore, our purpose is to extend the result of [14] to
critical growth. The main results of this paper extend the corresponding results in [11]
and [14].

Before stating our results, we give some notations and assumptions. Let |w| =
(g IVw|>dx)3, |wls = (g lw* dx)5 (1 < s < 00), B(xo,8) = {x € R®: |x — x| < 8}. In ad-
dition, we denote positive constants by C, Cy, Cy, . ... The main results of this paper are as
follows.

Theorem1 Leta>0,b >0 and 0 < q < 1. Suppose that (f;) and (g1) hold, then there exists
A > 0 such that problem (1) for all % € (0, A) has at least one positive solution.

Theorem 2 Let a >0, b > 0 and 0 < q < 1. Suppose that (f1), (f2), (@), (g2) and (g3) hold,
then there exists \* > 0 such that problem (1) for all A € (0,1*) has at least two positive
solutions.

Remark 1 Our Theorem 2 extends the results for the critical case of Theorem 1.1 in [11].
Our Theorem 2 shows that we have at least two positive solutions of problem (1), but
the authors of the reference only obtain at least one positive solution of problem (1). In
addition, the results of Theorem 2.1 in [14] are extended to critical growth.

This paper is organized as follows. In Section 2, we give the local Palais-Smale condition.
The proof of Theorems 1 and 2 is provided in Section 3.

2 The local Palais-Smale condition

In this section, we show that the corresponding functional of problem (1) satisfies the (PS).

condition. Let #* = max{#u, 0}, the corresponding functional of problem (1) is

a b A g+l 1 +\6
I(M):§||M||2+E||u||4_ﬁ/9f(u )" dx‘gfgg(”) dx, ueHy(Q).


http://www.boundaryvalueproblems.com/content/2014/1/19

Chu Boundary Value Problems 2014, 2014:19 Page 3 of 10
http://www.boundaryvalueproblems.com/content/2014/1/19

It is well known that the critical points of the functional I in H}(2) are weak solutions of
problem (1). By the definition of weak solution u of problem (1), it means that u € H}(£2)

satisfies
(I/(u),V>= (a+b”u”2)/nvu'Vde—)‘/Qf(“Jr)qux—/S;g(uJ')Bvdx

for any v € H) ().
Define the best Sobolev constant,

2
S inf T 3)
ueHg(@\O) ([, |u|® dx)3

From [26], we know that S is attained when Q = R® by functions

(3¢)3

S i A
(e +|x—x0]2)2

Ye =

Definition A sequence {u,} C H}(Q) is called a (PS), sequence of I if I(u,) — ¢ and
I'(u,) — 0 as n — co. We say that [ satisfies the (PS). condition if any (PS), sequence
{u,} C H)(Q2) of I has a convergent subsequence.

Lemmal Leta>0,b>0and0 < q<1. Assume that (f,) and (g) hold. If {u,} C H} () is
a (PS). sequence of I, then {u,} is bounded in Hy(<2).

Proof By the Holder inequality and the Young inequality, it follows from (3) and (f;) that

A 1
S;HWMNM?

A +\4+1

—al g+l
=< ST llgo Nl

qg+1
2
< nllul® + C(m)rT (4)
+1
for any u € H}(2), where C(n)) = (%)ﬁ(nS)%‘. Let {u,} be a (PS), sequence of I. It
follows from (4) that

2

61(uy) — (I' (), 1) = [2a = (5 — @] llual* = (5 — q) C(PAT,

which implies

2
-

[2a - (5 - @n]lluall* < 6¢+ (5 g)CATT + o[|uall).

Set n < 5%, we see that {u,} is bounded in H}(S2). a

Lemma2 Leta>0,b>0,and 0 < g <1. Assume that (f;) and (g) hold. If {u,} is a (PS).
sequence of I, then there exists a positive constant A depending on a, q, S, and ||f |4, such
that

2
1—

I'(u)=0 and I(u)>-ArT4.
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Proof Let {u,}bea (PS), sequence of I. By Lemma 1, we know that {u,} is bounded. There-
fore, up to a subsequence, there exists u € H}(2) such that u, converges weakly in H}(<2),
strongly in L*(2) with 1 < s < 6 and a.e. in Q. By (f1), (f2), and the Dominated Convergence
Theorem, we have

A/f(u;)q(u,, —u)dx + / g(u;)S(un —u)dx — 0.
Q Q
Thus, by using also the fact that (I'(u,), u, — u) — 0, we get
(a+bllu,l?) / Vi, - (Vu, — Vu)dx — 0,
Q

from which it follows that u,, — u in H}(S2). Since  is C', we obtain I'() = 0. In particular,
we have (I'(u), u) = 0, which implies that

allul)® + b||lu||* = )L/f(u*)’ﬁ1 dx + / g(u*)6dx.
Q Q
It follows from (4) that

I(u) = I(u) (F(u), u)

1
6
a . b 4 5-4q / +\4+1
== —Jlul* = —=2 d
gl + Gl = g J )

a 5-¢q
> —lul]* - —

> 2 - (nllull? + CAFT).

Set77=;T“q,andwehavel(u)Z_AM- ) -

Q

Lemma 3 Leta>0,b >0 and 0 < q < 1. Assume that (f;) and (g1) hold, then I satisfies
the (PS). condition with c < c* = %bllg||;§53 + §||g||;§56 + L. /02 gl52S* + 4allglI LS +
%||g||;<1)54‘\/272||g||;§$4 +4al|lgll;lS — AAT4, where A is the positive constant given in
Lemma 2.

Proof Let {u,} C H)(Q) be a (PS), sequence of I with ¢ < ¢*. By Lemma 1, we know that
{u,} is bounded. Up to a subsequence, we may assume that

u, —~u, inH(RQ),
U, — u, a.e.ong,

u, —>u, inL(Q),1<s<6.

From Lemma 2, we have I'(z) = 0. By (f;) and the Dominated Convergence Theorem, we
obtain

/ fu)™ dx = / F(u)™ dax + o(1).
Q Q

Let wy, = u, — u; by the Brezis-Lieb lemma [27], one has

2 2 2 4 4 2 2 4
loenll™ = lIwull™ + Nell” + o(D), l2enll™ = lwull™ + 20wull"llell” + [l + o(1)
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and
6 N6 "6
/g(un) dx = / g(wn) dx + / g(u)” dx +o(1).
Q Q Q
Since I(u#,) = ¢ + o(1), we obtain
a , b . b S | / 6
= —lwall* + = llw, - —c-1 1).
3 lwall” + 2 lwall™ + 5 sl N ull G Qg(Wn) dx=c—1(u) +o(1) (5)
According to I'(u,) = o(1) and (I'(u), u) = 0, we get
allw,|l® + bllw,lI* + bllw,l||ull* - / g(w;)° dx = o(1). (6)
Q
Assume that ||w,| — [, it follows from (6) that
/ g(w;)6 dx — al® + bl* + bl || u|*
Q
From (3), we have
llw,1® > 53/ |Wa|® dx > s3||g||;§fg(w;)6dx.
Q Q

As n — 00, we deduce that

b S
P22 lglss® + 5\/192||g||;3>5‘L +4(a+blul?)gl:ls.

It follows from (5), (6), and Lemma 2 that

b b
c= ﬁlz = 2Pl + I(w)
3 12 3
a

L L e
=3 "1

v

ab » as
7 19I5 + 7 1IglzEse + ;\/lﬂngn;sS‘* +d(a+ bllu)?) Igl:LS

b? —1c4 2 24 ) 1 2
* 5g 18llS VPRl2St + 4(a+ bllul?) glsks - ALTT

*
)

>cC
which contradicts the fact that ¢ < ¢*. Therefore, we have [ = 0, which implies that u,, — u
in H}(2). Hence I satisfies the (PS). condition with ¢ < ¢*. O

3 The proof of the main results
In this section, we show the proofs of our Theorems 1 and 2. Before we come to the proof
of Theorem 1, we first recall the following lemma in [28].

Lemma 4 Letr,s> 1,y € L°(2) and * = max{y,0} # 0. Then there exists wy € C5°(S2)
such that [ (wg) dx > 0.
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Proof of Theorem 1 Using the hypotheses (f;) and (g1), it follows from (3) and (4) that

2
-

a 2
I(u) = (5 - n) lael® = CONAT = = ligllooS > ue]l°.

N =

Let n = 2, we can find p > 0 and A; > 0 such that for all A € (0, A;)

a
4
Iw)>0 ifflull=p and I(u)>-C iful <p, (7)

2 +1
where C; = (—W!;OIAI )T (%S)%.

From Lemma 4, we obtain the result that there exists ¢y € C3°(2) C H}(S2) such that

/S;f(gog)w1 dx > 0. (8)

Therefore, one has
a b A +1 1
I(k <_/2 2 _k4 4__/q+1/ +\9 d _k6 6.
(ko) < 2k lleoll *3 ll@oll q+1< Qf(%) %tz ligllooll@oll

Fix A € (0, A;); noticing that 0 < g < 1, it implies from (8) that there exists ko = k(1) > 0
small enough such that I(kogg) < 0. Thus we deduce that

¢, = inf I(u)<0< inf I(u).
u€B,(0) u€dBy(0)

By applying the Ekeland’s variational principle in B,,(0) [29], we obtain the result that there
exists a (PS)., sequence {u,} C B,(0) of I.
By the expression of ¢*, we can choose 0 < A < A; such that ¢* > 0 for all A € (0, A). It

follows from ¢, < 0 and Lemma 3 that / satisfies the (PS)., condition. Therefore, one has
a subsequence still denoted by {u,,} and u; € H}(Q) such that u,, — u; in H}(S2) and

](Mx) =Cy, F(MA) =0,

which implies that u; is a solution of problem (1). After a direct calculation, we derive
llee; || = (I'(uy), —u5 ) = 0, which implies u; > 0. Since I(u,) = ¢, < 0 = 1(0), we have u, #0.
Applying the Harnack inequality [30], we see that u; is a positive solution of problem (1).
The proof of Theorem 1 is completed. d

Lemma 5 Let a >0, b >0 and 0 < q < 1. Assume that (f), (f2), (&), (g2), and (g3) hold,
then there exists A* > 0, such that for any ) € (0, A*), we can find ; € H) () such that
sup. I(tu;) < c*.

Proof For convenience, we consider the functional J : H}(Q2) — R defined by

_4y e, b 4_1/ 6
J) = Nl + - ul* - 2 Qg(u) dx

for all u € H}(2). According to (g2) and (g3), we can choose such a cut-off function ¢(x) €
C(R) that ¢(x) = 1 for x € B(xo,80), p(x) = 0 for x € R® \ B(xo,28), 0 < ¢p(x) <1 and
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V| < C,, where C, > 0 is a positive constant. Define

¢ (x)

—_—.
(€ + | —x0]?)2

Ug (x) =

According to (g>) and (g3), similar to the calculation of [31], we have the following estimate
(ase — 0)

1
3 1 1
( / g|ue|6dx) = &2 ||gl U 6 g, + Ole)s
Q

1
”u8”2 =¢g2 |Vu|iZ(R3) + O(l)x (9)

llae 12

_1 1
——————— =llglld S+ O(e?),
(Jop 8lote|° )’
where U(x) = (1 + |x — x0/%)~2 . Define

a b 1
h(o) = () = 220 + 26 - —t6/g|us|6dx
2 4 6 J,

for all £ > 0. From (9), we have lim,_, ,, 4(t) = —00. Note that #(0) = 0 and 4(¢) > O for
t — 0%, 50 sup,.( /(%) is attained for some £, > 0. By

0= h/(ts) =1L (ﬂ”Ms”z + bt‘gZ”Ma”4 - tg/g|u5|6dx)7
Q

one has

L bl JB e + dallu ] [, gl dx

‘ 2fgg|us|6dx

Therefore, we deduce from (9) that

ablluels Pl + dallu 1 [ glusc|® dx

sup J(tu,) = +
tzg ¢ 4 [, glug|®dx 6 [ glus|®dx
B s |12 B[22 + dala | [ gluac|© dx
" 24 ([, gluc S dx? 24([, glu 6 dx)?

ab _ 1 b3 _ 1
= - 18158’ + O(e2) + S lgllzes® + O(e?)

S
+ %\/bzngn;.%S“ +4allgl 1S + O(e¥)

+ 2 gt B gls2s® + dalgl s + O(ct)
24°°7% * =
2 1
="+ AAT1 + O(e1). (10)

By the expression of ¢*, we can choose A; > 0 such that ¢* > 0 for all A € (0, A,). Using the
definitions of I and u,, from (f;) and (g»), we have

a b
I(tu,) < 5t2||ug||2 + Z#nugn‘*

Page 7 of 10


http://www.boundaryvalueproblems.com/content/2014/1/19

Chu Boundary Value Problems 2014, 2014:19 Page 8 of 10
http://www.boundaryvalueproblems.com/content/2014/1/19

for all £ > 0 and A > 0. It follows that there exist T € (0,1) and &; > 0 such that

sup I(tu,) <c* (1)
0<t<T

forall 0 < X < Ay and O < ¢ < £;. Moreover, using the definitions of I and ,, it follows from

(f2) and (10) that
supI(tu,) = sup( (tu,) — q+1/f|u |7+t dx)
=T =T
L A
+ALT o(s%)—ﬁﬂﬂf |14 |7 .
q+1 Blxo,60)

8
Let & = AT7 € (0,82), it follows that

1
/ |Mg|q+ldx = / —qﬂdx
B(x0,80) Bxo.80) (€ + |x —x0|2) 2

1
B(x0,80) (283)T

= GCs.

1—q
By the above two inequalities, for any 0 < A < §,* , we have

2 C
sup(fu,) < c* + O(A AT 7) - 3Pok = (12)

=T q+1
Hence, we can choose A3z > 0 such that forall 0 < A < A3

2. G3for

O(AT7) - =—=-T" <

qg+1

8
Therefore, forall0O <A < Az and ¢ = , we have

supI(tu,) < c*. (13)
=T

8
Set A* = min{A,, A3,81 } Let A € (0, A*), e = AT7 and i;, = u,, we deduce from (11) and
(13) that

sup I(tit;) < c*. 0
>0
Proof of Theorem 2 Choose A* = min{A, A*}, from the proof of Theorem 1, we have al-
ready seen that problem (1) for any A € (0,1*) has a positive solution u; with I(u,) < 0.
Now we only need to find the second positive solution of problem (1). According to (f;), we
can see that (4) and (7) hold. It follows from (g;) and Lemma 4 that there exists ¢y € C°(2)
such that

/ g(#3) dx> 0.
Q
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According to (4), we have

—
S

_q’

a 1 1
I(tgo) < (5 + n>t2||¢o||2 + Zt4||¢o||4 - gtﬁ ] g(3)° dx + C(mr
Q
which implies that
I(tpog) > —00  ast— +00.

Hence, there exists a positive number ¢, such that ||Zo¢do|| > p and I(£y¢o) < O for any A €
(0, 1*). It implies from (7) that the functional / has the mountain pass geometry. Define

[={y e C((0.1 Hy(€) | ¥(0) = 0.y (M) =togo}, & = inf max I(y (1)).

From Lemma 5, we have ¢, < ¢*. Applying Lemma 3, we know that [ satisfies the (PS);,
condition. By the Mountain Pass Theorem [32], we obtain the result that problem (1) has
the second solution i, with I(iz;) > 0. After a direct calculation, we derive

5 | = (o), —it;) = o,

which implies that #; = 0. Hence we have i, > 0. Since I(i,) > 0 = 1(0), we have 7, # 0.
By the Harnack inequality, we obtain the result that #, is the second positive solution of
problem (1). The proof of Theorem 2 is completed. d
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