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1 Introduction

Superconvergence of the gradient for the finite element approximation is a phenomenon
whereby the convergent order of the derivatives of the finite element solutions exceeds
the optimal global rate. Up to now, superconvergence is still an active research topic (see
[1-6]). Recently, we studied the superconvergence patch recovery (SPR) technique intro-
duced by Zienkiewicz and Zhu [7-9] for the linear tetrahedral element and proved point-
wise superconvergent property of the recovered gradient by SPR. For the linear tetrahedral
element, Chen and Wang [10] also discussed superconvergent properties of the gradients
by SPR and obtained superconvergence results of the recovered gradients in the average
sense of the L?-norm. In addition, Chen [11] and Goodsell [12] derived superconvergence
estimates of the recovered gradient by the L2-projection technique and the average tech-
nique, respectively. This article will use the SPR technique to obtain a superconvergence
estimate for the gradient of the tensor-product linear triangular prism element. In this
article, we shall use the letter C to denote a generic constant which may not be the same
in each occurrence and also use the standard notations for the Sobolev spaces and their

norms.

2 General elliptic boundary value problem and finite element discretization
We consider the model problem

3 3
Lu=— E 0j(a;0u) + E aidu+aou=f inQ, u=0 ondQ. (2.1)
ij=1 i=1
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Figure 1 Triangular prisms partition. This figure gives

how to partition the domain €2. The domain €2 is firstly
partitioned into subcubes of side h, and each of these is

then subdivided into two triangular prisms. P

Here © = [0,1]?> x [0,1] = Quy x Q, C R3 is a rectangular block with boundary 99 con-
sisting of faces parallel to the x-, y-, and z-axes. We also assume that the given functions
aj,a; € Wh(Q), ag € L*(Q), and f € L*(R). In addition, we write dju = 3%, dyu = g—;‘, and
Osu = ?TZ’ which are usual partial derivatives.

To discretize the problem, one proceeds as follows. The domain 2 is firstly partitioned
into subcubes of side /4, and each of these is then subdivided into two triangular prisms. We
denote by {7"} these uniform partitions as above. Thus Q = U7+ €. Obviously, we can
write e = D x L (see Figure 1), where D and L represent a triangle parallel to the xy-plane
and a one-dimensional interval parallel to the z-axes, respectively.

We introduce a tensor-product linear polynomial space denoted by P, that is,

q(x,y,2z) = Z aijkxi)/zk, ag € R,qeP,
(ijk)eT

where P = P,, ® P;, Py, stands for the linear polynomial space with respect to (x,y),
and P, is the linear polynomial space with respect to z. The indexing set Z satisfies 7 =
{67, k)i, j,k = 0,i+j <1,k <1}. Let IT7 be the linear interpolation operator with respect
to (x,7) € D, and let I'{ be the linear interpolation operator with respect to z € L. Thus we
may define the tensor-product linear interpolation operator by I1¢ : Hj(e) — P(e). Obvi-
ously, IT° = I}, ® I7 = I ® T15,. In addition, the weak form of problem (2.1) is

a(u,v) = (f,v) VveHy(Q), (2.2)
where
3 3
a(u,v) = [ (Z aoudy + Z a;o;uv + awv) dxdydz,
2\ jj=1 i=1
and

(f,v) = /vadxdydz.
Define the tensor-product linear triangular prism finite element space by
Sé’(S'Z) = {v € Hy(Q):v]. € Ple) Ve € 'Th}.
Thus, the finite element method of problem (2.2) is to find uy, € Sé‘(Q) such that

a(up,v) = (f,v) YveSiQ).
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Moreover, from the definitions of T1¢ and S/!(£2), we may define a global tensor-product
linear interpolation operator I : Hy($2) — SQ(Q). Here (Iu)|, = [1°u. As for this interpo-
lation operator, the following Lemma 2.1 holds (see [13]).

Lemma 2.1 For [u and uy, the tensor-product linear interpolant and the tensor-product
linear triangular prism finite element approximation to u, respectively, we have the super-
closeness estimate

4
|, — Mutly00,0 < CH*|In A3 [[1])3000- (2.3)

3 Gradient recovery and superconvergence
For v € S!(R2), we consider a SPR scheme of Vv. We denote by R;, the SPR-recovery oper-
ator for Vv and begin by defining the point values of R,v at the element nodes. After the
recovered values at all nodes are obtained, we construct a tensor-product linear interpola-
tion by using these values, namely SPR-recovery gradient R;,v. Obviously, R,v € (SH())°.
Let us first assume that N is an interior node of the partition T" and denote by w the el-
ement patch around N containing 12 triangular prisms. Under the local coordinate system
centered N, we let Q;(x;, 71, z;) be the barycenter of a triangular prisme; C w,i=1,2,...,12.
Obviously, Z}fl(xi, ¥i,z;) = (0,0,0). SPR uses the discrete least-squares fitting to seek lin-
ear vector function p € (P(w))? such that

12

> [p(Q) - V¥(Q)]4(Q) = (0,0,0) Vg € Pi(w), (3.1)

i=1

where v € SS(Q). We define R,v(N) = p(0,0,0). If N is a boundary node, we calculate
Ryv(N) by linear extrapolation from the values of R, v already obtained at two neighboring
interior nodes, N; and N, (with diagonal directions being used for edge nodes and corner

nodes) (see Figure 2). Namely,

Ryv(N) = 2R, v(Ny) — Rpv(Na).

Lemma 3.1 Let w be the element patch around an interior node N, and u € W3 (w). For

MMu e Sé’(Q) the interpolant to u, we have
|VM(N) —RhHM(N)| < Ch*||ul3,00,0- (3.2)

Proof Choose v =ITu and set g =1 in (3.1) to obtain Z}fl p(Qi) = Z}fl VIu(Q;). There-
fore,

12 12
1 1
Ry IMu(N) - B E VIu(Q;) = p(0,0,0) - 3 E p(xi, i, zi)
i=1 i=1

12
1
=D Z[alp(0,0,0)xi +0,p(0,0,0)y; + 35p(0,0,0)z; ]
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Figure 2 N, a boundary node. N; and N; are interior nodes. We can calculate Ry v(N) by linear extrapolation
from the values of Ryv already obtained at two neighboring interior nodes, Ny and N,.

That is,
1 12
Ry,MTu(N) = — Y VITu(Q;). 3.3
 TTu(N) 12; u(Q)) (3.3)
Further,

1 12
o 2 VTK(Q) - Vu(N)
i=1

12

12
= D V(@) + 1 3 [Va(Q) - Va(N)]
i=1

i=1

1 12
=— > V(ITu-u)(Q)

12
+ — 2[81VM(N)x; + 0 Vu(N)y; + 33VM(N)Zi] +r(u), (3.4)

i=1

where ﬁ 2}31[31Vu(N)xi + 3, Vu(N)y; + 03Vu(N)z;] = (0,0,0), and the high-order term
r(u) satisfies |r(u)| < Ch?|ul3 00,0

In (3.4), we write f(u) = ﬁ 221 V(MMu — u)(Q;). For every u € Py(w), it is not diffi-

cult to verify f(u) = (0,0,0). Thus, by the Bramble-Hilbert lemma [14], we have |f(x)| <
Ch?|u)3,00,0- Therefore,

12

% > VITu(Qi) - Vu(N) | < CH|u3 00,0 (35)
i=1

Combining (3.3) and (3.5), we obtain the result (3.2). O
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Lemma3.2 ForIlu e Sf)’ (2) the tensor-product linear interpolant to u, the solution of (2.2),
and Ry, the SPR recovery operator, we have the superconvergent estimate

|V — Ry Tutlo 00,0 < CH||tl|3,00,0- (3.6)

Proof Denote by F : ¢ — e an affine transformation. Obviously, there exists an element
e € T", using the triangle inequality and the Sobolev embedding theorem [15], and (3.3),
such that

|Vu — RyTulpso,0 = |V — RyTlu|p 00
< Ch™Y Vi — RuTTutl o002
< Ch7[|Vitlooog + |RaTTt] 0,00
< Ch[|Vitloeog + Mtlio0]
< Ch #1307

where yx is a small patch of elements surrounding the triangular prism, é. Due to the fact

that for & quadratic over g,

A

Vii— R,Mu =(0,0,0) in %,
so, from the Bramble-Hilbert lemma [14],
Vi = RyTlt|o,00,0 < Ch M ikl3,00,5 < CH|t]3,00,0

which completes the proof of the result (3.6). Finally, we give the main result in this arti-
cle. O

Theorem 3.1 Foruy € S’g(Q) the tensor-product linear triangular prism finite element ap-
proximation to u, the solution of (2.2), and Ry, the SPR recovery operator, we have the su-

perconvergence estimate
4
|Vt = Ryttp|o,00,0 < CH? | In A3 | ut]]3,00,0- 3.7)
Proof Using the triangle inequality, we have

Vi = Ryulo,oo,e < R = T,
+ |Vu — Ry Tu|o 00,0
< fup — Mut1,00,0

+|Vu — Ry ut]o,00,0,

which combined with (2.3) and (3.6) completes the proof of the result (3.7). O
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