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In this paper, we prove that the global existence of solutions to timelike minimal
surface equations having arbitrary co-dimension with slow decay initial data in two
space dimensions and three space dimensions, provided that the initial value is
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1 Introduction

The theory of minimal surfaces has a long history, originating with the papers of Lagrange
(1760) and the famous Plateau problem; we refer to the classical papers by Calabi [1] and
by Cheng and Yau [2]. Timelike minimal submanifolds may be viewed as simple but non-
trivial examples of D-branes, which play an important role in string theory, and the sys-
tem under consideration here thus has natural generalizations motivated by string theory.
The case of timelike surfaces has been investigated by several authors (see [3—5] and [6]).
Huang and Kong [7] studied the motion of a relativistic torus in the Minkowski space R'*"
(n > 3). They derived the equations for the motion of relativistic torus in the Minkowski
space R*” (u > 3). This kind of equation also describes the three dimensional timelike
extremal submanifolds in the Minkowski space R!*”. They showed that these equations
can be reduced to a (1 + 2) dimensional quasilinear symmetric hyperbolic system and the
system possesses some interesting properties, such as nonstrict hyperbolicity, constant
multiplicity of eigenvalues, linear degeneracy of all characteristic fields, and the strong
null condition (see [8] and [9]). They also found and proved the interesting fact that all
plane wave solutions to these equations are lightlike extremal submanifolds and vice versa,
except for a type of special solution. For small initial data with compact support, the global
existence problem for timelike minimal hypersurfaces has been considered by Brendle [10]
and Lindblad [11].

Paul et al. [12] investigated timelike minimal submanifolds of dimension 1 + 1, n > 2, of
Minkowski spacetimes of dimension 1+#+¢, g > 1. The authors considered an embedding
of R*” into Minkowski spacetime R*"*7 given by the graph of a map f : R*" — RY. Let
Greek indices o, 8, ... take values in 0,1,...,# and let uppercase Latin indices I,/, ... take
values in 1,...,q. Introduce cartesian coordinates x, on R*” and %/ on R?. The induced
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metric R*” is

hap = Nap +f0{fé51], (1.1)

where f; = x! o f, f* = 9,f" and 5 = diag(1,1,...,1) is the Minkowski metric. By variational
principles (see [13]), they derived the Euler-Lagrange equations

du[V-dethh"fl]=0, I=1,...,q. 1.2)

Moreover for a small initial value with compact support, they also proved the global exis-
tence of classical solutions for (1.2).
In this paper, we consider (1.2) with the initial data

t=0: fI= sfol(x), ftI = sfll(x), 1.3)
where fI(x), fl(x) € C*°(R") (n = 2, 3) satisfying

A A
|f61(x)|§m, [fll(x)|§W (k>0,1=1,...,q),

where A > 0 is a constant and ¢ > 0 is a small parameter. The aim of this paper is to prove
that the Cauchy problem (1.2), (1.3) has a global classical solution, provided that the initial
value ff (x), £l (x) € C>®°(R") is sufficiently small and satisfy |f (x)| < m’ [l )| < ﬁ
(k>35,1=1,...,q). We reduce the restriction on compact support of the initial data to
some decay. In other words, we show the global existence of solutions to timelike minimal
surface in two space dimensions and three space dimensions, provided that the initial
value is suitably small.

To study (1.2), we note that (1.2) can be written in divergence form
Of" = 9. [F*f]], (1.4)

where O = V9,0, is the Minkowski wave operator and F*” = n*¥ — «/—dethh"", as well
as in the form

Hy"(0f)3,0,f1 =0, I=1,...,q, (1.5)
where
H]}ZU _ deth[S;Lh“” _ 81]51@ (hlwhaﬂf’ffé + huahvﬁfﬂiflg + hlmhuﬂfffé)]. (16)

We raise and lower Greek (intrinsic) indices using /,, and its inverse, while Latin (ex-
trinsic) indices are raised and lowered using the identity §; and its inverse. From (1.6), it
follows that H};" has the symmetries

H' =H}Y = H}. (17)

Due to the symmetries, an energy estimate and local well posedness holds for the system
(1.5).
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The plan of this paper is as follows. In Section 2, we cite some estimates and prove some
estimates on the solution of linear wave equations. The global existence of solutions to
timelike minimal surface equations with slow decay initial value in two space dimensions

and three space dimensions will be proved in Section 3 and Section 4, respectively.

2 Preliminaries

Following Klainerman [14], we introduce a set of partial differential operators

Z= ((al))l = 0;1;“':’/1;[10; (Ql]))l =< i <j =m (QOi)ri = 1,...,1’1), (2'1)
where

5o = 2 3 (i=1 ) (2.2)

= —, = — t=1,...,n), .
07 Bt ax;
Lo=tdo + Y _ x:d, (2.3)
i=1

Qj=xidj -9 (1<i<j<n) (2.4)
and

Qoi=td;+x;00 (i=1,...,n). (25)

Z* denotes a product of |« | of the vector fields (2.2), (2.3), (2.4), and (2.5). & = (g, ..., %)
is a multi-index, |@| = a3 + -+ + &5, o is the number of partial differential operators in
Z:Z=(Z,...,2Z,) and

Z% =70 7%, (2.6)

It is easy to prove Lemma 2.1 (see [15]).

Lemma 2.1 For any multi-index o = (o, . ..,0 ), we have

[O0.z¢]= > Anpz’O (2.7)
1Bl <lal-1
and
[0,2°]= Y  BuZfo= > Buydzl (i=0,1,...,m), (2.8)
|BI<lal-1 1Bl <lal-1

where [,] stands for the Poisson bracket, B = (B1,...,Bs) are multi-indices, O is the wave

operator, d = (39,01, ...,0,) and Aug, Bug, and Ba,g are constants.

We need the following lemma that is basically established in [16] and [17]. For complete-

ness, the proof will also be sketched here.
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Lemma 2.2 Let ¢ (x), ¢1(x) € C°(R?) and satisfy

A
|¢0 x)| = |¢1(x)| = W (k>1).

I (+ [xDF’

Assume that ¢ = ¢(t,x) is a solution to the following Cauchy problem:

du—Np=0, xeR%Lt>0,
t=0: ¢=dox), ¢ =P(x), xeR:

Then we have

—— A (x>0,
[p(t,x)] < § VI 2 (2.10)

T =0

Remark 2.1 Under the condition that

|¢1(9C)| = (k > 1):

4 A
|po(x)| < T ) (1 + [x])<+

Tsutaya [18] has showed that the solution of the Cauchy problem (2.9) satisfies

CA

()] < VI+E+ AT+ TE= T2l

Obviously, Lemma 2.2 improves the result in [18].

Proof The solution of (2.9) is given

e )_2_/ tgo(y) + 1 (y) + tVeo(y) - (v - x) (2.11)
T8 Syt

(2 -y -x2)3

First, we make an estimate for |ﬁ f|x—y|5t % dy|; switching to polar coordinates,
we have

1 / Bo(y) d’
a1 @
27t yl=t (£2 — |y — x|2)2

=2t /|x_y|<[ m L+ Iy

A t+|x| r 17 1
< — (/ z dy dr
2\ Sy W+ 15 S, \/tz — |x|2 = 72 + 2r|x| cos ¢

t—|x| T
x(t—1xl) /0 ( - = dwdr>, (2.12)

L+ )% )2 /2 = [x]2 =12 + 2r|x| cos ¥

lx|? + r2 — £2
@ = arccos ———,
2|x|r
where x = (x| cos 0, |x| sinf) and y = (rcos(0 + ¥), rsin(@ + ¥)), and x is the characteristic
function of positive numbers.
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Let 4(y) be a continuous function on R? and y = (rcos(6 + V), rsin(f + ¥r)). Define

2,242

{2 h(rf+¥) ay, | |x| |<1

0 J2_x2_r2 o5 ’ 2xlr 1=

H(t’ %[, V,Q,h) = fﬂ \/t ‘x‘h(r;:‘/zll)xlrwbw dyr | |2 +r2—£2 [>1
’ 2x|r -

- \/tz—lxlz—r2+2\x\rcos v
and

H(t,|x|,r) = H(t, |x],7,6,1),

where, as before, ¢ is given by

We will use the following proposition, which is proved in Kovalyov [19].

Proposition 2.1 (I) Ift > |x| + r and |M| > 1, then H(t, |x|,7) satisfies

2|x|r

£2—(r+|x])2

In(2 + 2L )
C < < .
VE—|x2=r2 T 22— (r+ |x])?

H(t,|xl,r) <

(I Ife < |x|+rand|%| <1, then

C rlalx (£ = |x[)
H(t,|x|,r)§ mln(2+ W),

where y is the characteristic function of positive numbers.

We next continue to make an estimate for (2.12); we make an estimate for the right-hand

side of (2.12) by dividing into two cases.
Casel. |x| > ¢.
By (2.14), we get

1 CA t+|x| 1
_/ ¢0()/) . dy‘ < - dr
27t Jiuyist (2 - |y — x|2)2 V1% Jix-e 1+ r)f2

We subdivide into three cases again.
(i) k>3.

CA [(vh 1 CA L+x]—£\<2
- dr = 1= .
VI Jix—e (14 r)%2 VXL + || — t)f 2 L+ x|+t
Note that

1-sF3 <C(l-s), Yo<s<1
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and
1+lal-t 2t
1+ |x|+¢ 1+x+¢t
Thus,
1 / W)l cA
278 Jeyze (2~ ly -2 1T B+l - 531+ |2+ 0)
CA
< . (2.16)
VIx[+ 11 + x| - )% 2
(i) k= 2.
From (2.15), we have
1
_/ o (y) : dy‘
270t Jjnyi=t (£2 — |y — x|2)2
CA ("W 1
< dr
tVIx] e (L+7)
CA ( 2t ) CA
= In(1+ <
t/ x| 1+ |x|—t¢ Ax] @+ |x] = £)
< ca (2.17)
T VR L+ x| - 8) '
(iii) 1<k < 3.
It follows from (2.15) that
1 CA 3_ 3_
—/ 0 —dy| < [(L+2+1x)2 k—(1+|x|—t)2 k]
27t Jiyi<t (2 — |y — x2)2 L/ x|
3k
~ CA |:(1+t+|x|>2 1:|
EV/T( + 2] - )3 L\ 1+ lx| — ¢ '
Note that1 < k < %; we get
3_k
1+¢+|x\?2 Ct
/) e ——
1+ x| -t T 1+ x| -t
Hence
1 CA
— / $00) . dy‘ < - (2.18)
27t Jiwyi<e (£2 - |y - x12)2 VIR EL+ x| - 82

In other words, if |x| > ¢ and ¢ > 1, from (2.16)-(2.18), we get

1 / $®) ldy‘g cA _ (k). (219)
27t Jiwyi<t (2 - |y - x]2)2 VIt + E(L+ |x] - p)k2

In what follows, we prove that (2.19) also holds if 0 < £ < 1 and |x| > ¢. In this case, we

also subdivide into two cases.
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@z« <1

By changing variables, r = |x — y|, we obtain

1 o (y) 1 CA
P— ————dy| = — 1 dy
27t Jpeyize (2 — Iy - xf?)2 278 Jieyi=e (22 = |y =) 2 (L+ [y
B CA
T AT A+ x] -

(2.20)

(2) 1t~ ||| > 1.
Note that 0 < ¢ <1 and |x| > ¢, thus we obtain |x| > ¢ + 1. From Cases (i)-(iii), we get

1 CA
b / $o(y) : dy‘ < _ (2.21)
27t Szt (P —ly—xP)E | JTHETRI(L + x| £

In other words, when |x| > ¢, from (2.19)-(2.21), we have

1 CA
S / $o0) . y‘ < - (2.22)
270t Jinyi=t (£2 — |y — x[2)2 JT+E+ x](1+ x| - )2

Case 2. |x| <t

From (2.12), we get

1
— / Lwldy‘ <I+1I, (2.23)
27t Jpeyize (62 — Iy - x?)2

where

A [UMUH@ k) )r
N 2wt t—|x| (1+r)k

and

A [TRUHE x|, r)r

=
27t Jo 1+ r)k

In what follows, we make an estimate for I and I, respectively, when ¢ + x| > 1.
It follows from (2.14) that

CA t+|x| 1
I < — ln(2 + |x| > 1 dr. (2'24)
| 2VAPTIN P ol +7r—t) (14 )kt

By changing variables & = x| + r — ¢,

A [ 1
1< ¢ / ln<2 + m) - dé
tV/1xl Jo §)Q+E+t—|x)2
A 2|x|
< ¢ : / In 3l d&
/I + £~ |x)*2 Jo §
CA

< - (2.25)
VI++x[Q+1t-|x])f2
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By (2.13), we get

CA (M 1
< — dr
t Jo V2= (x| + )21+ )kt
CA [+M 1

< — dr.
Tt x] Jo NE=x]—r(+ )kt
Let p = \/t — |x| — r, then

CA VT 1
< ——— dp
t/t+ |x] Jo (1+¢—|x| — p2)k1
CA Vitlal 1
< = / = dp.
I+ R+t —|x) T Jo (V1+t—Ix[-p)

In what follows, we make estimate /I by dividing into three cases.

(i) k> 2.
CA 1 1
I= k-1 T+ =%l — JE—1x)k2 k2
tEr A+t —|x)) T LWI+E— Tl =t~ Ix]) 1+t—|x)2
CA _
< — (\/1+t—|x|+\/t—|x|)k :
tJE+ x|+t —|x|) T
CA

< .
TSI+t + [x[JT+ - |x]
(ii) k = 2.

1< CA ! 1+t - x| - CA
n .
TtSE+ xS E=x]  SIHE=|x]=E=x] T STH+E+ [x[ST+E - [x]

(iii) 1 < k < 2.

CA —k+2 —k+2
I < —[(1+t-1|x]) 2 —(V1+t—|x|—+t—|x]
o) ¥ - (- Ve
CA

< .
TSI+t + x[1+E - |x]
In other words, when ¢ + |x| > 1, we get

CA

I < . 2.26
TSI+t + |x[S1+E - |x] (2.26)
For 0 < ¢ + |x| <1, by changing variables r = |x — y|, we obtain
1 $o(») 1 CcA
L a0 ) S
278 Syt (2 ~ 1y — 1) 278 Jieyize (£ = |y —x2) 2 (1 + |y
CA
(2.27)

< .
TSI+ xS+ x|

Page 8 of 15
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Combining (2.25)-(2.27) gives

1 bo(y) ‘ CA
_— dy| < x| <t). (2.28)
2wt /x—y|5t (t2_|y_x|2)% ) NI+ E+ [x[/1+ = |x] (| | )

Thus (2.22) and (2.28) imply that

cA
(Ixl = 2),
ZLt / P00) dy‘ < | VEERL -2 (2.29)
T Jiayi<t (£2 — |y — x/2)2 ___cA
lx—yl<t (t |J’ x| )2 JLrEH R T ]| (|x| Et)
By Tsutaya [18], we obtain
cA
—— 7 (xl=0),
Zif ¢17(y)1 dy‘ < «/1+t+|x|é;+|t—|x||)k’% (2.30)
<t (£2 — |y — x[2)3 ¢
T ‘xfy‘—t (t |y x| )2 m 1+|t—\x\| (|x| S t)r
and
cA
(y— —— (xl>9)
%/ Mdy‘ < «/1+l+\x\c(114+|t—|x||)k7% (2.31)
<t (£2 — |y —x[2)3 ¢
T lx—yl<t (t |}’ xl )2 N e rTN e (|x| ft)

Equation (2.10) follows from (2.29)-(2.31), and (2.11) immediately. Then we have com-
pleted the proof of lemma. O

The following lemma plays a key role in our main results. It is basically established in
[20] and [21].

Lemma 2.3 Let ¢ (x), ¢1(x) € C°(R3) and satisfy

A

A
|¢0(x)| = m: |¢1(x)| = W (k>1).

Assume that u is a solution to the following Cauchy problem:

¢tt - A¢ =0, (2 32)
t=0: ¢ =qox), o = P1(x). '
Then
ot %)| < cA (k>1). (2.33)

A+ 2+ [ + |2 = x| )F

Lemma 2.4 Let ¢ = ¢(t,x) € C? satisfy

Do+ Z Vit x) kg =F, 0<t<T
jik=0

and assume that ¢ decays to 0 at infinity. If

|y|=Z|y’k!§%, 0<t<T.
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It follows for 0 <t < T that
t
1966, » < 2exp( [ z|y-<f>|dr) 1060, 2
0

+2/0 exp(/ 2{)}(1)|dr> ||F(s,~)HL2 ds, (2.34)

where |y (t)| = sup |3,y (¢, -)].

For the proof of Lemma 2.4, see Klainerman [22].
Using Lemmas 2.2, 2.3 and the L' — L™ estimate of the linear wave equation with zero
initial data, it is not difficulty to prove the following.

Lemma 2.5 Suppose that n=2,3. Let ¢ = ¢(t,x) be the solution to the Cauchy problem

¢L’[_A¢=g! xE]R",t>0,

E=0: =ehol)  di=edi(x), xeR” (239)
Then
W+ 0T ¢t )] oo
<Clpo,p)e+C Y /ot|| (Z'g)(w, )1+ +]- |)"Tf1 | dr. (2.36)

H|=n-1
By Lemmas 2.2 and 2.3, we can prove the following lemma.

Lemma 2.6 Assume that n> 2 and ¢ = ¢(t,x) is the solution to the Cauchy problem

¢tt — A(f) = Z;I:O ﬂjajGj, X € Rn, t>0, (2 37)
t=0: ¢=edolx), P=cei(x), xR, '
where the coefficients a; (j = 0,...,n) are constants. Then we have
n t
[6(6,)],2 = C(0,61,Go(0, NmD)e +C / 15,2 d, (2:38)
j=0 0
where
mit) = In2+¢t), n=2,
1, n= 37

and C(¢o, 1, Go(0, ) depends on o, ¢ and Go(0, ).

3 Global existence in three space dimensions
Theorem 3.1 Suppose that f}(x),fl(x) € C*(R®) and satisfy

A A 3
ol = e Ol (6 5m00)
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where A > 0 is a constant. Then there exists ey such that for 0 < ¢ < gy the Cauchy problem
(1.2), (1.3) has a global classical solution for all t > 0.

Proof The local existence argument follows from the method of Picard iteration [23] (see
also [24] and [12]). In what follows, we will prove the global existence of the classical so-

lutions by a continuous induction, or a bootstrap argument. Let N > 7, we set

Mt = Y 0zf ()| 20

|| <N

Mye)= Y |26 2 3.1
le|<N

Ni(e)= Y [0Zf (&) yoos
o < 2L

and

N = > [z -

\alsj%ﬂ

To set up the bootstrap argument, we assume that there is a positive constant K so that

on [0, T') we have the following estimates for the norms defined in (3.1):

My (t) < Ke,
Mz(t) <Keg, (32)

1+ )N1(t) <Ke,

and
(1 + )N, (¢) < Ke.

To close the bootstrap, we can prove that we can in fact choose K sufficiently large and
¢ suitably small so that the above inequalities hold independent of T with K replaced by
K.

From Lemma 2.1 and (1.5), we obtain

H'0,0,(Z") = D Higegopeypanag (9 Z™) -+ (3, Z%f7). (3.3)
k=33 ;| <|a|+1

It follows from Lemma 2.4 and (3.2), (3.3) for || < N that

My(t) < C(e + C/th(r)Ml(r)dr> exp(Cftle(t)dr)
0 0

=

Ks, (3.4)

N =

if K is sufficiently large and ¢ is suitably small.
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Note that v/det /" = n*” + O(]3f|?); from (1.4) and Lemma 2.1, we have

SEZORCA D SR N IS RO D0 S

k=3,3 lari|<lor|+1

where again at most one of the «; can satisfy |«;| > %|o¢|.
Applying Lemma 2.6 to (3.5), we obtain

t
My(t) <Ce+C / NZ ()M, (t) dt
0
<1k (3.6)
J— 2 8! .

if K is sufficiently large and & is suitably small.
Since #*” = n*” + O(]9f?), (3.3) may also be written as

D)= D Hinegpeyomea (3 Zf1) - (8, Z°47%), (37)

k>33 |orj| <lor|+1

where H = O(|3f]?).
Using Lemma 2.5, (3.2), and (3.7), we get

" Ni(z) + No(r)

No(t) <CA+ )7 (8 +
0 1+7

(Ml(r) +M2(‘L'))2dt)

< -—Ke(l+t)},

N =

if K is sufficiently large and ¢ is suitably small.
So

1
(1+ON2() = S Ke, (3.8)
if K is sufficiently large and & is suitably small.
From (3.1), we know that the estimate for N,(¢) implies the desired estimate for Ni(t).

We have completed the proof of Theorem 3.1. O

4 Global existence in two space dimensions
Theorem 4.1 Suppose that f!(x),f(x) € C*(R?) and satisfy

A A
Vo[(x)|§m, V{(?MSW (k>1,I=1,...,9),

where A > 0 is a constant. Then there exists €y such that for 0 < ¢ < gy the Cauchy problem
(1.2), (1.3) has a global classical solution for all t > 0.

Proof The local existence argument follows from the method of Picard iteration [23] (see

also [24] and [12]). In what follows, we will prove global existence of classical solutions by
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a continuous induction, or bootstrap argument. Let N > 5, we set

M) = Y 02 (8, ) 12

la|=N

Mo(0) = ) 120 (1)
|| <N

N = Y 024 ()] s
o< 2L

and

No@) = > 2%t oo

lo) <ML 41

To set up the bootstrap argument, we assume that there is a positive constant K so that
on [0, T') we have following estimates for the norms defined in (4.1),

M (t) < Ke( +¢),
My(t) <Ke(1+1), (4.2)

(1 +6)2Ny(t) < Ke
and

(1+1)2No(t) < K,

1
2

To close the bootstrap, we can prove that we can in fact choose K sufficiently large and

where 0 <t < ;5 is a fixed, arbitrary constant.

¢ suitably small so that the above inequalities hold independent of T with K replaced by

1
=K.
2

It follows from Lemma 2.4 and (3.3) for |a| < N that

M;(t) < Cs exp(C/th(t)dr) + C/texp(C/th(s) ds)Nf(r)Ml(r)dr
0 0 T

' (Ke)? ! ' (Ke)? Ke)?
< Ceexp C/ (Ke) dt +C/ exp Cf (Ke) ds (Ke) dt
o L+7 0 . l+s (1+7)~

<Ke(l+1t), (4.3)

if K is sufficiently large and & is suitably small.
Applying Lemma 2.6 to (3.5), we obtain

My(t) < Celn(1 +1¢) + C/th(t)Ml(t) dt
0
< %Ke(l +1), (4.4)

if K is sufficiently large and ¢ is suitably small.
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In what follows, we make an estimate for N, (). In order to make this estimate for N5 (),
define the following null forms:

2
Qoo V) = vy = ) v (4.5)

i=1
and

Qj(u,v) =uvy —uvi, 0=<i,j<2,i#]j. (4.6)
Let Q symbolically stand for any of the full forms (4.5) and (4.6). Then

ZQ(u,v) = QZu,v) + Qu, Zv) + @ Qyi(u,v) (4.7)

for some constants aj.
Let Q be one of null form in (4.5)-(4.7), we have

QU )(tx)| < CAL+t+1xl) Y |Z%ut )| Y |2 v(t.x)|- (4.8)

lor|=1 loe|=1

Note that the Lagrangian associated to the volume element of the induced metric is

+/—deth. For small |9f|, we have

—deth =1+ n""8yff] + O(19f1*) =1+ 85 Qoo (f',f”) + O(13f1*)

and thus the Euler-Lagrange equations take the form

(1852 Qo(771)) EF = 50 A1 [BasQuo )] + O(|8°F 1),
For small |3f], we obtain
(1+ 8k Qoo (F. 1)) =1+ O(13f ).
So we have
07! = 5 Quolf 545Quo(.f")) + O 1271). (®9)

By Lemma 2.1, (4.9), we have

Oz*fl = %QOO (Zf1,848Q00 (Z2f4, Z*3 7)) + O(| 27 8%f || 2" af|4), (4.10)

where |oq| + [Ba] < |a].
From Lemma 2.5 and (4.1), (4.2), (4.8), (4.10) when ]% +2<N,ie,N>5,weget

" (Ni(7) + Na(2))

(L+8)2Ny() < Ce + C 2
0 1+71)2

(Ml(t) + Mg('[))zdl’
t 1
<Ce+C / K331+ )% 2dr < 51@, (4.11)
0

if K is sufficiently large and ¢ is suitably small and since 0 < § < %
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From (4.1), we know that the estimate for N,(£) implies the desired estimate for Ni(¢).
We have completed the proof of the theorem. O
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