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1 Introduction

Our main interest lies in the following quasilinear p-Laplacian parabolic equation:
e ™ 2wy = div(|VulP>Vu) + bu'1, xeQ,t>0, 11)
subject to homogeneous Dirichlet boundary and initial conditions

ulx,t)=0, x€9t>0, (1.2)

ulx,0) =up(x), x€€, (1.3)

where b >0, Q C RN (N > 1) is a bounded domain with smooth boundary, p <2 + g < 00
ifN<p;p<2+q< A% if N > p and 2 < m < 2 + q. For simplicity, we denote || - ||zr(@) by
I ll, and (u,v) = [, uvdsx.

Many natural phenomena have been formulated as the nonlinear diffusive equation (1.1)
such as the model of non-Newton flux in the mechanics of a fluid, the model of a popu-
lation, biological species and filtration; we refer to [1, 2] and the references therein. In the
non-Newtonian theory, the quantity p is a characteristic of the medium. Media with p > 2
are called dilatant fluids, while media with p < 2 are called pseudoplastics. If p = 2, they
are Newtonian fluids.

There have been a lot of results on the global existence and nonexistence of solutions
for nonlinear evolution equations and many effective methods have been developed such
as the compactness method, the semi-group method, continuation of local solutions, the
upper-lower solution method, and the concavity method; see [3—6]. Since the potential

well was introduced by Sattinger [7] in order to prove the global existence of solutions for
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nonlinear hyperbolic equations which do not necessarily have positive definite energy, it
has become an important method to study the global existence and nonexistence of solu-
tions for various nonlinear evolution equations. It is an effective method to get a positive
definite energy through one term, controlled by the other term in the principal part of the
equations [7-19]. For instance, Levine [8] investigated the initial boundary value problem

of the linear heat conduction equation
u;=Au, xe€,te(0,7),

with nonlinear boundary condition, and he obtained the global existence and nonexistence
of weak solutions. Payne and Sattinger [9] investigated the initial boundary value problem

of the semilinear hyperbolic equation with fully nonlinear term
uy=Au+f(u), x€Q,t>0,

and proved the weak solution blows up in finite time. They also extended the results to
the initial boundary value problem of the corresponding parabolic equation. Tsutsumi
[10] studied the homogeneous Dirichlet initial boundary value problem of the nonlinear

parabolic equation
Uy = div(IVulp‘ZVu) +ul, xeQt>0, (1.4)

and he obtained the sufficient conditions of the existence of global weak solutions and the
solutions blow up in finite time for the case p < 2 + g. Later, Liu [11] proved the global
existence of solutions of the homogeneous Dirichlet initial boundary value problem for
(1.4) with critical initial conditions. Pang and Zhang [12] investigated the initial boundary

value problem of the quasilinear parabolic equation
|uag| "y = Au+ u|'u, x€Q,1>0,

and they obtained the sufficient conditions as regards global existence and nonexistence
of solution by using a potential well method.

However, the potential wells used in these works were defined by the same method as
Sattinger [7] and their results were similar. Until Liu [20] firstly introduced the theory of
a family of potential wells, described the structure of potential wells and the estimates of
the depth of potential wells. And he firstly found the phenomenon of vacuum isolating
of solutions for nonlinear evolution equations. The study of applications about a family
of potential wells has attracted more and more attention [20—25]. For instance, Liu and
Zhao [21] not only proved the global existence and nonexistence of solutions, but they
also obtained the vacuum isolating of solutions of the initial boundary value problem for
semilinear hyperbolic equations and parabolic equations.

As far as we know, there are fewer papers on the global existence and nonexistence of
weak solutions for nonlinear parabolic equations by using the theory of a family of poten-
tial wells. In particular, for our problem (1.1)-(1.3), the analysis of the structure and depth
of the potential well, the invariant sets, the vacuum isolating of global solutions, and the
question of the global existence of solutions with critical initial conditions are still open.
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It is difficult to obtain an a priori estimate of the approximate solution for the study of
the existence of global solutions by using the general Galerkin approximation method,
but the theory of the potential well often makes up for the defect. The combination of
the two methods can be used to solve the existence of solutions effectively. Moreover, the
study of the phenomenon of vacuum isolating will be helpful for us in studying the dis-
tribution of solutions in Sobolev space. But the depth of potential well d for the problem
(1.1)-(1.3) is usually very small etc. Our goal is to improve the theory of a family of po-
tential wells for studying the global existence and nonexistence of solutions for our prob-
lem (1.1)-(1.3), including the critical case, and we further generalize the results in [10-12,
20].

The outline of the paper is as follows. In Section 2, we firstly give the definition of
the weak solution for problem (1.1)-(1.3), and the definition and properties of a family
of potential wells. Then we prove the global existence of solutions for problem (1.1)-(1.3)
by using the Galerkin approximation technique and the theory of a family of potential
wells in Section 3. The invariant sets of global solutions and vacuum isolating are ob-
tained in Section 4. Then the sufficient condition of global nonexistence of solutions is
given in Section 5. Finally, we give the result of global existence with critical initial condi-

tions.

2 Preliminaries
Due to the degeneracy of (1.1), problem (1.1)-(1.3) has no classical solutions in general. We

need to give the definition of the weak solution firstly.

Definition 1 A function u = u(x, t) is called a weak solution of problem (1.1)-(1.3) on € x
[0, T') if it satisfies the following conditions:
(1) u e L®(0, T; WoP(R)), u, € L™(0, T; L™(R));
@) St 2w, v) + ((VulP-2Vu, Vo) dt = [5(but™,v)dr for ¥v e Wo*(R), £ € [0, T);
(3) ulx,0) = uo(x),
where T is either infinity or the limit of the existence interval of solution.

In order to study the problem (1.1)-(1.3), we also consider the auxiliary equation
|2, = div(|Vu|p_2Vu) +bo(u), x€,t>0, (1.1a)

where ¢(u) = {#'*4,if u > 0;0, if u < 0}.

Next, we define the functionals J(u), I(«), and the potential well W as follows:

1

b 2
Ty = IValf— | [
1) = | Vullt - bllu* ]2,

W = {ue Wy (Q)II(w) >0,/ (u) <d} U{0},

where u* = max{u, 0}, d = inf cwr 7!()(suppo]()»u)).
u 0 U =
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Furthermore, for problem (1.1)-(1.3) and 0 < § < 1, we define the auxiliary functional
Js(u) and function d(8)

Sivyllr — + q+2’

Jo(u) = || ulf~ —5 11573
»

1-6 2 ap¥2

de)=—2 (%5) ,
p \pbCl?
||M||q+2
where C, = sup Tl

In the paper, we always assume that p and ¢ satisfy (H):

. Np
p<2+qg<oo ifN <p; p<2+q<N

ifN>p.

Before giving our main results, we show some preliminary lemmas which are very im-
portant in the following proofs. As for the proofs of these several lemmas, we will not
repeat them again (see [11, 20]).

Lemma 1 ([11], Lemma 2.2) For any given u € Wé'p(Q), llze* llg+2 # 0, g(X) = J(Au) possesses
the following properties:
(1) lim;-0g(A) =0, limy, ;00 g(A) = —00
(2) There exists a unique A = AM(u) > 0 such that g'(A) =
(3) g(A) >0, i.e. g(A) is increasing for 0 < A < A; g'(A) < 0, i.e. g(A) is decreasing for
A< A< +00;
) g <0,

Lemma 2 ([20], Lemmas 2.1-2.3) The following sufficient and necessary conditions always
hold:
1
(1) LetJ(u) < d(8), then Js(u) > 0 if and only if 0 < || Vu|l, < (=L 2 5)ap2

Cq+2

(2) Let J(u) < d(8), then Js(u) < 0 if and only if || Vull, > (%8)%{#2.

(3) Let J(u) = d(6), then Js(u) = 0 if and only if || Vul|, = ( bqg;zc?)q—;ﬁ.

Lemma 3 ([20], Lemma 2.4) The function d(8) possesses the following properties on the
interval 0 <§ <1:

(1) d(0)=d(1)=0

(2) d(8) takes the maximum d(8y) = bf‘ ca

) plg+2) p=—L
(3) d(8) is increasing on [0, 80] and decreasing on [8¢,1];
)

q-p+2° ° 7 q—p+2;

at 8o = q+2 , where o =

(4) For any given e € (0,d(80)), the equation d(8) = e has exactly two roots §; € (0,8o)
and 52 € (50,1).

Lemma 4 ([20], Lemma 2.5) d(8) = inf/(x), where u € W,*(R2), | Vul, #0, Js(u) = 0.
Proposition 1 d = d(8y) = inf(J(«)), where u Wé’p(Q), IVull, #0, I(u) = 0.

Proof The result can easily be obtained by Lemma 4 and the fact that /5, (x) = 0 is equiv-
alent to I(u) = 0. |
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Now we can define a family of potential wells as follows:

W; = [ e Wy ()5 (w) > 0,](u) <d(8)} U {0}, 0<8<1,

W5 =Ws UaW; = {ue Wo"(Q)s(u) = 0,/ () < d(6)}.
Obviously, we have Wy, = W.
Remark 1 From J(u) = 11’%8 ||Vu||f; + Js(u), we see that Js(u) > 0 implies that J(x) > 0.

In the following, we define

Vs = {ue Wo(Q)Vs() <0,J(u) <d(8)}, 0<5<1,
V= Vs UdVs = {ue WeP(Q)Us(w) < 0,](u) < d(s)},
V = {ue Wy (Q)II(u) < 0,](u) < d},

1
+2 q-p+2
By = {u c Wé”"nwnp < (q—wa) }
pbCi

— lp q+2 q—l+2
Bs=B; UdBs =ue W ‘||Vu||p§ —0 )
pbCl

1
2 q-p+2
B - {u c Wg’f’}uwnp > (Lzs) }
pbCI*
Obviously, we have V;, = V.
Note that J(u) < },||V”||5» hence for any given é € (0,1), when 0 < ||Vu|, < (1 - 8)% X

(22 8)‘1*1'%*2 ,we have J (i) < d(8) and J5(u) > 0. This implies that B; C W, where § satisfies

prZJrZ
2 T\ 1 2 oy
(L2877 = (1= 0)} (L),
* *

Lemma 5 ([20], Theorem 2.7) Suppose that W;, Vs, Bs, B§, and S are defined as the above,
then

BgC Wi CBlg, Vs CB;.

Lemma 6 ([20], Lemma 2.10) Assume that 0 < J(u) < d for some given u € Wé’p(Q), 81 <69
are the two roots of the equation d(8) = J(u), then the sign of Js(u) is not changed for § €
(81: 52)'

Lemma 7 ([11], Lemma 2.8) Let p and q satisfy (H), then the solutions given in Theorem 1
satisfy

t
/ llotell}y, dT +J () < J(uo), Vt=>0.
0
3 Existence of global weak solutions

In this section, we obtain the global existence of solutions for problem (1.1)-(1.3) by com-
bining the Galerkin approximation technique and the theory of a family of potential wells.
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Theorem 1 Assume that p and q satisfy (H), uo(x) € Wé’p(Q). If 0 < J(up) < d, 81 < 8,
are the two roots of the equation d(8) = J(uo) and Js,(uo) > 0 or ||Vuy|l, = 0, then prob-
lem (1.1a)-(1.3) admits a global weak solution u(x,t) such that u € L*(0, oc; Wé'p(ﬂ)),
u; € L'"(0,00; L™(2)) and u € W for § € (81,8,) and 0 < t < co. Furthermore, we have

W) 1265, O)lln < 140, )l for £ = 5 > 0;

(2) IfN < p, then the solution is uniquely determined by the initial function;

(3) Ifuo(x) >0 a.e. in Q, the solution u(x,t) > 0 a.e. in Q for any fixed t > 0, hence

u(x,t) is a solution of the problem (1.1)-(1.3).

Proof Let {w;(x)} be a system of base functions of W&’p (2). Construct approximate solu-

tions u,(x, t) in the form

un(t) = Y _gn(Owy(®), n=12,...,

j=1

satisfying
(|unt| unt»ws) (lvuVI'p_zvun’ sz) = (buZ+1) (l)s), s= 11 2;'“)71;

Un(®,0) = Y ajuey(x) > uo(x), in Wy”'(R).
j=1

Multiplying (1.1a) by g/, (¢), summing over s and integrating with respect to ¢, we obtain

1 .
) = SVl = 7 f 24122 e
——HWn(O)H’” H 3 (0)] 47 = Juluto). (3.1)

Note that Js,(#0) > 0 implies || V||, # 0. By Lemma 6, we have J5(u0) > 0 for § € (61,82).
From this and J(uo) = d(61) = d(8>) < d(5), we obtain uy(x) € W; for § € (61,8,). If | Vuol, =
0, then u(x) € W; for § € (0,1). For any fixed § € (81, 82), we have J5(u,(0)) > 0 and J,(u) <
d(8) (if Js,(uo) > 0) or u,(0) € B (if [[Vuoll, = 0 and § is defined in Lemma 5), thereby
u,(0) € W; for sufficiently large n.

Next, we prove that u,(¢) € W; for sufficiently large # and ¢ > 0. Otherwise, there must
be a £y > 0 such that u, () € W5, i.e. Js(u,(t0)) = 0 and || Vu, ()|, # O or J(u,(to)) = d(6).
From (3.1), we have

J(un(8)) < Ju(uo) <d(3), t>0,

hence J(u,(¢0)) = d(8) is impossible. If J5 (1, (¢0)) = 0 and || Vu,(t) ||, # 0, then by Lemma 4,
we have J(u,(ty)) > d(8), which is also impossible. Thus from (3.1) and Lemma 2, we obtain

1
q+2 a-p+2
vl < (55m0)"

[un®)] .2

1
2 \7r
<c*||wn(t)||p<c*(£;cm)w |
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and
¢ m
/ |ne(2) | dr < d(8),
0

for t > 0 and sufficiently large n. From these and the compactness method, we can
prove that problem (1.1a)-(1.3) admits a global weak solution u(x,f) such that u €
L>°(0, oo Wé’p(Q)), u; € L"(0,00; L™(2)) and u € W for any § € (61,82) and 0 < ¢ < oo.
Furthermore, by Theorem 1 in [10] we can easily get the results (1)-(3), here we omit the
proofs. d

Similarly, we can get the following conclusions directly.
Corollary 1 Under the conditions of Theorem 1, we have u € W, for 0 < t < 00.

Corollary 2 If the assumption I(uo) > 0 or ||Vuyll, = 0 is replaced by Js,(uo) > 0 or
IVugllp = 0, i.e. ug(x) € W, then the conclusion of Theorem 1 also holds.

Corollary 3 If the assumption uy(x) € B, is replaced by Js,(ug) > 0 or |Vugll, = 0, then
problem (1.1)-(1.3) admits a global weak solution u(x,t) such that u € L>(0, oc; Wé’p(Q)),
u; € L'(0,00; L"(2)) and u € E;lfor 0 <t<oo.

4 Invariant property and vacuum isolating of global solutions
In this section, we discuss the invariance of some sets under the flow of (1.1)-(1.3) and
vacuum isolating behavior of solutions for problem (1.1)-(1.3).

4.1 Invariant property of global solutions
Theorem 2 Assume that p and q satisfy (H), 0 < uy(x) € Wé’P(Q). If0<e<d, b <8, are
the two roots of the equation d(38) = e, then the following hold.
(1) All solutions of problem (1.1)-(1.3) with initial energy 0 < J(uo) < e belong to W' for
8 € (81,6), provided that I(uo) > 0 or ||Vuol|, = 0.
(2) All solutions of problem (1.1)-(1.3) with initial energy 0 < J(uo) < e belong to Vs for
8 € (81,8,), provided that I(up) < 0.

Proof Firstly, we consider the case of /() = e. Here we denote u(x, £) = u(t).
(1) Let u(¢) be any solution of problem (1.1)-(1.3) with initial energy J (o) = eand I () > 0
or [[Vugll, = 0, T be the existence time of u(t). Since

80 b q+2
Jso (o) = ;IIVuollﬁ T2 20l 442

1
nwﬁﬁ=g?;ma>a

= LIIVMOIIP -
q+?2 Pog+2
by Theorem 1, we have u(x) € Wj.
Next we prove u(t) € Wj for § € (§1,682), 0 < £ < T. Otherwise, there exists a £y € (0, T)
such that u(ty) € 0 W for some § € (81,8,), i.e. Js(u(tn)) = 0, [|Vu(to)ll, # 0 or J(u(ty)) = d(6).
From Lemma 7

HW+/HM%m§ﬂwkd@, 1)
0
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we see that J(u(ty)) = d(6) is impossible. On the other hand, if /5 (u(to)) = 0 and || Vu(to) ||, #
0, then by Lemma 4, we have J(u(ty)) > d(8), which contradicts (4.1).

(2) Let u(t) be any solution of problem (1.1)-(1.3) with initial energy J(uo) = e and I(uo) <
0, T be the existence time of u(¢). Since the sign of J5(u) is not changed for § € (61, 62), we
have J5(u9) < 0 for § € (81,8,). From this and J (i) < d(8) for § € (81, 82) we obtain g (x) € Vs
for & € (81, 87).

Next we prove u(t) € Vs for § € (81,9,) and 0 < t < T. Otherwise, there existsa £y € (0, T)
such that u(ty) € 9 Vs for some § € (81, 683), i.e. J5(u(ty)) = 0 or J(u(ty)) = d(8). From (4.1) we
see that J(u(tp)) = d(8) is impossible. On the other hand, let £y be the first time such that
Js(u(to)) = 0, then J5((2)) < 0 for 0 < ¢ < ty. From (4.1) and Lemma 2, we have || Vu(t)||, >

1 1
(—2,8)7%7 for 0 < t < ty. Hence we have || Vu(to)||, > ( 8)7#*2, thus by Lemma 4,

prz+2
we get J(u(ty)) > d(8), which contradicts (4.1).

For the case of 0 < J(uo) < e, we can obtain the same results as the case J(u) = e by

q+2
prZ+2

Lemma 4, we omit it here. O

Remark 2 Assume that 0 < J(#y) < e, then Wj and Vj are invariant under the flow of
(1.1)-(1.3) for any 6 € (81, 82).

From the above Theorem 2 and Lemma 2, we can easily get the following conclusions.

Theorem 3 Let p and g satisfy (H), 0 < u(x) € Wé’p(Q).Assume that0 <e<d, 8 <8y are
the two roots of the equation d(8) = e, then the following hold.
(1) All solutions of problem (1.1)-(1.3) with initial energy 0 < J(uo) < e and uy(x) € B,
belong to E;l for 8 € (81, 82).
(2) All solutions of problem (1.1)-(1.3) with initial energy 0 < J(uo) < e and uo(x) € Bj,
belong to Egz for 8 € (81, 82).

Remark 3 Let p and ¢ satisfy (H), 0 < uy(x) € Wé’p(Q). Assume that 0 < J(ug) < e, then
B; and B are invariant under the flow of (1.1)-(1.3) for any § € (61, 85).

4.2 Vacuum isolating of global solutions
The result of Theorem 3 shows that for any given e € (0, d), there exists a corresponding

vacuum region of solutions

1 1
2 q-p+2 2 q-p+2
U - {u € W (@) (Lﬂ(sl) <IVull, < (Lﬂsz) }
pbCl pbCl

for the set of all solutions of problem (1.1)-(1.3) with initial energy J(u) satisfying 0 <
J(up) < e, there is no solution in U, and all solutions are isolated by U,. This phenomenon
is called the phenomenon of vacuum isolating of solutions. Obviously, the vacuum region
U, of solutions becomes bigger and bigger with decreasing of e. As the limit case e = 0, we

obtain the biggest vacuum region of solutions (for /() > 0)

1
1, q+2 \a»r?
Lloz{ueWOP(Q)’0<||Vu||p<<IW) }
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Theorem 4 Let p and q satisfy (H), 0 < uy(x) € Wop (). All nontrivial solutions of prob-
lem (1.1)-(1.3) with initial energy J(uo) = 0 lie outside of the ball B, (maybe in 9B;).

Theorem 5 Let p and q satisfy (H), 0 < ug(x) € Wé’p(Q). All nontrivial solutions of prob-
lem (1.1)-(1.3) with initial energy J(uo) < O satisfy

2 q p+2
1Vl > (Lz)
pbCl

q+ 2)‘/ ] it p+4

Cq+2

and

Vull, Z[

Remark 4 The proofs of Theorems 4-5 are similar to Theorems 4.7-4.8 in [20], we omit
them.

5 Nonexistence of global solutions
In this section, we given the sufficient condition of global nonexistence of solutions.

Theorem 6 Assume that2 <m <2+ q, up(x) € Wé’p(Q), u(x, t) is a local solution of prob-
lem (1.1)-(1.3) on [0, T'], then no solution of (1.1)-(1.3) can exist on [0, 00) when J(uo) < 0.

Proof Assume for contradiction that there is a solution of (1.1)-(1.3) on [0, 00).
Define

H(@) - /0 Va7 d =T (o),

hence

q+2

" 1 +2 +2
luallgss = = [;nwn;w(n} > T 2H = -1

b

J(uo) > 0. (5.1)

Multiplying (1.1) by u and integrating over €2, we have

q+2 -2
0 =bllullds; - IVullh = (Jue "2 ur, u)

b 2 + -
e L e L 1) I (e

b( +2) .
_"qi”n w23 =27 (00)) = Dt g Dl (52)

q+1

As J(u(t)) < J(u9) < 0, we see from (5.1) and (5.2) that

(5.3)

g+l
blg—p+2) a_blg-p+2)[q+2 @2
11724 o ;W) > 2 lullfsy > e 5 H@)| .

(

Since m < 2 + g, we have m > %. By the embedding theorem and (5.3), we have

" g+1 (g+)m
H'(8) = lluelly = Clluaell oy ig=2) > C(H (1)) D62,

q+

Page 9 of 12
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Since m < 2 + ¢, we have

(g+1)m q-m+2

Iy ATTRE
(m-1)(g+2) (m-1)(g+2)
Hence we write #’:’qm =1+86,0 >0, then

H'(¢)
H1+(~) >

By setting Hy = H(0) = —J(u0) > 0, we obtain

1 1
—>—— + CL.
0Hg ~ O(HD)
This is impossible, since the left hand side is finite and the right hand side goes to co as
t — 00. g

6 Existence of global solution with critical initial conditions
In this section, we prove the result of global existence with critical initial conditions.

Theorem 7 Assume that p and q satisfy (H), 0 < ug(x) € Wé’p(Q). IfJ(uo) = d(8), J5, (uo) >
0 or J5,(up) = 0, 0 < J(uo) < d(8), 81 < 8, are the two roots of the equation J(ug) = d(5),
then problem (1.1)-(1.3) admits a global solution u(x,t) such that u € L*°(0, 0o; WS’”(Q)),
u; € L"(0,00; L"(Q)) and u € Wy for any § € (81,8,) and 0 < t < 0o, where W5 = W5 U
OWs = (€ Wy (Q)Us(u) = 0,7 (1) < d(5)}.

Proof Let A, =1- %, Uon(x) = Ayuo(x), m=2,3,.... Consider the initial condition
u(x,0) = uon(x)

with the corresponding problem (1.1)-(1.3) and suppose that 87 < 8} are two roots of the
equation J(uo,) = d(3).

81(q+2)[| Vug ) 1 L

Since J5, (19) > 0, we obtain %”VMOHIIZ — L ||Z:§ >0,ie | ]77+2 > 1. Thus

2
+2 bplluol 7
To(WVulp s o 1 2y 1
A=( )#P2 > (5= - £5)a#2 > 1. From 0 < 1, <1 < X and Lemma 1, we get
bpluoll 17 bhoan !
q+

J(mou) = J(hutto) < J(uo) < d(8) < d,

Js (0n) = Js, (Autto) > 0.
Obviously, J(u) = 11’%8 ' Vallsy + J5 () implies that J(uo,) > 0. As 85 > 8 > 8; and Js(u) is in-
creasing with §, it follows that ]551(140,,) > 0.

Thus, by Theorem 1, the problem admits a global solution u,(x,t) such that u, €
L°°(0, o0; Wé’p(Q)), un € L"(0,00; L"(K2)) and u,, € W; for any 6 € (67, 87), satisfying

(|uy,t|’”_2u,,t,v) + (|Vun P2V, Vv) = (buZ*l,v), Vv e Wé’p(Q),t >0, (6.1

/ Nt l172 T + T () < J (100(0)) = J(ti0n) < d(3), £ 0, (62)
0
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t 1-§
N Vil i) <d(5), £
0
From Js(u,) > 0, we obtain
¢ 1-6
/ bl dt < d, — ||Vu,,||§ <d, t>0. (6.3)
0 p

Hence there exist u, &£, and subsequence {u,} of {u,} such that

u, = u inL*® (0, o0; Wé'p(Q)) weak star,
uy — u  in L"(0,00; L"(R2)) weakly,

buf™ —& inL>(0, OO;L(‘FZ)/(Q)) weak star.

By using the monotone operator method, we get & = bu?*!.
In (6.1), letting n = v — 0o we obtain

(e 20, v) + (1Yl 2V, Vv) = (bu™,v), Vv e WoP(R),£> 0.

On the other hand, letting #n = v — 00 in u,(x, 0) = ug,(x) we get u(x,0) = uo(x) in Wé’p(Q).
Also 8] — 61, 6] — 6y as m — o0.
Furthermore, from (6.2) and Lemma 7, we have J(«) < d(8) for 0 < ¢ < 00. On the other

hand, from (6.3) we have

q+2 )qﬁwz
)

. p
IVully < lim [ Vi) < £2 - d6) = <pbcz+2

By Lemma 2, we have J;(z) > 0 and u € W for any § € (8,8,). O

Remark 5 The invariant sets and vacuum of solutions for problem (1.1)-(1.3) with critical

initial conditions also occur.

Remark 6 Taking m =2 or p = 2, Theorem 7 is still satisfied and generalizes the results
of [11]. Similarly, the invariant sets and vacuum isolating of solutions also occur.

Remark 7 In fact, all the results in our paper also hold for the homogeneous Dirichlet

initial boundary value problem for the more general equation

|| = diV(|VM|P_2Vu) + D|u|?u.
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