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Abstract

This paper is concerned with the nonlinear equation involving the fractional
Laplacian: (-A)v(x) = b(x)f(v(x), x € R, where s € (0, 1), b: R — R is a periodic,
positive, even function and —f is the derivative of a double-well potential G. That is,
GeC¥ (0< y <1),G(1)=G(-1) < G(t) VT € (-1,1),G'(-1) =G'(1) = 0. We show the
existence of layer solutions of the equation for s > % and for some odd nonlinearities
by variational methods, which is a bounded solution having the limits £1 at £o0.
Asymptotic estimates for layer solutions as |x| — +o00 and the asymptotic behavior of
them as s 4 1 are also obtained.
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1 Introduction

In this paper we study the fractional Laplacian
(-A)v(x) = bx)f (v(v)), x€R, 1.1)

where s € (0,1), and (-A)’ is the fractional Laplacian defined by

(=AYv = C, PV. /R % dy

Here P.V. stands for the Cauchy principle value and C; is a positive constant multiplier
depending only on s.

The fractional Laplacian is a nonlocal operator which can be localized as

—div(y*Vu) =0 in R?, (12)

—lim, o+ y“g—z = disb(x)f(u) on dR?, '

where a =1 -2s € (-1,1), dy = 223‘1% and u(x, 0) = v(x). Moreover u(-,+) can be ex-

pressed by a Poisson kernel,

2s
u(x,y) = Ps(-,y) x v :ps/ y—lmv(x —z)dz foreveryy>D0,
R (|22 +y2) 2
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which is called the s-extension of v. p; is a positive constant depending only on s. For more
details as regards the fractional Laplacian, readers can refer to [1-7] and the references
therein.

In view of the celebrated De Giorgi conjecture (see [8—10]), Cabré and Sire [2, 3] con-
sidered layer solutions of the nonlocal equation

(=APv=f(v) inR. (1.3)

The necessary and sufficient conditions for the existence of one-dimensional layer solu-

tions were given as
G(1)=G(-1) <G(s) Vse(-1,1), G1)=G(-1)=0,

where G’ = —f. All these were obtained by a Hamiltonian equality and a Modica-type es-
timate for layer solutions. By the sliding method, the layer solution of (1.3) was proved to
be the unique local minimizer which increases in x with values varying from —1 to 1. The
regularity, Hopf principle, maximum principle as well as a Harnack inequality for (1.3) or
for its extension equation (1.2) (in this case b = 1) were given. Some of them will be used
in our paper.

If b is not a constant and is periodic, the perturbed equation (1.1) becomes complicated.
The aim of this paper is to study the layer solution of (1.1) with periodic perturbed non-
linearity.

Definition 1.1 A function v € (L N C#)(R) (0 < B < 1) is said to be a layer solution of
(1.1), if v solves (1.1),

(~A¥vw) = b)f (W), xR
and

lim v(x) = +1.
x— 00

Definition 1.2 A function u € L*(R?) N cF (]RT%) is said to be a layer solution of (1.2), if u
solves (1.2),

—div(y*Vu) =0 in ]Ri,
—limyw+y”g—z = disb(x)f(u) on BRE
and
lim u(x,0) = £1.
x—+00

Namely, u(x, 0) is the corresponding layer solution of (1.1).

Different from the unperturbed case (1.3), the inhomogeneous term b(x)f(x) depends
explicitly on x in (1.1) and (1.2); the sliding method cannot be used and layer solutions of
them have no monotonicity in the direction of x. The method for obtaining layer solutions
in [2] and [3] cannot be used in our case directly; some difficulties need to be solved.
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In the paper, we consider the extension problem (1.2). Obviously, (1.2) has a variational
structure.
Denote

QC Rf, a bounded Lipschitz domain,

Bg(x,y) C R?,a ball centered at (x, y) € R? with radius R,
B! (x,0) = B.(x,0) N R?,

3°Q = {(x,0) € 92 N OR? [Fe > 0, B! (x,0) C 2},

3*Q=03QNR2.

For u € H'(y*, ), the norm is

1 1

2 2

hognn = ([ 19 asay) o+ ([ P asay)’
Q Q

The energy functional of # on 2 is given by

S(u,Q)zds/

y—a|Vu|2dxdy+/ b(x)G(u(x,O)) dx. (1.4)
Q2

0Q
We state our main results in the following.
We show, via a Liouville result, the existence of layer solutions of (1.1) for s > % and for

some odd nonlinearities.

Theorem 1.1 Lets> % Assume that b,f € C*(R) (0 <y <1):
1) b:R — R is 1-periodic, even, not constant and positive; denote b = maxg b and

b = ming b;
(2) f(=1)=~f(x) forany v € [-1,1], f(-1) =f(1) =f(0) =0, > 0 in (0,1) and f <0 in
(-1,0).

Obviously, if G = —f,
G(-1)=G(1) <G(r) forte(-1,1), G'(1)=G'(-1)=0.
There exists a layer solution v € C*P(R) (for some 0 < 8 <1) of (1.1):

(=0x)'v(x) = bx)f (v(x)) inR,

(1.5)
v— +1 as x — £o00.

In addition, v is odd.

Furthermore we obtain asymptotic estimates of the layer solutions of (1.1) by comparing
with a layer solution of the unperturbed equation (1.3).

Theorem 1.2 Let b € C¥ N L™ is positive. Let f € C*7 (R) (y > max (0,1 — 2s)) satisfy
(i) G(=1) = G() < G(z) for T € (<1,1), G'(1) = G/(~1) = 0;
(i) G'(1)>0, G"(-1) > .

Page 3 of 20
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If v is a layer solution of (1.1), then the following asymptotic estimates hold:

exE<|l-v|<Cx® forx>1, (1.6)

clF < [1+v| <Clx|™ forx<-1 (1.7)
for some constants 0 < c < C.

Finally we investigate the asymptotic behavior of ° as s 1 1 and obtain a local elliptic
equation, which is stated as follows.

Theorem 1.3 Lets € [1,1). Let {v’*} be a sequence of layer solutions of (1.1) in Theorem 1.1.
Then, there exists a subsequence denoted again by {vk} converging locally uniformly to a
Sfunction v' € CX(R) as sy 1 1, which is also a layer solution of the local elliptic equation

—vL (%) = b(x)f (V' (x)) inR,

XX

lim,, 100 Vl(x) =+1. (18)
In addition,
1 1 2 1 +00 , L
5 (%) =b{G(V () -6} + / HO{G(V(1) - G} dr. (1L9)

For convenience of the presentation we will use C for a general positive constant; such
a C is usually different in different contexts.

2 Some preliminaries and properties
In this paper, we mainly study the extension equation (1.2). To make our problems clear,
we present several properties of layer solutions.

Lemma 2.1 Let u be a bounded solution of (1.2),

—div(y*Vu) = 0 in R,
—limyl0+y“g—;‘ = disb(x)f(u) on JR?

and

lim u(x,0)=L* (2.1)

x—+00

with two constants L*. Then,

@

fL)=f(L7)=0; (2.2)
2)

im u(x,y) = L* (2.3)

for every y > 0;

Page 4 of 20
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3)
:t .
Jlu-L HLOC(BI*.‘,(x,O)) — 0 asx— Foo; (2.4)
(4)
u
||qu||L°O(B;(x,o)) + j/“a— — 0 asx— ZFoo. (2.5)
Y oo B0y

Proof Our proof uses the invariance of the problem under periodic translations in x and
a compactness argument.

Denote u”(x,y) = u(x + n,y) for n € Z. Since b is 1-periodic, u” still satisfies the equations

—div(y*Vu") = 0 in R?, 2.6)
—lim, o+ y"% = disb(x)f(u”(x, 0)) ondR2. ’
By regularity results in [2] and [5], we see that up to a subsequence,
u" — u*>*  in C) (R2),
V"' — V,ut®  in CI%C(IRT%),
ou” Lou® —
¥ oy "V I Cioc(R2)
as n — F00. Then u™> solves the equations
—div(y*Vut®) = 0 in R?, 2.7)
. el .
~limy o+ y*2 T disb(x)f(uioo) on JR?,
and it follows that u=*®°(x, 0) = L* for every x € R.
Consider the Dirichlet problem
—div(*Vur®) =0 inR?,
(2.8)
ut®(x,0)=L* on JR2.

u*>® = L* is the unique solution of (2.8) by Corollary 3.5 in [2]. As a consequence, (2.2)

and (2.5) are obvious. |

The following lemma is a necessary condition for a local minimizer of the energy func-
tional £.

Lemma 2.2 Let u be a local minimizer of the energy functional £ under perturbations in

[~1,1]. That is, for any bounded Lipschitz domain Q C R? and for any & € H*(y*, Q) having
compact support in QU 3°Q such that u + & € [-1,1],

Ew, Q) <Eu+E,Q).

Page 5 of 20
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Let

lim u(x,0) = 1. (2.9)
Then

G() = G(-1) < G(x) forallt € (-1,1). (2.10)

Proof To show (2.10), it is sufficient to prove that G(1) < G(tr) and G(-1) < G(r) forall T €
[-1,1]. Suppose G(tp) < G(1) for some point 7y € [-1,1] by contradiction. For simplicity,
assume that G(to) = 0 by adding a constant.

By (2.9),
liminf & (1, Bx(1,0)) > liminf / b(x)G(u(x,0)) > 2beR (2.11)
l—+00 I—+00 BOBE(LO)

for some ¢ > 0.

Let &z be a cut-off function with values in [0,1],

%_R _ 1 in B(l—n)R:
0 inR™\ Bg,

where 1 € (0,1) will be specified later, and |V&g| < ULR
Define &g (x,y) = &r(x — [,y). Let w = 1o&p; + (1 — &)1, then w = u on 9*By(/,0) and
W=Tgin Bgl—n)R(l’ 0). We have

a
lim sup €BE(1,0)(W) = lim sup{ds f Y | (1-&r)Vu + (19 - Lt)VéRJ‘2
Bi(

[—+00 I—+00 1,0) 2

o - b(aq)G(w)}

< 2d5/ Y| VEp|* + 2bmax G - nR
B [-L1]

R

Cd,R*
+2bmax G- nR. (2.12)

<
- oy [-L1]

We use (2.5) in the first inequality above.
. be
Having chosen n = a3 C’ by (2.11) and (2.12),

2b maxj_j,

lim sup E(W, Bi(l, O)) < lliminfé’(u,B;;(l, 0))

I—+00 —+00

for large R > 1. This contradiction leads to G(1) < G(t) for all T € [-1,1]. By the same
discussion, G(-1) < G(t) for all 7 € [-1,1]. Thus we complete the proof. O

As in [2], we construct a Hamiltonian equality which will be used in the proof of Theo-
rem 1.3. For this purpose a lemma is in order, for whose proof see Lemma 5.1 in [2].
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Lemma2.3 Letu € L™(R?) bea solution of (1.2). Then foreveryx € R, [~ y*|Vu|* dy < co.
In addition, the integral can be differentiated with respect to x € R under the integral sign.
We have

o0
lim/ Y |Vul*dy=0 (2.13)
M—+00 Jar

uniformly in x € R. If u is a layer solution of (1.2),

o0
lim / ¥\ Vul*dy = 0. (2.14)
0

|%|—+00

Proposition 2.1 (Hamiltonian equality) Let u be a layer solution of (1.2) for a € (-1, % ,

ie.,
—div(y*Vu) =0 inR2,
—lim, o+ y“g—; = ;b)) on IR,
u(x,0) —> £1 as x — 00.

For every x € R, the Hamiltonian equality holds:

d, /0 2 {1 1) dy = b {6t 0)) - 600

+ / N b'(t){G(u(t,0)) - G(1)} 4t. (2.15)
Asa consequernce,
/ h b'(x){G(u(x,0)) - G(1)} dx = 0. (2.16)

Proof We note that the integral in (2.16) is well defined since s = I‘T" € (%, 1) and

G ( t)

G(u(x, 0)) -GQ1) = 5

(u(x,O) - 1)2 = O(|x|_4s) as |x| — oo,

where ¢ is some point between u(x, 0) and 1.
By Lemma 2.3, the left integral in (2.15) can be differentiated with respect to x,

d [~ o
%ds./o yg{ui—ui}dy:ds/(; Yttty — tylhyy} dy
o° a
:ds/ y“{uxx + Uyy + —uy}uxdy+ds lim y*uyu,
0 y y—07*

= —b(x)f (u(x,0))uy(x, 0).
In the second equality above we use the fact that lim,_, ., y*u,u, = 0 (see [2]). We have

d

o {b(x)(G(u(x, 0)) - G(1)) + /x b'(1)(G(u(t,0)) - GQ)) dx}

= —b(x)f (u(x, 0)) uy(,0).

Page 7 of 20
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d, /0 2 (i) dy = )| 6t 0) - GO}
+ / ” b'(6){G(u(t,0)) - G1)} dt + C. (2.17)

Let x — +00, the left of (2.17) converging to zero by (2.14); thus C = 0 and (2.15) is proved.
Letting x — —o0, (2.16) is also obtained. d

To study asymptotic estimates of layer solutions of (1.1), we recall an explicit layer solu-
tion of the unperturbed problem (1.3).

Lemma 2.4 ([3], Theorem 3.1) Lets € (0,1). For every t > 0, the C* function

2 o0 1 z S
Vi(x) = sign(x)—/ &(Z)e_t(m)z dz (2.18)
T Jo z

is the layer solution to the fractional equation
()i =fI(V}) inR, (2.19)

for a nonlinearity f! € C'([-1,1]) which is odd and twice differentiable in [-1,1] and which

satisfies

FO =f1)=0, f>0m(01),  (f)(*l)= _;

In addition, the following limits exist:

4.
lim [x"%(3,04) (x) = P sin(rs)I'(2s) > 0 (2.20)
T

|%|— 00

and, as a consequence,
: 2s t 2.
lim [x|*|(v})(x) F1| = t=sin(zs)['(2s) > 0. (2.21)
x— %00 T

3 Existence and asymptotic estimates
To prove the existence of layer solutions, we introduce a Liouville result where 2 < 0 is

required. This is the reason why we restrict ourselves to the case s > % in Theorem 1.1.

Proposition 3.1 Let a < 0. Suppose u is a bounded nonnegative function which satisfies
weakly the problem

—div()*Vu) <0  inR?,

3.1
—limyuﬁy“g—z <0 ondR2. (3.1)

Thenu=C a.e.inR2.
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Proof Since a <0, R* <1 for R > 1. Let &£ be a smooth function with values in [0,1], § =1
in By and £ = 0 outside of Bog, |V&| < CR™L. Multiplying (3.1) with u£2 and integrating by
parts, we have that

/y“IVMIZS/ fqu|25252/ Y EulVul[VE|
B Bip R2

1 1
2 2
52{ )’“IVulszz} {/ y“lvélzuz}
Bip\Bh B3 \Bj

2R "R

1
2 1
C{/ yd|vu|252} (RR1+aR—2)2
Bjp\Bg

IA

2
sc{/ yﬂ|w|252} .
B\

Thus fR%y“WuI2 < C for some constant C independent of R. Let R — oo,
fBER\BI;J’aWMPSZ — 0. We deduce that fR% ¥ |Vu|?> =0 and u = C a.e. in R2. O

Next we prove an existence result about the local minimizer of £.

Lemma 3.1 Let Q C R? be a bounded Lipschitz domain. Let wy € C°(Q) N H'(y*,2) be a
given function with \wy| < 1; b is a bounded positive function.
Suppose that

f) <0 <f(-1),

the energy functional £(u,2) admits a minimizer u € Cy, = {w € H'(y4,Q),-1<w<
la.e. in Q,w=wy on 3" Q in the weak sense}, which solves weakly

—div(y*Vu) =0 inQ,
—lim, o+ ‘3—: = disb(x)f(u(x, 0)) ond°Q, (3.2)
Uu=wp on 0*Q.

Moreover, u is a stable solution of (3.2), i.e.,
d [ yvepdsdy- [ b wetdszo, (5.3
Q 30

for every &€ € HY(RQ,y*) such that £ =0 on 3*Q in the weak sense.

Proof Consider the set H,, () = {w € H'(y*,Q2),w = w, on 3" in the weak sense} D
Cuwo,ar Hwy,a(S2) # 0 since wy € H,, 4(S2). Denote

f) ifr>1,
7=1r if-1<t<l,
f-1) ifr<-1,

and G = — fouf. Up to an additive constant, G=Gin [-1,1].
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Consider the energy functional

Eu, Q) =d, /

y—a|Vu|2 dxdy+/ b(x)@(u(x,O)) dx. (3.4)
Q2

9Q

If € has an absolute minimizer u in Cuy,a(S2), the statement of Lemma 3.1 is proved.

For every function w € H,, (), w — wy € H' (5%, 2) and vanishes on 9% in the weak
sense. We can extend w — wy in R? by zeroes outside of 2 and w — wy € H(y*,R?). By the
trace theorem and the Sobolev imbedding theorem (see [7, 11, 12]),

H'(y",R2) — L*(R)

5 if s< 3 orforany 1 <p<ooifs> 5. Moreover, H'(y*,R?) <> <> L*(3°Q).

Since G has linear growth at infinity, & is well defined, bounded below and coercive in

forp =

H,, .. There exists an absolute minimizer u € H,,, ,. By the first order variation, we have

i—div(y“Vu) =0 in Q, (3.5)

—“mywﬂ”?;—z = disb(xl)'f(u(x, 0)) ond’Q.

Multiply (# — 1)* with (3.5) and integrate in ,

dS/ y“|V(u -1)* |2 dxdy - / bx)f(L)(u—-1)"dx=0.

Q 30Q

Since f(1) <0, fﬂy“W(u —-1)*?dxdy<0.Thus (u—-1)* =0a.e.in Q,ie,u <1lae. in Q.
Similarly we also get u > -1 a.e. in Q. Hence u € Cy, ,(2). (3.2) follows from (3.5), and
(3.3) comes from the second order variation of £. O

Remark 3.1 Suppose that b is an even function, f and wy are odd with respect to x, with a
slight modification we can also show that there is an odd minimizer in the admissible set

{w € Cyyulw(—x,y) = —w(x,y) for every y > 0}.
Now we start to show the existence of layer solutions of (1.2).

Theorem 3.1 Lets> 1. Let b € (C*” NL®)(R) and f € C*(R) (0 <y <1):
(@) b:R — Risan even positive function, b(x + 1) = b(x) Vx € R,

(b) f(=1)=—f(z) forany T € [-1,1], f(-1) =f(1) =f(0) = 0, f > 0 in (0,1) and f <0 in
(-1,0).

Then there exists a layer solution u of (1.2) in R?:

—div(y*Vu) =0 inR?,

—limy o+ y“g—;‘ = disb(x)f(u(x, 0)) on dR?, (3.6)

which is odd with respect to x, i.e., u(—x,y) = —u(x,y), and, for every y > 0,

liril u(x,y) = +1. (3.7)
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Furthermore, u is a local minimizer of the energy functional £ under odd perturbations
in [-1,1], and it is stable in the sense that

dsf Y| VE|*> dxdy —/ b(x)f’(u(x,O))Ezdx >0 (3.8)
R2 R

for every function & € CI(RTE) with compact support in I@r, E(-x,y) =&, y) andu+& €
[-1,1].

Proof The proof is divided into three parts. For simplicity, we make G(1) = G(-1) = 0 by
adding a constant.

Step 1. We show that there exists a solution with values in [-1,1] of (3.6) which is odd
with respect to the variable x for every y > 0.

Let Qg = [-R,R] x [0,R] and wy = &% Define the admissible set

arctanR *

Cwo,u,a = {W € Cwo,a(QR):vy > 0, W(—x,j/) = —w(x,y)}.

By Remark 3.1, there is a minimizer ug in Cy 4,0,

—div()*Vug) =0 in Qg,
—lim, o+ y* 5 "”R = disb(x)f(uR(x, 0)) on 3°Qg, (3.9)
Ur = Wy on 0* Q.

Define

ur(—x,y) ifup(x,y) <0and x>0,
ug(x,y)  ifug(x,y)>0andx>0

and ug(x,y) := —up(—x,y) for x < 0. Thus ug > 0 for x > 0 and y > 0. Obviously u is still a
minimizer of £(-, Q).

By the regularity results in [2], ug, V, uR,yaauR € CP(Qg) for some 0 < B <1 and the
continuous module is uniform bounded. Up to a subsequence, up — u, (ug), — u, and
¥R "“R =5 34 in C°(Bf) as R — oo for all R > s + 2. By the canonical diagonal procedure,

u solves
—div(y*Vu) = in R?,
~lim, o+ y* 3% = di (*)f (u(x,0)) on dR?, (3.10)
u(-x,) = —u(x, ) in R2,

and by the Hopf maximum principle -1 <z < 1.
Step 2. We show that there exists at least a subsequence x,, — oo such that u(x,,0) — 1.
First we claim that u is a local minimizer under odd perturbations in [-1,1]. That is,

Eu, Q) <Ew, Q)

for any  C R? and for any odd function w € H'(y*, Q) with |w| <1and w=u on 9*Q in
the weak sense.

Page 11 of 20
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Let & € CL(BF U93°B;) is odd with respect to x for every y > 0 and uz + & € [-1,1]. Since
~l<up<l,ug+ (1 -¢€)€ e€(-1,1) for € € (0,1). We have

E(uR,B:)SS(uR+(1—e)§,B;) forR>s+2.
Let R — o0, and
E(u,BY) <E(u+(1-€)E,BY)

for every s > 0 and u + (1 — €)& € [-1,1]. Our claim is proved.
If w(—x,) = —w(x,y),

E(w,BY) =2&(w,B;") = 2{d3/ y—a|Vw|2dxdy+/ b(x)G(w) dx},
Bt 2 GOB;+

where Bi* = {(x,) € B{,x >0,y > 0}. Therefore u is also a local minimizer of £ in R"! =

{(x,7) € R%,x >0,y > 0} with perturbations in [-1,1], i.e.,
Eu, Q) <Ew, Q)

for any @ C R?, and for any w € H'(y%, 2) with [w| <1 and w = u on 3*Q in weak sense.

Suppose u(x,,0) - 1 for any sequence x, — oo by contradiction. |u(x,0)| <1 — € for
some 0 <€ <1and x € R. Hence 0 < u(x,y) <1 - ¢ for all x > 0 and y > 0 by the fact that
u(-y) = Pyl y) % (-, 0).

Let R > 1. Let ¢ be a cut-off function with values 1 in B(+17n)R and zeroes outside of B},
[Vor| < n£R for some 0 < 1 < 1 determined later.

Denote g = gr(|(x—1,9)]). Let w = 1-op + (1—gr)u € H (¥*, B;(1,0)), w = u on 9" Bz (1, 0).
For />R,

E(W,B}(l, O)) =d y;|(1—<pR)Vu+ (1—u)V<pR|2dxdy+/ b(x)G(w)dx

B}(1,0) 39B}(1,0)
¥ ¥
SdS/ —|Vu|2dxdy+ds/ —|Vor|* dxdy
B4(1,0) 2 B4(10) 2

1
2

1
2
+ds{ y“|Vu|2dxdy} {/ y“|V¢R|2dxdy}
B(10) B}

+ f b(x)G(w)dx
30(3;\3(*] »

)

<d, / L \Vul dxdy + (C2R2RR™*)
BA(L0)

e[ [[orora]) @’

+2bmax G - nR
[0.1]

a
<d, Y \Vul dxdy + Cp2R* + Cy'R™ + 2bmax G - yR.
B4(L0) 2 [0.1]
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Here the constant C does not depend on R, we use the gradient estimates (see [2]) in the
second line from the bottom.
On the other hand,

a
S(M,B}Q(Z,O)) zds/ },—|Vu|2dxdy+2é[(r)riin]G-R.

B}(10)

bminjg;_¢) G

Zomaxigy G E(u,B}(1,0)) > £(w, Bx(/,0)) for large R. This contradiction leads
0,1
to the result that there exists at least a sequence x,, — oo such that u(x,,0) — 1.

Choose n =
Step 3. We show that u is the layer solution, i.e., lim,_, 1o u(x, 0) = £1.

Let u"(x,y) = u(x + n,y) and n € Z*. By the regularity results [2], up to a subsequence,

u" - u>® in Cp (R2),

u - ul in Cl(())c( %),

ou” ou> | —
¥ 3y —>}’“8—y n C&C(R%)
as n — oQ.
—div(y*Vu>*) =0 in R?,
—limy o+ y* %= = Lh(x)f (4™ (x,0)) on IRZ, (3.11)
0<u>®<1 in R2.

Define 77 = 1 — u®, we have

—div(y* Vi) = 0 in R?,
—limy o+ )ﬂ% = — - b@)f (4®(x,0)) <0 onIR2, (3.12)
0<u<l1 in R2.

1 = C by Proposition 3.1, f(#*(x,0)) = f(C) = 0 and 4*™° = 0 or 1. Thus u® =1 by step 2.
Thatis, u — 1 as x — 00. u — —1 as x — —oo is achieved by odd symmetry.

u is the desired layer solution. O
Proof of Theorem 1.1 1t follows from Theorem 3.1; for the regularity of v see [2]. g

Lastly we give asymptotic estimates for layer solutions of (1.1) as |x| — oc.

Proof of Theorem 1.2 Let v be a layer solution of (1.1),

(=0x)'v(x) = b(x)f (v(x)) inR,

] (3.13)
lim,_, 400 v =1,

Then
(0:)’A=v) = b(x)f'(5)1-v)=0 inR, (3.14)

where & is some point between v(x) and 1.
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Consider the layer solution v of the unperturbed problem in Lemma 2.4,
(=0 (1-vE) = () €)(1-¥)) =0 inR (3.15)

with &, is some point between v4(x) and 1.

Since —(f£)'(1) = %, choose ¢ large enough such that % < =bf’(1) and choose x € R such
that —(ff)'(&2) < % < —bf'(&) for all x > xy.

Choose C > 0 such that C(1 — V) >1 - v in (—00, %], which can be done since vi, v — -1
asx — —00.

Define

2 .

" ,+00),
d(x) = ithSt(vg)—h(x)f(v) ?n Exo rod)

Cab-a 1 —00, %],

d(x) € L*™. We have

(3.16)

(-0 {CA-v) - A=V} +dX){CA-v))-(1-v)} =0 inR,
CA-v)-1-v)>0 in (—00,x0].

Obviously, if infr {C(1 — v!) — (1 - v)} < 0, it is achieved at some point x € (xp, +00). Since
d > 01in (xg, +00), (=0,)* {C(1 - v£) — 1 = v)}(x) > O from the first inequality of (3.16), which
contradicts with the fact that

(=)' {C(1-vi) -1 -} (@)
=/ {CA-v) - 1=} -{CA-v) - 1-)}() dy<0.
R

|x_y|1+25

Therefore (1 - v) < C(1 - %) for C > 0 given from above.
On the other hand, choose small £ > 0 such that —bf’(1) < % and choose x° € R such that
~bf'(£1) < 2= < (1) (&) for all x > x°. Choose ¢ > 0 such that ¢(1 - v¥) <1 -v in (~00,x°].
Define

1

o {27 in (x°, +00),
X) =\ be)f)-cfL0) . 0
(eanh i (-00,a7]

and obviously 2(x) e L.
Then,

(1-)~cl-)>0 in (o040, (3.17)

{(—amr{(l—v)—cu—vz)}+3<x>{<1—v)—c(1—v§)}zo inR,
If infp{(1 — v) — c(1 - v})} < 0, it is only achieved at some point x € (x°, +00). Since d>
0 in (x°,+00), (=0.)*{(1 = v) — c(1 — v!)}(x) > O from the first inequality of (3.17), which
contradicts the fact that (=9.,)*{(1 — v) — ¢(1 = v£)}(x) < 0. Thus ¢(1 - v£) < (1 — v) for some

0 < ¢ < C given from above.

Page 14 of 20
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Therefore,
ex B <|l-v|<Cx* forx>1
by Lemma 2.4. Similarly,
cx B <|1+v|<Clxl™® forx<-1.
Here ¢ and C maybe different from above. O

4 Asymptoticass 1 1
In this section we prove Theorem 1.3, which consists of two lemmas.

Lemma 4.1 Let {v’k} be a sequence of layer solutions of (1.1) in Theorem 1.1. Then there
exists a subsequence denoted again by {v’*}, converging locally uniformly to v* which solves
the local elliptic equation

Ve () = b)f (V') inR. (4.1)

Proof Consider u,,, the s-extension of v**, which solves

—div(y*Vu, )=0 in R?, (4.2)
—(1 + ag) limy o+ y** dyttz, = Co b(X)f (144 (x,0)) on IRZ, '
where a =1-2s; and C,, = % = 1 2l=si) . Obviously a; | -1 as s; 1 1.
Let £ € C}(R2). Multiplying (4.2) w1th £ and integrating in R?,
1+ ax) /2 Y*Vu, VEdxdy — C,, / b(x)f(uak(x, 0))& dx =0. (4.3)
R2 R

Choose &(x,7) = &(x)&2(y), & € CH(R) and &, is a cut-off function which equals 1 in [0, 1]
and 0 in [2,00), |§;| < C for some constant C > 0. Thus (4.3) can be rewritten as

(1 +a) / B E0)Duttay + E1(DEL )0y, } dxly
o [ B (i 1 0) 15 (8.4)

By the regularity results in [2], the continuous module does not depend on s for s > s¢ > %

Up to a subsequence,
Uy — uy in Cp(R2),
(ttay)s — (ua1)s  in Cp (R2)

and

2(1 - Sk) 2(1 - sp)
ds

Cak 225k 1 F(Sk)

k T(I-s)

Page 15 of 20
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as s 1 1 (or equivalently a; | —1). Then
Cay /R b(x)f (tay (x,0)) &1 dx — /R bx)f (u-1(x,0))&1dx  as ax | 1. (4.5)
For the first integral in (4.4), we consider
Wra) [y et dy
= (1+ay) /0 ay% ) {dtta, — 1, ()} dy

I o0
(L) /O Ve, () dy + (L+ az) /s Y4 E2(0)stha, dly

—L+h+1I, (4.6)

)
L] < L+ ) / Y52 (9) |t — 1y ()] dy < €57 (4.7)
0

for 0 <8 <1and small € > 0. Here we use the fact that 0,u,, — u,(x) locally uniformly in
R2. We have

s
L=u (x)(1+ ak)/ yhdy=8"%y | —u | asar| -l (4.8)
0

Since |V, | < % for y > 0 and C independent of a; (see [2]),

L] < C(L+ ) /6 Tyl gyt ;k“k 5% 0 asag | -1. (4.9)
By (4.6)-(4.9),
ra) [ e, dy o,
and
(1+a) /R : YKE] ()82 (7) Dyt dxcdy — /R £ (o), dx, (4.10)
‘(1 + ax) /R% Y &E1(x)83(9) 0y ey dxdy’
< /R!sl(x)! dx(1+ w)/lzaf‘k\sz’(y)lwyuau dy
<CA+m) /1 : y*dy = CIZ—:"(zﬂk -1)—0 (4.11)
as ay | 1.

Therefore, by (4.4), (4.5), (4.10), and (4.11),

/u’_l(x)él/(x)dx:/b(x)f(u_l(x))g-‘l(x)dx. (4.12)
R R

Page 16 of 20
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That is,
—v}cx = b(x)f(vl) (4.13)

in the weak sense (u_; = 1!). By the regularity theory of elliptic equations, v! is also a clas-
sical solution of (4.13). O

Lemma 4.2 V! is also a layer solution of (4.1), i.e., V' — +1 as x + co.
Proof Claim 1. ! is a local minimizer in (0, 0o) under perturbations in [-1,1]. That is,
f(vl,l) < .7-"(1/1 +&,1) (4.14)

for any bounded open interval I C (0,00) and for any & € C}(I) such that [v! + & <1,

where

2
Fw,I) = /{ |W;| + b(x)G(w)} dx for every w e H'(I).
1

Indeed, for the test function & in Lemma 4.1 with the additional property that |u,, +&| <

1, we have

0 < E(ugy + (1 —€)&,1 x [0,R]) — E(ug,, I x [0,R])

1
= +2ﬂk Y|V (g, + (1 - €)§) |2 dxdy + Cyy /b(x)G(uak +(1-€)&)dx
Ix[0,R] I
1
5 / Y Vit |* dxdly - Co, f b(3) Glutg) d
2 JixioR .
B 1+ ag

- P Betta + (1= OE(0)E ()| dxdy

2 Jixor

l+a
k / y”k|8xuuk|2dxdy
Ix[0,R]

2

+(1+ax) / Y40y uq, (1 — €)&1(x)6,(y) dx dy
Ix[0,R]

1+ay
+
2

/ (- e)Sl(x)Ez’(y))z dx dy
IX[0.R]
+Cyy /Ib(x)G(uuk +(1-€)& () dx — Cpy /Ib(x)G(uuk)dx. (4.15)

As in the discussions in Lemma 4.1, let a; | —1, and we have

1+ay

W) (4.16)

y”k(axl,tak)2 dxdy — / 5
I

2 JixoR]

(1 +ax) / Y 0xtt, (1 - €)E[(2)E2(y) dx dy — / u_ (x)(1 - €)&{(x) dx, (4.17)
Ix[0,R] I
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1+ag

aj _ , )
2 /leo,R]y (A~ e W)E0))" dxdy

1 1 <
3 -t dx{/o Wragytdys [ ay (e0) dy}
1
~ 5 J(a-asw)’as -

By (4.16)-(4.18),

1
S tt + 1- OEW0) dxdy
Ix[0,R]

1+ ax

y“"((’)xuﬂk)2 dx dy
2 JixioRr

1 1
-3 /I(uil(x) +(1- 6)5{(96))2 dx - 3 /I(uﬁl(x))2 dx, (4.19)

1+ ax) ]y"k Oy, E1(x)E5 () dx dy

Ix[O,R

= (1+ax) Y0y uq, £1(%)E, (y) dx dy

Ix[1,2]

2
<CA+a) f y*dy
1

B CA +ay)

ﬂ {2% -1} >0 asac | -1, (4.20)
k
1+ ax) R Y ~ (T+a) 2 RS
[ [y @i asay= S5 [ [y ) dsdy
2
< C(1+ak)/ Y dy
1
=C(2*" -1) >0 asar |-l (4.21)

Car /1 b(®)G(1tg, + (1 - €)&1(x)) dx — Coy /1 b(x)G ) dx
— /b(x)G(u,l +(1-e)&(x)) dx - /b(x)G(u,l)dx. (4.22)
I 1

By (4.15), (4.19)-(4.22), our claim is proved.
Claim 2. v! = 1 as x — oo.

Define v""(x) = v!(x + n) for n € Z*, up to a subsequence, v — v* in C_as n — 00,

4.23
0<v>® <1, (4.23)

:—V}Cf"(x) =bx)f (" (), x€R,
Sincef >0and b>0,-v)>®>0inRand v** =0 or 1.
We show that v! — 0 or 1 as x — oo. Indeed, if there are two sequences {x,} and {y,}
such that v'(x,) — 0 and v}(y,) — 1 as n — oo, there must exist z, € (x,,7,) such that
Vi(z,) = 3.
Denote7},(x) = v!(x +[z,]) where [z,] is the integer part of z,,. V. (2, — [24]) = V!(z4) = 5 and
up to a subsequence v}, — V.  in C2 , V., solves equation (4.23). Therefore V., = 0 or 1.
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For the above subsequence, there is a subsubsequence such that z, — [z,] — z* € [0,1] as
n— oo and V. (z*) = % This contradiction verifies v! — 0 or 1 as x — 0o0.
To check ! — 1 as x — oo, suppose that ¥! — 0 as x — oo by contradiction. Then,

I+R 112
liminf F(v', (I - R,1 + R)) = liminf f { % +b(x)G(V') } dx > 2bRe
I

I—+00 I—+00 Ji_p

for some € > 0.
Let§ € Co(I-RI+R),E=1if |[x—I| <(l-n)Rand & = 0 if |x — [| > R where n will be
determined later, |&'| < nLR Define w=1-& + (1 — £)v}, then w(l & R) = v!( & R). We have

limsup F(w, (I - R,[ + R))

l—+00

I+R 1 9
= limsup ==&, +(1-v)&| +bx)G(1-§+(1-§&)v x
timsap [ (S10-60t+ (=)l b6 + -0 ) a

l—+00 —R

I+R _
< £2dx + bmax G - 2R
I-R [-11]

1 —
< —+bmaxG-2nR.
%R [-11]

b

Choose n = Tmax 11 G’

limsup F(w, (I - R,[ + R)) < liminf F (v}, (I - R,/ + R))

I—>+00 [—+00

for R > 1large enough. Therefore v! — 1asx — oo, by odd symmetry, v! — —1asx — —oo,
i.e., V! is a layer solution of the local elliptic equation (4.13).
By the Hamiltonian equality (2.15),

b@{G(V () - G)) + f Y O{GOND) - GO)) de

k

= %(V}C)z = lim (1 + ak)/o y;(axuﬂk)2

arl-1

o0
. P
- lim (1 Y (3,1,
Jim 1+ a0 /0 Oy

+ alki?_ll Cu b(){G(ug, (x,0)) = G(1)}

+ lim / B(0){G (11, (1,0)) - G1)) .

X

Therefore,

lim(1 + a) /000 jlz—a(f)yua)2 - /+Oo b/(t){G(vl(t)) - G(l)} dt

al-1

-~ lim Gy [ 00{G1y6,0) - G} .

X

Proof of Theorem 1.3 1t follows from Lemmas 4.1 and 4.2. d
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