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1 Introduction
The finite element method is essentially a discretization method for the approximate so-
lution of partial differential equations. It has the natural advantage of keeping the physical
properties of the primitive problems. There are many papers that have already been pub-
lished to study the finite element method for a fourth-order nonlinear parabolic equation
(see [1-6]).

In this paper, we consider the finite element analysis for the following problem:

(?)_’Z t Y Uxxxx — (|Mx|2’4x - Mx)x = Or (x: t) € (0’77:) X (O’ T),
Mx(x; t) = uxxx(x; t) =0, x=0,m, (1)

u(x,0) = up(x), in (0,7),

where y is a positive constant.

Problem (1) arises in epitaxial growth of nanoscale thin films [7, 8], where u(x,t) de-
notes the height from the surface of the film in epitaxial growth. The term u,y,, de-
notes the capillarity-driven surface diffusion, u,, denotes diffusion due to evaporation-
condensation and |u,|u, corresponds to the upward hopping of atoms. During the past
years, many authors have paid much attention to problem (1), for example [7, 9-12].

Here, we give the existence and uniqueness of a global solution for problem (1) (see[7]).

Theorem 1.1 Suppose that HZ(0,7) = {u € H*(0,7) : uy(0) = u,(wr) = 0}, and uy €
H,%(O,JT) N W40, 7), then there exists a unique global solution u(x,t) for problem (1),
such that

u(x,t) € C°([0, T);L*(0, 7)) NL®([0, T1; HF(0, 7)) N L>®([0, TT; W*(0,)).

The outline of this paper is as follows. In the next section, we establish a semi-discrete
approximation and derive its error bound. In Section 3, the full-discrete approximation
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for problem (1) is studied. In the last section, some numerical experiments which confirm
our results are presented.
Throughout this paper, we denote the L2, L?, L°, H* norms in (0,1) simply by || - |, || - |,

| - loos and || - ||x. Define the inner product of L? space as (-, -), we have the space

T 5
LP(O,T;X)z{u(t):||u||w(x)=<f0 Hu(t)”idt) <oo}, l1<p<oo.

On the other hand, the letters C, C’ denote generic constants independent of the finite

element division size and not necessarily the same at different occurrences.

2 Semi-discrete approximation

Let I, : 0 =xg <x1 < --- <xx = 7 be a finite element division for the interval I = [0, 7],
h; = x; —x;_1, h = max h;. Let S;lk) be the piecewise polynomial spline space with the degree
k>3, and

SN c HAD) = {u € HA(D) : 1,(0) = uy(r) = 0}.
The weak formulation of problem (1) reads

(us,v) + y(D*u, D*v) + (|Du|*Du — Du,Dv) =0, Vv e Hz(I), @

u(x,0) = uo(x),

where u; = %—’t‘,

mation to problem (1). Find u(¢) : (0, T] — S;k) such that

Du = 3 Based on (2), we define the semi-discrete finite element approxi-

(e vi) + v (D*up, D*vy) + (|Duy|*Duy, — Duy, Dvy) =0, Vv, € S,(qk),

3
(u,(0) — u(0),vy) =0, Vv, € S;k). ®

It is clear that the conservation of mass for (3) holds as it does for the classical solution.
Setting v, =1¢€ S,(qk) in (3), we get

/uh(t,x)dxz/ up(0,x)dx, 0<t<T.
0 0

Theorem 2.1 Let u;,(0) € Hz(I), then there exists a unique approximation solution uy(t) €
Szk) for problem (3), such that

lun(®)], <C, 0<t<T, (4)
where C is a positive constant depending only on y and ||u,(0)|2, independent of h.

Proof The equation of problem (3) is an ordinary differential equation and according to
ODE theory, there exists a unique local solution to problem (3) in the interval [0,¢,). If
we have (4), then according to the extension theorem, we can also obtain the existence of

unique global solution. So, we only need to prove (4).
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Setting vj, = uy, in (3), we derive

1d
ST ||uh(t) ||2 +y ||D2uh ||2 + (IDuh|2Duh,Duh)
y 1
= 1Duy|* = ~(u, D) < 2 | D%y | + 3 el
Therefore

d
@] + v [Dun]” < =l

1
14

Letting 8 = %, we have

d
& e ato]) <o

Integrating (6) with respect to the time ¢, we get

2 1

lun @] < ]| 0) |, 0<t<Tp=.

Setting vy, = uy, in (3), we deduce that
lne* + v (D*up, D*upz) + (| Dn|* Duy, — Dy, Duayyz) = 0.
Let
Yinz, (2.1 s 1 2
Ei(®) = 2|0 [* + 21D s - S 1Dw 1.

Differentiating Fj,(t) with respect to ¢, using (8), we get

d
—FE,(t) = 7// D*upD*uy; dx + / |Duy,|*DuyDuy, ; dx —/ DuyDuy,; dx
dt Q Q Q

= —[lupe 1> < 0.

Therefore Fj,(t) < F,(0), that is

14 1 1
5 HD2uh ||2 + Z”Duhné; + E ”D”h(O) ”2

IA

1 1
|07 @) + 7 | Dun©) 14 + 5 10w

1 y 1
[P + Z [P @ + 1D+ o taenl?

IA IA
IR CTECY I

1 y 1
|2 @)+ 2 |1Dun©) 14 + 5 [D%i]” + vl LAO >
Hence

| <c.

(5)

(6)

(8)

)

(10)
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We also have
2 2 1 2 1y, 2
1Dul1* = = (s D) < = Nl + = D2 (11)
By (7), (10), and (11), we complete the proof of Theorem 2.1. O

Remark 2.1 By the above argument, we can obtain a better result. Let C] = min{%, i},
C) = max{Z%, 1 %eﬁT}. It then follows from (9) that

2
Ci([D%w])” + 1Dl fs) < Co(|D°un(O)|* + [ Dun(O) [ 14 + [un(O) ).
Furthermore, we have
lun®1; + [Dun@) |3 = G (O[5 + [ Dun(0)] ),
where C; is a positive constant dependent only on y, independent of u;,(0) and .
In order to consider the error estimate, we first introduce a finite element approximation

projection for a steady-state problem. Let u, v € H(I), define a(u, v) = y (D*u, D*v) + (u,v),
define the biharmonic projection Ry, : u — Ryu € Szk) such that

a(u — Ryu,vy) = y(Dz(u - Rhu),Dzvh) + (- Ryu,vy) =0, Vv, € S;k). 12)
It then follows (12) that

lulls < coa(u,u), Vu e Hz(l), (13)
where ¢ is a positive constant depends only on y and u. Hence, a(u, v) is a symmetrical
positive determined bilinear form, and there exists a unique solution u, € Szk) for problem
(12).

Based on the standard finite element method for a biharmonic equation (see [13]), we
have

lle = Ryuel| + hllse = Ryully + 1w = Ryually < CH M |ullpr, 2 <r <k (14)
Now, we consider the error estimate for the semi-discrete finite element solution. Let
u be the solution of (2), and u;, be the solution of (3). Denote n(¢t) = u — Ryu and 6(¢t) =
Ryu — uy, then
u—uy=u—Ryu+ Ryu —uy, =n(t) +6(¢). (15)

Combining (2) and (4) gives

(e — e vi) + v (D*u — D*uy,, D*vy) + (IDul*Du — | Duy|*Duy, Dvy,)

— (Du — Duy,, Dvy) = 0,
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that is

(¢ + 0 vi) + v (D*n + D*0,D*vy) + (|Dul*Du — | Duy|* Duy, Dvy,)

—(Dn +DO,Dvy) = 0. (16)
It then follows from (12) and (16) that

(65, vi) + v (D6, D*vy)

= (1 = 1 v) — (IDul*Du — |Duy|* Duy, Dvy) + (DO, Dvy). 17)

Lemma 2.1 Let u be the solution of (2), uy, be the solution of (3), u € L>(0, T; H*(I)). Then
there exists a constant C = C(u, uy(0),y) such that

~(IDul*Du - |Duy|*Duy, DO) < C(1011* + lInll*) + %”1)29 I”.

Proof First of all, we give some estimates which will be used in this proof. It follows from
Theorem 2.1, (12), and (13) that

lu—unly < llulh + C < C, (18)
and

lnll2 = llu = Ruull2 < llull2 + Cllull, < C. 19)
We notice that

|Du|?Du — |Duy|*Duy, = [(Du)2 + DuDuy, + (Duh)z](Du — Duy,).
By Sobolev’s embedding theorem, we have H?(I) < W'*(I). Hence

|Dule < C, |Duploc < C, 1DBl < C'116]]2.
Thus, using the method of integration by parts, we get

~(IDul*Du — |Duy,|* Duy, DO)
= —([(Dw)* + DuDuy, + (Duy)* |(Du — Duy,), DO)
= ([(Dw)* + DuDuy, + (Duy)*] (6 + 1), D*6)
+ (0 + 0, DO[2DuD*u + DuD*uy, + D*uDuy, + 2DupD*uy )
<10 +nll|D*6] + Dbl
x 16 + nll(21Dul o | D*u|| + | D] oo | D*un | + |Dut|o | D*ue| + 21 Dotl o | D*uin | )
<10 +nll|D*6] + C'IO1216 + nl

< (1012 + Inl1?) + & D*|*.

Then the proof of Lemma 2.1 is completed. O
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Remark 2.2 We use the integration by parts for the term —(|Du|>*Du — |Duy,|?Duy, DO) in

the proof of Lemma 2.1. Then a better convergency is obtained.

Theorem 2.2 Let u be the solution of (2), uy, be the solution of (3), u(0) € H**'(I), u; €
L2(0, T; H*(I)), and the initial value satisfies

|u0) - )] = CH )], 20)

Then we have the following error estimate:

1

T 2
||u<t>—uh<t>||sc’h“l(llu(mllil+ / Hw)niﬂdr), 0<t=T,

where the constant C' = C'(u, u;,(0), ).

Proof By (14)-(15) and Lemma 2.1, we only need to estimate 0(t). Setting v, = 6 in (17),

using Cauchy’s inequality, we immediately conclude that

2% 02 2012
2dtnan +v | D70
= (Il + 1) 101 = (| D14l D = | Duay | Duay, DO) + ||D2@ el
1
< S (ml+ el + €161 + ) + 2| D%+ |9||2 el

1
(C+—) lnll + lim11)? + §||D29HZ+ (C+ ;)nen?

It then follows from the above inequality that

2
—II9||2 +y[D?0]* < @C+ (Il + Inell)” + <2C+ ;) 1611%.

By Gronwall’s inequality, we deduce that

o1 = ¢ (Jo@ [+ [ (nol + a0 ).

Combing (20) and (14) (noticing that (R,u); = Rju,), and using the triangle inequality, we
complete the proof of Theorem 2.2. d

Remark 2.3 In Theorem 2.2, we give the L2-norm error estimate for the semi-discrete
approximation. In fact, we want to obtain some better result for the error estimates. Our

best guess on the H2-norm error estimate is

T 3
||u<r>—uh<t>||25<r’hk1(||u<0>!|i+1+ / Hm(r)Hinr), 0<t=<T,
0

where the constant C’ = C'(u, u;,(0), y). We will prove it in the next step.
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3 Full-discrete approximation

For any given positive integer M, let At = T/M denote the size of the time discretization.
Denote U" = U(x,t,) for t, = nAt, n=0,1,...,M. Introduce the forward Euler difference
formula,

n n-1 tn

=ty | - tua()de =8+, (21)

tp1

where u” = u(t,).
Now, we define the full-discrete finite element form to approximate problem (2): Find
u"e S;lk) (n=1,2,...,M) such that

(8:U",v) + y(D*U", D*vy,) — (DU", Dvy,) + (DU")>DU", Dvy) = 0,
Vo, €SP, (22)
(U - u(0),v) =0, Vv, eS8,

For the above form, if /! is known and At sufficiently small, by solving a positive definite
system of linear equations which is equal to (22), we can obtain U". Let

W -U'=u"-Ryu" + Ry —U" =n"+0", 0" ¢ SZ().
Using (2) and (12), R,u" satisfies

(8.Ryu”,vi) + v (D* Ry, D*vy,)

= (n"—¢" = 8m",vi) + (DRyu", Dvy,) — (|Du"|2Du”,Dvh). (23)
Adding (22) and (23), Vv, € Szk), we have

(8:0”,vi) + v (D*0", D*vy,)
2 2 (24)
= (n" —&" = 8", vi) + (DO",Dvy)) - (|Du"|"Du" - | DU |"DU", Dvy).

Theorem 3.1 Let u be the solution of (2), U" be the solution of (22), u(0) € H**\(I), u, €
L2(0, T; H*N(D)), uy € L0, T;L2(D), At/h* < ¢, and U° € S\ satisfies

o) - ®]; = CH ()]

2’

where i = 0,1. Then if h is sufficiently small, there exists a constant C = C(u,y) which is
independent of h, At, and n, such that

|u" - u"| <c(Aat+H), n=01,...M-1 (25)

Proof First of all, we give a posterior hypothesis: There exists a /1p; when 0 < & < hy, we
have

|puw" -DU™|  <C, m=12,..,n-1 (26)

We will prove the correctness of (26) in the end of this proof.
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Setting v, = 6" in (24), we derive
(8:67,6") +y|D*"|?
< |ln" =" =8| o] + | D" ||* - [|Dw " D" - | DU " DU || D6 |
< Sl e —sar [+ 07| + 2 e
+ D Ppu ~ o P our
2

1 n n n 1 n y n
e Y Y o | A e Ll

« 1pw PDu ~ o Pour
Hence
R
< o P o 2ael - P+ (5 2o

+ 211w Dw | ou ||2}. 27)
Using (14) and (21), we get

[ = CH e [

le"] < / " Jua()] de < (a0)h ( / ' ||uﬂ<r>uzdr)2,

ty-1 ty-1

; 1 tn . tn
|8en™] = ‘E/tnl n(r)dr| <C thk 1/;” l””t(t)”ku ar
1 k+1 tn 2 :
C——hn d .
<c i ([ ol )

In addition, we have
1w Pu - |pur Pour|

= | |Dw"|* Du* — |Du |’ Du + | Du [ D" — DU [ Dur”
+ [pu P - |DU DU |

< || [pu"*Du - |Dw* *Du|| + || Du | Du ~ | DU Dus” |
+ ||y’ pu — | DU DU |

< |pu"|_|Du" + Du"|_ | Du" — Du" |
+ |Du 2 |Dut + DU | Dut - DU

+ |pu 2 | pu - DU™|. (28)
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By Theorem 1.1 and Sobolev’s embedding theorem, we have

| =cluw],=c
(29)
Dw+ D] = c(pw| + D] ) = (e [t <,

and

|pu™| < |Du"'-Du"t|  +|Du"t| < C+|Du"!

> (30)
|Du"" + DU < |Dut DU +2|Du"| < C+ DU

We have used the posterior hypothesis in (30). Adding (28)-(30) gives

||Dw"|* Du - | DU DU |

<C(|pu" - Du"| + |Du*" — DU | + | Du” -~ DU )

IA

C(”Du” - Dy"! ” + ||D8”_1 + Dyt || + ”DG" +Dn" ||)

IA

tn
o [ ool e + a2+ [po] + [prr] + |26
tp-1
1

@b ([ oo e ) o ()] ¢ )

=<

@)

o+ oo |
Taking the above estimates into (27), we derive

e e e ol

< Car(|[Do”|* + [ Do | + i ute);,,)

+ C[I* + (At)?] (/ ' (H”t(f)Hiu + eI dt).

tp-1

Taking the sum of #, noticing that |[D8°|| < Ch¥||u(0)|1, nAt = t, < T, we obtain

n
6"+ v > 0% |
i=1

n
< CAt|:||D(9° | + ZHDel‘H
i=1
tn
+ C[(Af)? + B*] (/ (a7, + Mot dr)
0
1 - i i
- cm[nwwf LYo+ | M

i=1

+ Cl(AD? + 1] (/0 (), + ) dr).

Page9of 13
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Let At be sufficiently small, which satisfies % At <1land CAt< %, and we deduce

n-1
lo7)* < caey"|6°) + cl(ae? + ],

i=1

Using the discrete Gronwall inequality, (12), and the triangle inequality, we obtain (25).
Now, in order to complete the proof of Theorem 3.1, we only need to prove the pos-
terior hypothesis (26). Use the inductive method. When m = 0, based on the initial ap-
proximation assumption and the finite element inverse inequality, letting & < &y and /g
be sufficiently small, we obtain (26). If we assume that (26) is correct for m = [ — 1, based
on the above proof, we can easily see that the estimate (25) is correct for n = /, where C

is a constant independent of #, At, and / (noticing that ¢, < T). Using the finite element
inverse inequality, the interpolation approximation properties, and (25), we have

[P - DUl = Clut = U], = (' — i, + [ - '])
= (' = w ], + 1wy - U]
= Clllw' = il + 172 (g = 2 | + [ = )]

<C(H?+h2At) <C,

where u; € Sf) is the Hermite type interpolation approximation of the function u. Hence,
(26) is correct for m = [. Then, using the inductive method, the correctness of (26) is
proved, and the proof of Theorem 3.1 is completed. d

Remark 3.1 In Theorem 2.2, we give the L2%-norm error estimate for the full-discrete ap-
proximation. In fact, we want to obtain some better result on the error estimates. Our best
guess on the H2-norm error estimate is

| —ur|, <C(at+H?), n=0,1,...,.M-1
We will prove it in the next step.

4 Numerical approximation

In this section, using the full-discrete form (22), we approximate the solution of problem
(1). Letug =cosx, y =1, T =1, h = 55, At = ﬁ. We get the solution which evolves from
t=0tot =1 (cf Figurel).

In addition, we consider the change of error when the time ¢ = 0.5. Since there is no exact
solution to problem (1) to the best of our knowledge, we make a comparison between the
solution of (22) on coarse meshes and the fine mesh.

Choose At = 0.1000,0.0500,0.0250,0.0167,0.0125, respectively, to solve (22). Set
u]"\}i“(x, 0.5) as the solution for Aty;, = 0.01. Denote

1

1 ) )
err(0.5,At):( / [ui,(x,o.s)—uﬁ}‘“(x,o.5)]2dx) , k=1,2,3,4. (31)
0

Then the error is shown in Table 1.
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Figure 1 The approximation solution of the full-discrete form.

Table 1 The error for difference time step att = 0.5

At err(0.5,At)  <r05.AD —e"(‘z';'z“’
0.1000  0.0253 0.2530 2.5300
00500 00117 0.2340 46800
00250  0.0045 0.1800 7.2000
00167  0.0020 0.1198 7.1736
00125  7.5745¢™ 0.0606 4848

In Table 1, it is easy to see that the third column w is monotone decreasing along
err(0.5,At)
(an?

along with the time step’s waning. Then the order of convergence for time is of O(At) and

with the time step’s waning and the fourth column is not monotone decreasing
O((At)?). It is easy to see that the result of the numerical analysis on time is better than
the theoretical result. The reason may be the existence of a nonlinear term or the limit of
the theoretical proof tool.

Now, we consider the error for the difference 4 at £ = 0.5. We choose 4 = 0.1517,0.0785,
0.0628,0.0524, respectively, to solve (22). Set uR“,i“(x, 0.5) as the solution for /1 = 4”%, At =
ﬁ, and use the discrete L? norm to obtain the error err(0.5, #) for ¢t = 0.5. Then the error
is shown in Table 2.

In Table 2, it is easy to see that the fourth column

%f'h) is monotone decreasing along

with the space step’s waning. The fifth column

%}f’}’) is not monotone increasing along

with the space step’s waning, and it tends to a positive constant when the space subdivision
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Table 2 The error for difference hat t = 0.5

h err(0.5, h) err(ll);S,h) err('(')iS,h) err(’:)és,h)

0.1571 26459/ 1.6842¢°  10721e™ 68241
0.1047  3.6393¢78 347597  33199¢°  3.1709¢7
0.0785  1.8007¢°8 22939¢77  29222e  3.7225¢7
00628  49313¢7° 7.8524e78 125046  19911e™
00524 95773¢7'0  18277¢®  34880e7  6.6566e7°

Table 3 The error for the differences h and Atatt=0.5

h At err(0.5,h, Af)  HgShAD
03927  0.1000  0.0525 03270
02614 00500 00266 03286
0.1963  0.0250  0.0125 0.3839
01571 00167 00062 03018
0.1257 00125  0.0026 0.1795

is small enough. Hence, we can find a positive constant C, such that

err(0.5, /)
—w =C

which means the order of the error estimates is O(%)3.
On the other hand, we consider the error for difference /# and At at £ = 0.5. We choose

(h, At) = (5, %), (3G %), (& ﬁ), (55 %), (325 8%), respectively, to solve (22), set " (x, 0.5)
as the solution for & = 4’.%0, At = ﬁ, use the discrete L2 norm to obtain the error
err(0.5, i, At) for t = 0.5, which is shown in Table 3.

In Table 3, it is easy to see that the fourth column % tends to a positive constant.

Hence, we can find a positive constant C, such that

err(0.5, i, At) -
W+At

which means that the order of error estimates is of O(4® + At).
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