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Abstract

The overdetermination problem for elliptic differential equation with Dirichlet
boundary condition is considered. The third and fourth orders of accuracy stable
difference schemes for the solution of this inverse problem are presented. Stability,
almost coercive stability, and coercive inequalities for the solutions of difference
problems are established. As a result of the application of established abstract
theorems, we get well-posedness of high order difference schemes of the inverse
problem for a multidimensional elliptic equation. The theoretical statements are
supported by a numerical example.
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1 Introduction

Many problems in various branches of science lead to inverse problems for partial dif-

ferential equations [1-3]. Inverse problems for partial differential equations have been

investigated extensively by many researchers (see [3—18] and the references therein).
Consider the inverse problem of finding a function u and an element p for the elliptic

equation

—uy(t) +Au(t) =f(t) +p, 0<t<T,
u(0) = ¢, u(T) =1, u(M)=¢&, 0<A<T

1.1)

in an arbitrary Hilbert space H with a self-adjoint positive definite operator A. Here, X is
a known number, ¢, £, and y are given elements of H.

Existence and uniqueness theorems for problem (1.1) in a Banach space are presented
in [5]. The first and second accuracy stable difference schemes for this problem have been
constructed in [15]. High order of accuracy stable difference schemes for nonlocal bound-
ary value elliptic problems are presented in [19-21].

Our aim in this work is the construction of the third and fourth order stable accuracy
difference schemes for the inverse problem (1.1).

In the present paper, the third and fourth orders of accuracy difference schemes for the
approximate solution of problem (1.1) are presented. Stability, almost coercive stability,
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and coercive stability inequalities for the solution of these difference schemes are estab-
lished.

In the application, we consider the inverse problem for the multidimensional elliptic
equation with Dirichlet condition

—uy(t,x) = Y v (ar(X)thy, ), + ou = f(8,%) + p(x),
x=(x5...,%,) €R2,0<t<T,

uO0,x) =9,  wTx)=9ykF), u(x)=£x), xeQ

u(t,x)=0, xe€S0<t<T.

(1.2)

Here, Q =(0,L) x --- x (0,L) is the open cube in the #-dimensional Euclidean space with
boundary S, Q = QUS, a,(x) (x € Q), p(x), £(x), ¥ (x) (x € Q), f(t,x) (t € (0,1), x € Q) are
given smooth functions, a,(x) >a >0 (x € Q),and0<i<T,0 >0 are given numbers.

The first and second orders of accuracy stable difference schemes for equation (1.2) are
presented in [15]. We construct the third and fourth orders of accuracy stable difference
schemes for problem (1.2).

The remainder of this paper is organized as follows. In Section 2, we present the third
and fourth order difference schemes for problem (1.1) and obtain stability estimates for
them. In Section 3, we construct the third and fourth order difference schemes for prob-
lem (1.2) and establish their well-posedness. In Section 4, the numerical results are given.
Section 5 is our conclusion.

2 High order of accuracy difference schemes for (1.1) and stability inequalities
We use, respectively, the third and fourth order accuracy approximate formulas

- (5[ 3 C-LDE]))

ML) e

M)
SLDHCEDHE ) e
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for u(A). Here, [ = [%], [-] is a notation for the greatest integer function. Applying formulas
(2.1) and (2.2) to u(A) = &, we get, respectively,

T2 (g1 — Ui + 1) + Ay + %Azuk =60 +p,
O = f(tx) + %(f(tk+1)*2{(§k)+f(tk71) + Af(t0)),
th=kt,1<k<N-1,Nt=T,up=¢,un=1, (2.3)
GE=D+ 3¢ =DNu+1- 32 =Dy
+(=32 =D+ 32 =DMy =&,

the third order of accuracy difference problem and

T2 (U1 — 20k + Upe1) + Aug + %A%tk =0 +p,
2 —
O = f(te) + 5 (L QT ) o 4 (1)),
th=kt,1<k<N-1,Nt=T,up=¢,uny=1,
(5E-D-5E-DPu, (2.4)

HEH G =D+ 36 =0+ 5 = Duy
+(1- (% -0y

#(5G =D+ 3¢ =02 = L - D
+ (—%(% -+ %(% - )3)ul+2 =§,

the fourth order of accuracy difference problem for inverse problem (1.1).

For solving of problems (2.3) and (2.4), we use the algorithm [14], which includes three
stages. For finding a solution {u;}}}' of difference problems (2.3) and (2.4) we apply the
substitution

up=vi +Alp. (2.5)

In the first stage, applying approximation (2.5), we get a nonlocal boundary value differ-
ence problem for obtaining {vi}i,. In the second stage, we put k = 0 and find v,. Then,

using the formula
p=Ap—Avy, (2.6)

we define an element p. In the third stage, by using approximation (2.5), we can obtain
the solution {uk}ffz ‘11 of difference problems (2.3) and (2.4). In the framework of the above
mentioned algorithm for {v¢}% ,, we get the following auxiliary nonlocal boundary value
difference scheme:

—T72 (Vg1 — 2Vk + Vil1) + Avp + %szk =6,
O = (t) + T (L2 @I 4 4p (1),
ty=kt,1<k<N-1,Nt=T,
vo- (3 =D+ 3¢ -0 -A-3¢E =DMy (2.7)
(3G =D +3G -Dn=9¢-§,
w-GE-D+1E -0 v -1-3E =Dy
—(3E-D+IE D=y -&
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for the third order of accuracy difference problem (2.3) and

—T 2 (Vi1 — 2V + Vi 1)+Avk+—A2V/<=(9k,
O = f(tr) + T (Ll W) 4 pf (1)),
ty=kt,1<k<N-1,Nt=T,
Vo= (5 D= = Da— (5 -+ L7
LC D= (= =P (5 =D + 3 =1
—%(%—Z)S)Vm—(——(——lﬂ LD =9 -§,

w— (3¢ =D =G =D s - (-5 E =D+ 3¢ -0
+ (2 —1)3)1/1_1 —(1 (2 —l)z)w (—(— -+ 30
—C =D -5 E =D+ 5E =D =y -

for the fourth order of accuracy difference problem (2.4).

(2.8)

For a self-adjoint positive definite operator A, it follows that [22] D = %(‘L’C +
VA4C + t2C?) is a self-adjoint positive definite operator, where C = A + %Az, R=(+tD)7",
I is the identity operator. Moreover, the bounded operator D is defined on the whole

space H.
Now we give some lemmas that will be needed below.

Lemma 2.1 The following estimates hold [23]:

- M)t

Jexp(-kra?) -], <

. k=1, |(-R¥) <M(3),

" oo =

=M@, R

(rr)”
(k.[)mﬂ ’

kz||DR* <M@©®)Q+s81)*, k>1,8>0,

||H~>H

||D,3 (Rk+r _Rk) < M((S)

||H4>H— 1§k<k+r§N70§a,ﬁ§1~

Lemma 2.2 The following estimate holds [23]:

N-1
j=1

where
. 1
Y(z,8) = mm{ln — 1+ |1n ||B||H_,H| }
T
Lemma 2.3 Forl <[ <N -1, the operator
2
Sl — I_RZN _ l é _l + 1 & _l (lel +R2N7l+l _RN71+1 +RN+[71)
2\ 1 2\ 1
/2 \?
- (1 - 5(— - 1) )(Rl + RPN RNy RN

2
_ _1 & _l + 1 & _l (Rl+1 +R2N7[71 _RNflfl +RN+[+1)
2\7 2\1

has an inverse such that

G =S{1

Page 4 of 23
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and the estimate

IGillH—n < M(8)

(2.9)
is valid.
Proof We have
G, - G = G,GK;, (2.10)
where
G=I—R¥™N _ RN+ RN-I_RN-L | RN+ (2.11)

1/ 1/ 2\
I(l — _(5(2 _ l) + 5 (; _l) )(Rll +R2Nfl+l _RN71+1 +RN+171)

- (1 - %(% - 1)2) (R'+ RN - RN 4 RN - (-1@ —l) + 1(% —l>2)

2\1 2
% (Rl+1 +R2N—l—1 _RN—Z—I +RN+[+1),

Applying estimates of Lemma 2.1, we have

1/ 1/% \?

IKillgsn = H_<_ <_ —l) + _(_ _ l) )(Rl—l 4 R2N-I+1 _ pN-i+1 +RN+Z—1)
2\1 2\1

LiA ? | | p2N-I —1 | pN+l
—(1-=(=-1) J® + RN =R+ RN

2\1

A 1/x N, o " ”
( (;_1)_'_5(?_[) )(R11+R2N11_RN11+RN11)

H—H
< M (d)r. (2.12)

By using the triangle inequality, formula (2.10), estimates (2.9), (2.12), and Lemma 2.2 of
paper [15], we obtain

IGilli—m = IGla—H + |GillH—H Gl -1 < M(8) + ||G1l| - HM(8)M1(8)T

for any small positive parameter t. From that follows estimate (2.9). Lemma 2.3 is
proved.

O
Lemma 2.4 Forl <I[< N -1, the operator

So=l-RN ({22 X(2_ ’
2 12\t 12\t
X(RZ—Z+R2N—l+2_RN—l+2+RN+l—2)_ _i &_l +l &_l 2
12\t 2\ 1

1/A

3 2
+ = <— - l) )(R’-1 + RANTIL RN RNELY (ﬁ _ l)
6\t -

Page 5 of 23


http://www.boundaryvalueproblems.com/content/2014/1/5

Ashyralyyev Boundary Value Problems 2014, 2014:5 Page 6 of 23
http://www.boundaryvalueproblems.com/content/2014/1/5

8 (A 1/ 2 1/ 3
x (R4 RN RNy RN (= (= —1)+ (= -1) —=(= -1
12\t 2\ 1 6\

3
X (Rl+l +R2N—l—l _RN—I—I +RN+I+1) _ _i & _l + i & _l
12\t 12\t

x (R 4 RN-52 _ pN-12 | pN+ii2)
has an inverse
Gy =5
and the estimate
G2l —n < M(5) o1

is satisfied.

Proof We can get
Gy - G = GyGKy, (2.14)

where G is defined by formula (2.11) and

1 (2 1/ N
I<2 — _(E<; _ l) _ E (; _l) )(RZ—Z +R2N—l+2 _RN—1+2 +RN+[—2)
8 (1 1/x N 1/x N
(=2 (o) (2on) w2 (2o
12\t 2\t 6\t
2
x (Rl—l +R2N—l+1 _RN—HI +RN+[—1) + (% _l) (Rl +R2N—l _RN—l +RN+1)

(G- 4C--1C-)

x (R 4 RAN-I-1_ gN=I1 , pN+lst)
- <_$(% _ l) n é(% —l>3> (RI*2 4 RAN-1-2 _ RN~=1-2 | pN+1s2),
Applying estimates of Lemma 2.1, we have
1Kol s 1t < M2 (8)7. (2.15)

Using the triangle inequality, formula (2.14), estimates (2.13), (2.15), and Lemma 2.3 of
paper [15], we get

G2 llr—H = 1Gla—H + |1GallHoHIGllH—r < M(8) + || Gall H HM () M3 (8) T

for any small positive parameter t. From that follows estimate (2.13). Lemma 2.4 is
proved. d
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Let C;(H) and C**(H) be the spaces of all H-valued grid functions {Gk}],:’: ‘11 in the corre-

sponding norms,
N-1 _
6655 ¢, 0 =, max 196,

” {9,(}2[:-11 “ ceo () ” {Gk}]/:[:_ll H Cr(H)
(kt +nt)*(T — KT)*|Oksn = Okl
+  sup .

1<k<k+n<N-1 (nt)

Theorem 2.1 Assume that A is a self-adjoint positive definite operator, ¢, ,& € D(A) and
{0125 € C2*(H) (0 < o < 1). Then, the solution ({ux}Y,p) of difference problem (2.3)
obeys the following stability estimates:

1S e, gy < MOl + 19 + 18 U+ ORS¢, ) (2.16)
|4 D, < MOll@l + 19 11s + 18 1+ [1OR5 ¢, ) (2.17)
1
o1l sM(rS)[qunH 1AV I+ 148 1+ —— OS] . ] (2.18)
a(l-a) cP(H)

Proof We will obtain the representation formula for the solution of problem (2.7). Apply-
ing the formula [23], we get

v = (1 _RZN)*l |:((Rk —R2N”‘)Vo n (RN’k —RN+k)vN)

N-1
— (RN = RN*M)(1 + TD)(21 + TD)'DT Y (RN - RN+")9,-r]
i=1
N-1
+(I +1tD)(2I + tD) D™ Z(R'k"" - Rk”)Oﬂ. (2.19)
i=1

By using formula (2.19) and nonlocal boundary conditions
1/ 1/x \ 1/x \°
0= (551 <3 (1) Jrae (1-5(5-0) )
1/ 1/n 0\
(1) (Fr) Jraves
VN=Vo+ ¥ —g,

we get the system of equations

() 2 o
x |:((Rl1 — RNy 4 (RN RNHELY ) — (RN RN

x (I +tD)(2I + tD) D™ Z(RN_[ - RN+i)65t:| + ([ +tD)(2I + TD)™

i=1
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x D! %(R'H’” - R“”)@,»r, + (1 - %(% - 1)2> { (1-rN)™

i=1
x [((Rl _R2N—1)V0 + (RN—I _RN+1)VN) _ (RN—Z _RN+1)(I+ TD)

N-1
x (2I + tD)'D! Z(RN-f -RN ”)Gir:| + (I +tD)(2I + D) D™
i=1

NZRl Rw9,}+(g(g_,)+%(§_,>2>{(1_R2N)-1

_ (RNflfl _RN+1+1)(I + TD)(21+ TD)71D71 [((Rl+l _RZNflfl)Vo
N 1
+ (RN—I—I _RN+I+1 RN i RN+l T:|

N-1
+( +tD)(2I + tD)'D Z(R”*H' - Rl"l”)Git} +p-§,

i=1

VN =Vo+ Y — .

Solving system (2.20), we obtain

LA Lia 2 N-[+1 N +[-1
VO—(§<;—1>+§<;—Z> )GI(R - R )(1+TD)

N-1
x (20 + D)D) (RN - RNY)g,r + Gy (I - RPN)(I + D)
i=1
N-1 . ) 1/x 2
x (21 +tD)"'D™! ;(R‘H“' ~R)g;T + (1 -3 <; - l) >G1
N-1
x (RN RN (14 TD)(21 + TD) DT Y (RN - RNV 0
i=1
N-1
+ Gy (I - RN)(I + D)L + TD)' D™ Y (R - RF)o;r

i=1

2
() ) Yoy

N-1

x (20 + D) DY (RN - RNY) 0t + Gy (I - RPN)(I + D)
i=1
N-1

x (2I + tD)"'D™! Z(R‘M_” - Rl””)eir + Gy (1 —RZN)(<p -&)

i=1

+ Gl(<%<% - 1) ' %(% —l>2) (RN — RN+

(2.20)

Page 8 of 23
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1/x 1/A 2 N—I-1 N +1+1
(3 (E-1) 2 (-9 Jw-ren)or -0 220

VN =Vo+ Y — . (2.22)

Therefore, difference problem (2.7) has a unique solution {vk}ﬁ o Which is defined by for-
mulas (2.19), (2.21), and (2.22). Applying formulas (2.19), (2.21), (2.22), and the method of
the monograph [23], we get

S e, gy < MOl + 1911 + 1€ e + [0S . - (2.23)

The proofs of estimates (2.17), (2.18) are based on formula (2.5) and estimate (2.23). Us-
ing formula (2.5) and estimates (2.23), (2.17), we obtain inequality (2.16). Theorem 2.1 is
proved. d

Theorem 2.2 Suppose that A is a self-adjoint positive definite operator, ¢, vy, € D(A)
and {9;(}],:[:‘11 € C¥*(H) (0 < o < 1). Then, the solution ({uk}],:[:‘ll,p) of difference problem (2.4)
obeys the stability estimates (2.16), (2.17), and (2.18).

Proof By using the representation formula (2.19) for the solution of (2.8), formula (2.19),
and the nonlocal boundary conditions

L(k_\_1(* 13
vo=| —| — - - — - V)_
0 12\t 12\t 2
Y 1/x \* 1 §
+(_§(__1)+_(__z> +—(i-z) )m
12\t 2\1 6\
A \2 A 1/n N\ 1/x \°
(G (33
T 12\t 2\ 1 6\
Uik )\, 1(* 13 :
+l-——===1)+—==-- Viea + @ — &,
12\t 12\t B2t
V=V + ¥ —o,

we obtain the system of equations

av 1/x N .
V°'(ﬁ(?‘l)‘ﬁ(r’)){<” )
% |:((Rl—2 —R2N_l+2)V0 + (RN—I—Z _RN+Z—2)VN) _ (RN—Z+2 _RN+Z—2)(I + ‘L’D)
N-1

x (20 +TD)'D Y (RN - RY “‘)eir} +( +tD)2I + D)D"
i=1

z

-1

~ (R\I—Z—i\ _ Rl_2+i)9i‘f} — (RN‘Z_1 - RN+[+1)(I +tD)

1l
—

N-1
x (21 + tD)™'D™ Z(RN_i - RN”)GJ + (I +tD)(2I + tD)'D™
i=1
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= 8 (A 1/ N\ 1/x 0\’
|l+1-i| l+1+z |z -z _ |1 Z _
ng -R 9r+<12<t l)+2<r l>+6<r l>>
« {(I _RZN)—I[((Rl-l _RZN—I+1)V0 + (RN—I—I —RN+I_1)VN)
N-1
— (RN - RN*N) (1 4 TD)(21 + TD) ' D Z(RN-i - RN”)Q,«I}

i=1

N-1
+ ([ + D)2 +TD)'D Y (R - R g }
i=1

2
— (RN"' —RN*!)(1 + TD)(2I + D) D™

N-1 N-1
x Y (RN - RN+i)9iT:| +([+ D)2l + D)D) (R - R0, }

i=1 i=1

2 3
(GG
12 2\t 6\t
x [((RHI _RZN—I—I)VO + (RN—I—I _RN+I+1)VN) _ (RN—I—I _RN+I+1)(1 + TD)

N-1
x (20 +TD)'D Y (RN -RY “')el-r} + (I + D)2l + tD)'D
i=1

X [i:l(]elﬂtl —Rl’“l”)QJ} <_$<% - [) %(ﬁ _ l>3) =(1—R2N)1

4

x [((RHZ —R2N_l_2)V0 + (RN_I_2 _RN+1+2)VN) _ (RN—I—Z _RN+1+2)

N-1
x (I+tD)@2l + D)D" Y (RN - RV “’)9,-1}

i=1

N-1
+( +tD)(2I + TD)'D™ Z(R”*Z‘” - R”Z”)Qir} +@—&, (2.24)
i=1

VW =Vo+ V¥ —o.

Solving system (2.24), we have

1 (2 1 §
Vo = (E(; — l) E (- —l) )Gz(RN_HZ —RN+1_2)(I+ 'L'D)

N-1

x (21 + D)D) (RN - RN + Gy (1 - RN) (I + TD)
i=1
N-1

x (21 + D) D™y (R - R g

i=1
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8 (X 1/A 21/ 3
(= (=-1)+=(=-1) +=(=-1) )Ga(RNT - RN*T)
12\t 2\t 6\1
N-1

x (I+1D)(2I +TD)'D™ Y (RN = RNt + Gy (I - R*N)(I + TD)

i=1

i

1 2
, , A
x (21 + D)D) (R - R gr + (1 - (— - l) )G2
T
=1

N-1
x (RN = RN*) (I + eD)(2 + D) D™y (RN - RN*) o7
i=1
N-1
+Gy(I-R*N)(I + TD)(2I + D)D) (R - R)g
i=1

2 3
+(§(&_[) +l(£_l> _l(&_l) )Gz(RNll—RN+l+l)
12\t 2\ 1 6\t
N-1

x (I +tD)(2I + tD) D™ Z(RN = RNt + Go(I-R*N)(I + D)

i=1

-1 3
, , 1 (A 1/

x (2 + D)D) (R - R g7 4 (-— (— - 1) +— (- - 1) )
= 12\t 12\t

l
N-1
X Gy (RN - RN (1 + tD)(2I + D) ' D™ Y (RN - RNY)g
i=1
N-1
+Gy(I-R*N)(I + TD)(2 + D) 'D Y (R - RH2*)gr

i=1

3
+ GZ([_RZN)((p—s) + G2(<%(% _l> — %(% _l) >(RN—Z—Z _RN+I+2)

)G ) o
( _

R R I
<

1 /2 1/x \(oNot2 sl
_E(;_z) +E(;-z) )(R R ))(w—w), (2.25)
VN =Vo+ Y — . (2.26)

So, the difference problem (2.8) has a unique solution {Vk}ff: o» which is defined by for-
mulas (2.19), (2.25), and (2.26). By using formulas (2.19), (2.25), (2.26), and the method of
the monograph [23], we can get the stability estimate (2.23) for the solution of difference
problem (2.8). The proofs of estimates (2.17), (2.18) are based on (2.5) and (2.23). Applying
formula (2.5) and estimates (2.23), (2.17), we get estimate (2.16). Theorem 2.2 is proved. [J

Theorem 2.3 Assume that A is a self-adjoint positive definite operator, 9, V,& € D(A) and
{Gk}kN:‘l1 € C.(H). Then, the solutions ({uk}sz‘ll,p) of difference problems (2.3) and (2.4) obey
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the following almost coercive inequality:

‘L'2 N-1
{ (A + —Az)uk}
12 k=1

_ N-1
{77 Gurerr = 20 + ) 5 || w* + ol
' Cr(H)
1

< M(8)| min{In—,1+ |In By Ot

<9 minfin 2+ 181l 601,
2 2 2
T2 T2 T2

+|[{A+ =A% )o| +|[{A+—=A%)y| +|[|A+—=A")&| | (2.27)

12 - 12 - 12 "

Theorem 2.4 Assume that A is a self-adjoint positive definite operator, 9, V,& € D(A) and
{01! € C2*(H) (0 < a < 1). Then, the solutions ({ux}Y', p) of difference problems (2.3)
and (2.4) obey the following coercive inequality:

+ Pl

CY*(H)

2 N-1
[ 2 )+ H { (A . I—ZAz)uk}

k=1
A+T—2A2
a(—-a) )%
2, 2,
A+ —A A+ —A

The proofs of Theorems 2.3 and 2.4 are based on formulas (2.5), (2.19), (2.21), (2.22),
(2.25), (2.26), Lemmas 2.1 and 2.2.

1

N-1
1055 e, +

sM(S)[

H

+ +

H

]. (2.28)
H

3 High order of accuracy difference schemes for the problem (1.2) and their
well-posedness
Now, we consider problem (1.2). The differential expression [22, 23]

A'u(x) = - Z(ar(x)ux,)x, +ou

r=1

defines a self-adjoint strongly positive definite operator A* acting on L,(Q) with the do-

main
D( x) = {u(x) € Wz(ﬁ), ulx)=0,x € S}.

The discretization of problem (1.2) is carried out in two steps. In the first step, we define
the grid spaces
Q) = {x =X, = (..., hymy,);m = (my, ..., m,),
m,=0,...,N, N, =1,r=1,...,n},
QU=4NQ,  S=%NS.
To the differential operator A* generated by problem (1.2) we assign the difference opera-

tor A7 defined by the formula

n

A @)= =) (@), +oul(x) (31)

r=1
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acting in the space of grid functions u”(x), satisfying the condition u(x) = 0 for all
PSS Sh.

To formulate our results, let Ly, = Lz(flh) and szh = sz(ﬁh) be spaces of the grid func-
tions ¢"(x) = {¢ (lymy, ..., h,m,)} defined on QU equipped with the norms

12
1E1zy, = (Z ’{h(x)|2h1...hn) )

xeﬁh

n 1/2
¢z, = 1"y, + { 22 20", [ h)

ey, =1

n 1/2
' (Z Z| (é’h(x))x’zrvw Zhl . h”) '
x€§h r=1

Applying formula (2.5) to A¥, we arrive for v(¢,x) functions, at auxiliary nonlocal

boundary value problem for a system of ordinary differential equations

20 ~
-4 ‘;t({’x) +A’;,Vh(t,x) =fitx), 0<t<T,xeQy,

V1(0,%) = V10, %) = p(x) — E(x), x€Qy (3.2)
VI(T, %) = V' (0, %) = ¥(x) —E(x), «x€ Q.
We define function p”(x) by formula

Pl = A’hcfph(x) —A’,;Vh(O,x), x €S (3.3)

In the second step, auxiliary nonlocal problem (3.2) is replaced by the third order of

accuracy difference scheme

h h h 2
Vi () = 2v7(x) + v (x
_Yien@) "2( )+ Vi@ + ANV (x) + —Iz (Ai)sz(x) =08 (),
T

h h h
9/?(96) =fh(t/(,x) + g(f (tk+1;x) - 2f itzk’x) +f (tk—l’x) +A9;fh(tk,x)),

1/ 1/r )\ 1/r
Vi (x) - <§<;—l> + 5(;—1) )vf’_l(x)— (1—5(;—1) )vf’(x)

2
-(55(5-0) 3 (5-1) Y- -, 5<, (34)

1/ 1/n 1\
Vi (x) — (§<;—Z) +§<;—l> )vf’_l(x)— (1—§<;—l> )vf’(x)
2
(AC) 4G v wea

o

Page 13 of 23
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and by the fourth order of accuracy difference scheme

v ok h 2
Il | it o T (a7) i = 0 ),

61 (x) = (1) + = (f " (bis1,%) - thgm + f(tnr)

12 + Aifh(tk» x));

t=kt,1<k<N-lxeQ,
3
i) - (g (% —1) - %(% - l) )v?z(x)

2 3 2
(A ) o) s
8 (/A 1/ N\ 1/xn )\°
()2 -3

3
() - i e
3
- ()5 o
2 3 2
G A (-
8 (X 1/0 N\ 1/x )\°
()5 () -5 () e
3
(e ) pammvor-rin scn

Let 7 and |h| = /% + - - - + h2 be sufficiently small positive numbers.

Theorem 3.1 The solutions of difference schemes (3.4) and (3.5) obey the following stability
estimates:

N-1
1

Het ™ vy = MO0 1y, + 19"y, + 1"y, + IURE)

1 _
151, = MO 10"y, + 149 g + 148"y, + s U sy |

Ce (L2h) ],

Theorem 3.2 The solutions of difference schemes (3.4) and (3.5) obey the following almost

coercive stability estimate:

, Wk N4 9 N-1
ul = 2ul +u T
Tkl 7 7k T Pl +{{ A+ =A% +2"
2 1 lleea) 12 k=1 llc:(w3) o
t\L2h - T2
1 N & 2\ h
5M(8)[ln<t +h) I, Celta) * H <A * EA v w2,

+ +

2
Won

A+ﬁA2 Yl A+ﬁA2 gh
12 12

2 }‘
Won

Page 14 of 23
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Theorem 3.3 The solutions of difference schemes (3.4) and (3.5) obey the following coercive

stability estimate:

h ho ok yN-1
” { U — 2 + Uy }

2

+ [ 35 ||C$’°‘(W22h) + ”ph ||L2h

1 C* (Lap)

1
< M) s W W s+ 10 g+ 197, 1€, |

The proofs of Theorems 3.1-3.3 are based on the abstract Theorems 2.1-2.4, symmetry
properties of the operator A}, in Ly, and the following theorem on the coercivity inequality

for the solution of the elliptic difference problem in Ly.

Theorem 3.4 [24] For the solution of the elliptic difference problem

Al (x) = (%), x€Qy,

u'(x)=0, xeS,

the following coercivity inequality holds:

<M||a)

Ly — " ”Lzh’

n
h
Z ” (”k)z,a?,,j,
r=1
where M does not depend on h and .
4 Numerical results

In this section, by using the third and fourth order of the accuracy approximation, we

obtain an approximate solution of the inverse problem

—azgt(é’x) - % a”a(;”‘)) +ult,x)=f(t,x)+px), O<x<m,0<t<T,

f(t,x) = (exp(-2) + 2¢) sin(x),

u(0,x) =2sin(x), 0<wx<m,

u(T,x) = (exp(-T)+ T +1)sin(x), 0<x<m,

u(r,x) = (exp(-=A) + L +1)sin(x), O0<x<wm
(t,0)=u(t,m)=0, 0<t<T(T=2,1=2T)

(4.1)

u(t,

for the elliptic equation. Note that u(z,x) = (exp(—t) + ¢ + 1) sin(x) and p(x) = 2 sin(x) are
the exact solutions of equation (4.1).
For the approximate solution of the nonlocal boundary value problem (3.2), consider

the set of grid points

[0’ T]r X [0’ ﬂ]h

= {(tk,xn):tk:kr,kzl,...,N—l,xn :nh,nzl,...,M—l},

which depends on the small parameters t = < and 4 =

ZIN
<l
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Applying approximations (3.4) and (3.5), we get, respectively, the third order of the ac-
curacy difference scheme

_ k k
_V/r<1+1_2"/r<1+"/r<1 ! Vn+172‘/n+vk 1 k

72 - 2 = +V
2 -2k vﬁ 21/,, Vi
_ﬁ[_h%( %_,_le) h%( n+1 Va1 +V]y(1)
Z(M k )_ n+1 "ﬁ "kn VI;I]
= (exp(- tk)+2tk)sm(x,,)+ (exp( tr) + 4t;) sin(x,),
k=1,.... N-1,n=1,...,M -2,
=1k =0, v1_4vk —vg, = %v’[;[ évf‘w_?),
k=0,...,N, (4.2)
W-(GE =D+ 32 -DMt-0- 32 =DM,
1/ 1/ I+
(=32 =D+ 3(2 =DV = (1 —exp(-4) — A) sin(x,),
n=0,...,.M,
m -GG =D+ 3G =Dt == 5G =D,
- CAE =D 4G -0

= (exp(~tn) — exp(=A) + tn — A) sin(x;,),

and the fourth order of the accuracy difference scheme

_ k k., k
VRl gk k=1 V1= 2VatV,

_n TZ” n_ _ 3 n-1 +V];
2 K=ok kK 2wk
z 1 Vnr2 "Vt k 2 12V, +K 1
ﬁ[ h_Z( mh—mn+vn+l)+h_2( min_l_vk)
(V]< 2k ek, £k ) — Ve -2vkek ) +14]
2 h2 n-1 W2 n

= (exp(—£x) + 2£) sin(x,,) + %(exp(—tk) + 4t;) sin(xy,),
k=1,...,N - 1n—2 GM =2,

k_ k _ _4 ko _ 4k k
Vo =Vu =0, Vk Vs» VM1 = 5VMm2 ~ 5VM-3

U=

12 n
CCSC D LG PN - (- (= 1 (2
( e (DY
= (1 -exp(-A) = A)sin(x,), #n=0,...,M,
W= (GG =D - 5 G -0
B -D RGP LD - (- (-2
—(12(A D+3(E-D2-L(E -3
_ 12 —l) + 5 1 (A _Z)B)Vl+2
= (exp(- tN) exp( A)+tN A)sin(x,), n=0,...,.M

for the approximate solutions of the auxiliary nonlocal boundary value problem (3.2). Ap-
plying approximation (3.3) and the second order of the accuracy in x in the approximation
of A, we get the following values of the p function in the grid points:

1
P = =75 ((#ne1 = Vi) = 200 =) + (001 = V1)) + (90 = v2)

n=1,...,M-1. (4.4)
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In this step, applying to the boundary value problem for the function w(t, x) for the third
and fourth order approximation in the variable ¢, we get, respectively, the third order of
the accuracy difference scheme

_w§+1—2wﬁ+vﬁ‘1 _ Wl; *ZW +Wk

72 2
2 2u/<
‘{2 __(_ n+2 n+1+wn +Wﬁ+1)
2wk+w 1 wk 2wk _ sk
ﬁ“li7r——+wﬂ—ﬁ0——ﬁLil+Wiﬂ
2Wk+w

Vl+1

+wh] = pla) + 2 p(x,),

k—l,...,N Ln=2,....M-2,

Y S ST ST A s
k=0,...,N,

w0 = (exp(—2) + A + 1)sin(x,) — (5(2 = 1) + 3(2 = D2
—A-FE =D - (-3 -D+ (- l)z)Vﬁfl,
n=0,...,M,

wh = (exp(-1) + A + 1) sin(x,,) —
~(1-1E -, - (-3
n=0,...,M,

CICR R T D
) T

and the fourth order of the accuracy difference scheme

_ whHL ok g k-1 wk

k
n+1_2wn +M/(n—1 + Wk

72 n
2wk
— E[ (_ n+2 +1+Wn + W5+1)
2 2wk+w 1 Wk—2wk_ +Wk_
+ h2 (- n“ Wn) - h_z( . 7421 22 4 Wl;,_l)
—2wk+w

n+1

2
2L 4 wh] = plan) + S p(en),
k—l,...,N Ln=2,..,M-2,

W](; = var =0, Wll( = %Wg - %Wls(’ W§4—1 = %wa—z - %var—s’
k=0,...,N,
0 _ _ ; A
Wn - (exlp()L )") +3)" -l"_i) Sln(tn) (12 ) i) ) (4.6)
R YO P TE)
# 1 =D (- (2 =02,
-GG =D+ 3G =02 3G -
(LA —l) A 1)3)Vl+2
= (exp( A) + A+ 1) sm(x,,) (—(— -1)
G A G TR R T )
6(? =3t -(1- (i nHv,
A T T i D
- —%(% -+ ﬁ % —1)3)1/{1*2.
We can rewrite the difference scheme (4.2) in the following matrix form:
AV,9 +BV, 1 +CV,,+ DV, 1 +EV, 5, =10,, n=2,...,M-2, (4.7)
Vo=0,  Viu=0,
=ty veas StV -1y,
1=z V2= Vs M1 = = V=2 = & V3.

Page 17 of 23
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Here, [ is the (N + 1) x (N + 1) identity matrix, 6, is (N + 1) x 1 column matrix, A, B, C, D,
Eare (N +1) x (N +1) square matrices. Moreover,

[0 0 00 - 0 0 0 O]
00 a 00 0 00O
0 0 a 0 0 000
0 0 0 a 0 00O
A=E=|: @ bbb : (48)
0 00O a 0 0 0
0 00O 00 a 00
0 00O 0 0 a O
[0 00O - 0 0 O 0—(N+1)><(N+1)
1 0 0 O 0y z q 0 0 0 0 0]
r ¢ r 0 00 0 00 00 0 O
0 r ¢ r 000 00 00 0 O
0 0 r ¢ 000 00 00 0 O
C= s R Do )
0 00O 000 00O c r 00
000 O 000 00 r ¢ r 0
00 0O 000 00O 0 r ¢ r
[0 0 0 O 0y z q 0 0001_(N+1)X(N+l)
[0 0 0 0 - 0 0 0 O]
0 b 0 O 000 O
00 b O 00 0O
0 0 0 b 00 0O
B=D=|: i oG ii , (4.9)
000 O b 0 0 0
000 O 0 b 0O
000 O 00 b O
0 0 0 0 --- 0000-(N+1>X<N+1>
r2b1r2r2 122t2641
a=—, =—— - - =, c=1l+—-+—--—-—F+-—5+1),
12k W2 3Kt 6h? 2 2 12\ Kt B2

et G)AC) G

2
Ou=1| |, ok (exp(—tk) + 2tk) sin(x,,) + 71:—2 (exp(—tk) + 4-tk) sin(x,,), (4.10)

n =

k=1,..,.N-1Ln=1,....M-1,

6y = (1 - exp(=2) — A) sin(x,), 0, = (exp(~ty) — exp(=A) + &ty — A) sin(x,),
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Ve=1 , s=n-1,mn+1.

s A (N+1)x1

For the solution of the linear matrix equation (4.7), we use the modified Gauss elimination

method [25]. Namely, we seek a solution of equation (4.7) by the formula
Vi=0, Vi + BuVisa + Ve, n=mM-=2,...,0. (4.11)

Here, ¢, and B, (n =1,..., M) are (N + 1) x (N + 1) square matrices, y, (n=1,..., M) are

(N +1) x 1 column matrices which are defined by

Fy=(C+Day_1+EBys + Eaty20,1),
Bn = _F;lA» oy = _FZI(B +DB,1 + Ean—Zﬂn—l)»

Yn = _F;Il(len —Dy,1 —Edyayua _El/n—z); n=2,...,M-2

with yp =y = 0, and ag = Bo are the (N +1) x (N + 1) zero matrix, a; = -4, B; = %I. Vi

and Vjy_; are defined by formulas

Vi =0, Dy = (Bu—2 + 51) — (41 — apr—p)otpr—1,

Vi1 = Dy [(4 — apr) a1 — Ym—2]-
We rewrite the difference scheme (4.5) in matrix form,

AW, + BWy + CW,, + DWW, + EW, o =1In,, n=2,...,M-2, (4.12)

Here, 1, is an (N + 1) x 1 column matrix, A, B, D, E are defined by formulas (4.8) and
(4.9). We use (N +1) x (N + 1) square matrices, and C is the following matrix:

S O 2 =
S X a O
N~ o 2 o
a X O O
S O © O
oS O © O
oS O © O
S O O O

C=|: ¢ .t 0 , (4.13)

S O O O
o O © O -
oS O © O -
S O o O -
S O X 0
[«
S a X O -
- x © O -

L o (N (N1
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Unz ’ ’

m

772 = (exp(—tl) + 1+ 1) sin(x,,)

1/ 1/x \? 1/x \?
—(—(——l>+—<——l> >vi‘l—(l——(——l) )Vi,, n=1,...
2\ 1 2\1 2\ 1

my = (exp(=t;) + & +1)sin(x,) - Vi, n=1,..,M~-1,

n

2
nk = plx,) + %p(xn), n=1,..,N-1n=1,...,M -1,
0

W

W, = : , S=n—-1,nn+l.

w

s J(N+1)x1

We can write the difference scheme (4.3) in matrix form (4.12), where A, B, D, E are
defined by formulas (4.8) and (4.9), 6, is defined by equation (4.10), C is defined by

S O N =
S X a O
N o X O©
a X O O
S O O O
S O O X
S O O o
oS O O 0y
S O O
S O O N
o O O O
S O O O
S O O O
S O O O
o O O O

nN O O O -
S O X O

SN o
S a X O .-
— X O O

o O O O .-
N © ©O O .-

(4G

(N+1)x (N+1)

We have the difference scheme (4.6) in the matrix form of equation (4.12), where A, B, D,
E are defined by formulas (4.8) and (4.9), 0, is defined by formula (4.10), C is defined by

equation (4.13), n, is defined by
9 = (exp(=t;) + & + 1) sin(x,) — L Y 2+l
n, = pi—4 1 n 2 5 6

(-3

Page 20 of 23
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1% \° 1 /A 1/ )\
YD) i
6\1 12\t 12\t
8 (A 1/x N 1/x \°
N _ _ 1) sinx,) - [ ——( = - i A = A -2
m, (exp( b))+t + )sm(x) ( 12<T l>+2<r l) +6(‘L’ l> >vn
A\ 1/n \*
G (G ()
T 2\1 12\t 2
3 3
—l<&—1) )vi+1—<—i(&—l>+i(&—l> )vﬁfz, n=1,...,M-1,
6\1 12\t 12\ 7

2

=T~

Now we give the results of the numerical analysis using MATLAB programs. The nu-
merical solutions are recorded for different values of N, M; and uﬁ represents the numeri-
cal solutions of these difference schemes at the grid points of (¢, %,,), and p, represents the
numerical solutions at x,. For comparison with the exact solutions, the errors are com-
puted by

M-1 3
2
EV%: max (E ’v(tk,x,,)—v];‘ h) ,
1<k<N-1
n=1
1

M-1 3
N _ Z k|2
Eun = 15?31351( 1‘u(tk,x,,) - ”n| h) ,
P

M-1 ) %
Epm = (le(xn) — Dl h) .
n=1

Tables 1-3 are constructed for N = 6, M =108, N = 10, M = 300. Hence, the third order
and fourth order of the accuracy difference schemes are more accurate than the second
order of the accuracy difference schemes (ADS). Table 1 gives the error between the exact
solution and solutions derived by difference schemes for the nonlocal problem. Table 2
includes the error between the exact p solution and approximate p derived by the differ-
ence schemes. Table 3 gives the error between the exact u solution and solutions derived
by the difference schemes.

Table 1 Error Evj

Difference schemesforv N=6,M=108 N=10,M=300

Second order ADS 0.012664 0.003977
Third order ADS 0.0017276 379 x 1074
Fourth order ADS 1.99 x 1074 291 x 107

Table 2 Error Epy

Calculation of p N=6,M=108 N=10,M=300

Second order ADS  0.025416 0.0079655
Third order ADS 0.0033668 747 x 107
Fourth order ADS ~ 4.86 x 107 698 x 107
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Table 3 Error Eu})

Difference schemesforu N=6,M=108 N=10, M=300

Second order ADS 0.0055245 0.0016936
Third order ADS 983 x 107 211 %x 107
Fourth order ADS 583 x 107 93 x 107°

5 Conclusion
In this paper, the overdetermination problem for an elliptic differential equation with

Dirichlet boundary condition is considered. The third and fourth orders of accuracy dif-

ference schemes for approximate solutions of this problem are presented. Theorems on

the stability, almost coercive stability, and coercive stability estimates for the solutions of

difference schemes for the elliptic equation are proved. As a result of the application of

established abstract theorems, we get well-posedness of high order difference schemes of

the inverse problem for a multidimensional elliptic equation. Numerical experiments are

given. As can be seen from Tables 1-3, the third and fourth orders of the accuracy differ-

ence schemes are more accurate than the second order of the accuracy difference scheme.
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