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Introduction

Let us cite some facts from the theory of functional differential equations [1] and the gen-
eral description of the constructive approach to the investigation of boundary value prob-
lems for such equations [2, 3].

Consider the linear boundary value problem

Ly=f, ty=5, 1)

where L : DS, [0, T](m) — Ly [0, T]is abounded linear operator, £ : DS, [0, T](m) — R"isa

bounded linear vector functional, and f € LZ[O, T1], B € R™*". R" denotes the linear space

. def
of real columns o, where a = col{wy, ..., a,} with the norm |||, = maxi<;<, |o;l; o] =

colf|az],..., |a,l}; LZ[O, T1,1 < p < 00, denotes the Banach space of measurable functions
z:[0,T] = R", z(-) = col{z1(*), ..., z,()}, such that

1

T
p
P
lzllz10,7) = max |zi(s)|" ds | < +oo;
P 1<i<n 0

let us fixa collection of points 0 = £y < t1 < ... < by < fye1 = T.Put B, = [ty_1,t,),q=1,...,m;
Bm+1 = [tm; T];

1, ifteB,
t =
%a() {0, ift & By
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DS;’[O, T(m) denotes the Banach space of all functions y: [0, T] — R” with y € LZ[O, T]

and the representation:

ﬂnﬂwnﬂy@@+2kwmmwwx

q=1

ifte , T, def
where Ay(tg) = y(tg) = y(tg = 0% Xi1y,r1(8) = {5 irve b7}, Ay S col{y(0), Ay(t), ..., Ay(tm)},
with the norm

”y”Dsg[O,T](m) = ”j’”LI’,’[O,T] + ”Ay”mwrm
We assume that the principal boundary value problem
Ly=f, Ay=a, feL0,T],aeR™™", (2)

is correctly solvable. Then under these assumptions there exists an (mn + n) x (mn + n)
fundamental matrix Y for the homogeneous equation:

Ly=0. 3)

The following statement holds: the problem (1) is uniquely solvable for any f, « if and only
if the (mn + n) x (mn + n) matrix T,

r <oy (4)

(each column of the (mn + n) x (mn + n) matrix I is the result of applying of the functional
£ to the corresponding column of the matrix Y) is invertible. The problem (2) is correctly
solvable for a broad class of equations, including

« the ordinary differential equation

Ly € 5(0) + PO)y(0) =f(1),  t €0, T);

PO ={pOi; Py Ly[0,T);

« and a differential equation with concentrated delays
def . -
Ly S50+ Y _pi@y 0] =fi®), telo, T}
j=1
h;(&)=0, £&<0,
pi €L,[0,T], hy<t, ij=1,..n
It should be noted that in the more general case of a differential equation with deviating
arguments, the problem (2) does not have this property and some further investigation is

required. For example, define the space DS} (1) on the partition [0, %, 1] and consider the
principal boundary value problem

x#(t) =x1) +f(t), tel0,1], Ax =col{a,0}, feLl[0,1],0 €R.

It easy to see that this problem has a unique solution only for o = — fol f(s)ds.
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The key idea of the constructive study of the solvability of the problem (1) is as follows.

o Two (mn + n) x (mn + n) matrices, “I" and T, with rational elements are constructed
according to a specially developed procedure based on a computer-assisted proof,
such that

[r-“r]=<['T];

let R denotes the linear space of real n x n-matrices A = {ai,»}fszl with the norm

def
||A||R"><” = MaXi<i<n Z, 1|ﬂlj| LAJ = {|ﬂtj|}u 1

+ The invertibility of the matrix *T is verified using exact arithmetic.
« If there exists an inverse matrix “I'™?, it should be checked whether

1

v
H r”Rm”“’ < ||ar—l||Rmn+”

(5)

holds, from which, by the theorem on the inverse operator [4, p.207], it follows that

the matrix T is invertible, i.e., the boundary value problem (1) is correctly solvable.
Further, the suggested general scheme of the constructive investigation will be applied to
the boundary value problem for the nth order differential equation with deviating argu-

ments.

A class of functions and operators

The constructive techniques for the study of equations with deviating arguments de-
scribed below are based on a specific approximation of original problems within the class
of computable functions and operators [2]. In what follows, we assume that the spaces
DS, [0, T](m) and WS, [0, T](m) are constructed by means of the partition

O=tg<ti<  <tu<tpya=1, (6)

where ¢, g =1,...,m +1, are rational numbers. The sets B, = [t,_1,%,), g =1,...,m; By =
[tm> T, and the corresponding characteristic functions y,(-) are defined with respect to
the same partition. WS, [0, T](m) denotes the Banach space of functions y: [0, T] — R,
with y" e L,[0,T], Y e DS,[0,T](m),i=0,...,n—1,and the representation

t( ) £
70 [ <s>ds+2 (0)
n-1 m

DR

i=0 g=1
Ay (ty) =y (ty) -y (kg - 0),
An}l = COl{y(0)1y(l)(0), e ;y(n_l)(o), Ay(tl); Ay(l)(tl), e

AV, o, Ay (E), AYP (G), ., DY () ),

X[tq t) A)/ ( q);

with the norm

Iyllwsgio. i = 19030,y + | A"V ]
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Dy [0, T'] denotes the Banach space of absolutely continuous functions x : [0, 7] — R” such
that x € Ly [0, T'], with the norm

%l oo, 71 = |x0)], + 1%l 20,77+

Definition1 A functiony € DS,[0, T](m) is said to possess the property C (is computable)
if its components as well as the components of the functions y(-) and fo(') y(s) ds take ratio-
nal values at rational values of their arguments.

Let y € DS;[0, T](m). The property C is satisfied by functions y of the form

W0 =3 xgOpy0), £€[0,T), 7)

q=1

where the components p, : [0, T] — R", g =1,...,m are polynomials with rational coeffi-
cients. We denote by P) the set of all y € DS, [0, T](m) of the form (7).

Definition 2 A function y € WS, [0, T](m) is said to possess the property C (is com-
putable) if this function and the functions y®(-), i = 1,...,n and fo(.) y(s) ds take rational
values at rational values of their arguments.

Obviously, the functions y € WSZ[O, T(m) with y e P possess the property C.

Definition 3 A function % : [0, T] — R! is said to be computable over the partition (6) if
h possesses the property C and for every j = 1,..., m there exists an integer g;, 0 < g; <},
such that 4(z) € By ast € B,.

An example of a function that is computable over the partition (6)is / : [0, T] — R' such
that

m+1

h(t) =Y xg®Ohg 0 <hy<ty,te(0,T],

q=1
where /1;, g =1,...,m + 1, are rational constants.

Definition 4 A function /: [0, T] — R! is said to be computable over the partition (6) in
the generalized sense if /1 possesses the property C, and for everyj = 1,...,m, there exists
an integer g;, 0 < g; < m + 1, such that h(¢) € qu, asteB,.

An example of a function that is computable over the partition (6) in the generalized
sense is /1 : [1, T] — R! such that

m+l
h(t) =) xg®hg, tel0,T],

q=1

where i1, € [0,T], g =1,...,m + 1, are rational constants.
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Definition 5 A bounded linear operator L : WS, [0, T](m) — Ly [0, T] is said to possess
the property C (is computable) if it maps P);, into itself.
An example of an operator that is computable is

n-1 n;

(L)) =y" @ + YD i)y [hy(©)] = £ (1),

i=0 j=1

y(E)=0, £¢[0,T),tel0,T],

if the coefficients pj; are the elements of the set P}, and the functions /;; are computable
over the partition (6) in the generalized sense.

Problem setting
Consider the linear boundary value problem

n-1 n;

(L)@ =y @) + Y Y pyey [y (0)] = £ @), (8)
i=0 j=1

: PE), £<0,

OEy=1" 0,7],

7o {@T(s), >, (ST

n-1

Ekyzf or(s)y" s)ds+zwl’§)y(’
0

n-1 m

+ZZ Ay(l(fq) B, k=1,...,mn+n,
i=0 g=1

where y € WS, [0, T](m), 1 < p <00, py, and f € L}, [0, T], the /;(-) are continuous and
strictly monotonic functions over every B, i=0,...,n-1,j=1,...,n;,

CS'0, T)(m), p=1,

€
¥k Lo, 7], p>1,

Br and 1//{; eRk=1,...,mn+n, q=0,...,m. C§"[0, T](m) denotes the Banach space of
functions x : [0, T] — R", defined by the equality

m+1

©(t) = Y xgOxg(0), tel0,T],

q=1

xq(-) = col{x;(), o xp ()}

where xfi, qg=1,...,m+1,i=1,...,n, are continuous functions, and

1|l csno, T10m) =

SIS 4e[0,T]
P’ denotes the adjoint index to p:

e B ifp>1,

oo, ifp=1.
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Consider the principal boundary value problem corresponding to (8):

n-1 nj

(L)@ =y @)+ Y py@y?[hy(0)] = £ (2), 9)
i=0 j=1

@D (gy _ q)lo(éj)’ §<0,

(&)= OTE), E5T, te[0,T],

A'y=a, a=col{oy,...,%uin}s

under the same assumptions on the problem parameters.
The procedure for the constructive study of the problem (8) consists of the following
steps:
«+ approximation of the problem (8) within the class of computable functions and
operators,
« study of the principal boundary value problem (9),

« analysis of its solvability.

Approximation of the problem within the class of computable operators
Fix g =1,...,m + 1. Approximate p;; and f on the set B, by polynomials “pz and “f; with
rational coefficients and define the rational error bounds:

q q
Py = |psi - ‘v HL}j[tq,l,tq]’ Tz If =1 HL}j[tq,l,tq]'
Now define
m+1 m+1
“Pi(t) =Y xgO DO, L&) = xg0) 0, te[0,T],
g=1 g=1

fori=0,...,n—1landj=1,...,n.

Approximation of the h;;
Find rational approximations “;IZ- of hy(t,),i=0,...,n-1,j=1,...,n,9=1,...,m+1,and
define rational "/ such that

“fzg "I < hy(t,) < ”izg +'h,

and define a rational constant i, = GCD{“L;}. Fixi=0,...,n-1,j=1,...,n;,and construct
the collection of points {“h;’/} by the rule:

1,9 : 1,9
i . aid maxo<g<m+1 {uhi]’} — MNg<g<m+1 {uhi/}
h;= min { hi.} +v ,
7 o0<q=m+1' Y m;

V= 0,...,m,7,mlj = hAl_)l'/;

here the positive integer parameter v; defines the accuracy of the approximation to /%,
assuming that “h}’j‘l +"h<“hy="h,v =1,...,my. We denote by vg., q=0,...,m+1,avalue

Page 6 of 11
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q
V.. -
of v such that “hl;’ = “hg. Forg=1,...,m + 1, we denote mg. + 1 for the number of values
“hj; that belong reliably to the inverse image of /z;; in the set B;. We define the elements of
a
~ m:.
the set IZ = {“h‘.]»v} o as follows:
~ q_1+u
1. “hqv “hy =, ...,mZ., if h; is strictly increasing on By;
~ -V
2. “Hi =‘h ' , v =0,...,mf, if by is strictly decreasing on B,.

t'Lv=0,. ..,mg., such that

), [

Next deﬁne the pairs of constants [{Z;,]

D) € [ e 4 el

I ) €[50 51 )

We also assume that the following conditions hold:

q(m;-1
qv q" qv, a ij v
ltz] tl} Ztl] ’ tq—l <1 tz/ ’ Zti/ 2t

which can always be satisfied by means of the accuracy of the calculation of the function

hi‘j1 for the given points. Further, we construct the set Jq {tq”} v=0,..., m?j,

a1V +V qv +4 qv
qv _ ltz/ ltz] 2t11
ij 2 :

From the order of the points tgv, v=0,..., mz, it follows that

ty1= tg.o < tgl <<ty Tty =ty (10)

G < W) ST R, v =0,

Next put
B? = [tq(” D th) v=1 ml—1
) lj - ’ ) ij )
q(m-1)
quz I f T t), q<m+l,
ij q(qu—l)

and denote by Xg”(~) the characteristic function of BZ'}, V= 1,...,m?j. We construct the
function “/;(-) by the following rule:

il
m+1 "Mij

W)=Y 3 X OH, relo,1) a

g=1 v=1

Define the set of points J by

n-1 n;

m+1
7-UuU% 0
j=1 q=1

i=0 j=

Page 7 of 11


http://www.boundaryvalueproblems.com/content/2014/1/53

Rumyantsev Boundary Value Problems 2014, 2014:53
http://www.boundaryvalueproblems.com/content/2014/1/53

(excluding duplicate elements). By construction, the “k;;, i = 0,...,n -1, j=1,...,n; are
computable over the partition (12) in the generalized sense.
Below suppose that ¢? € D} [h5,0], ol € DT, k3], i=0,...,n -1, and define the con-
stants /1y and /1 by the equalities
hy = min { b?j},

0<i<n-1
1<j<n;

b2=minltgoir}]{hu(t)}» min {“h};—"h}},

Ofvfmi]-

Wi = max {bl
T= 0<i<n- 1{ U },
1<j<n;

b; =max{ min {hi,»(t)}, max {“hi”j +Vh}}.

te[0,T] 0<v=my;

We approximate the functions ¢f’, ¢>T by polynomials “¢>?, ”¢>iT with rational coefficients
and with rational error bounds {4¢?, ¢}, {407, 1ol

oty = |80 () = “) ()|,
F'> o/ (T) - “¢/(T)

1970 = |6f -4} “L},[hg,o]’

e —aQSiT”L,g[T,h’;]

Approximation of the functional £¢

The real numbers B, i = 1,...,mn + n, are approximated by rational numbers “g; with
rational error bounds "8; > |B; — “Bi|. The constants W‘ are approximated by rational
numbers “t/fk with rational error bounds leq > W 1/[ ,i=0,....,.n-1;,4=0,...,m;
k=1,...,mn+n.Oneach B, q=1,...,m+1, thefunct10ns¢/,] = 1,...,mn+n, are approx-
imated by the polynomials “d);] with rational coefficients and with rational error bounds
Vq);f > ||”¢);1 — q)}? I 1L ltgo1tg)" Define the functions “¢;(-) by the equalities

“Git) =Y X[ (), tel0,Tj=1,...,mn+n.

g=1
Let us write the boundary value problem approximating the problem (8) as follows:

n-1 n;

(LD =y + 33 “pyey [ hy®)] = (@), (13)

i=0 j=1
(@) (&Y _ ﬂ¢?(§); §<0,
y (E)—{ﬂ(pg(g), s, te[0,T],

n-1

“ty= /0 “Pr(s)y” (S)dS+Z V160" (0)

—

n—

+ Zalﬂ =B, k=1,...,mn+n.

i q=1

Il
o

Note that the operators “£” and “¢* are computable by construction.

Page 8 of 11
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Study of the principal boundary value problem

The aim of this study is to check whether the problem (9) is correctly solvable, having
in mind the computer-assisted proof techniques. This issue is described in detail in [5].
Below suppose that the problem (9) is correctly solvable. Then there exists a fundamental

system yx, k = 1,...,mn + n of the homogeneous equation

n-1 n;

( (t E Z ZPU(t (14)

i=0 j=1

y(E)=0, &¢&[0,T)tel0,T],

and a fundamental system )i, k =1,...,mn + n, of the homogeneous equation

n-1 n;

(L") O =" @)+ YD ey [“hy(®)] =0, (15)

=0 j=1

yOE) =0, E¢[0,T)te(0,T].

Every function yy is defined as a solution of the principal boundary value problem

n-1 n;

ey + Y > i)y [hy(8)] = (16)

i=0 j=1
y(E)=0, £¢&[0,Tte(0,T),

1, k=g,

A" =08k, Sk = {8k} Sky =
Y =08k Sk ={Skglyt1 > Okq 0 k+q,

and every function y is defined as a solution of the principal boundary value problem

n-1 n;

0+ Y Y pien?[“hy6)] = 0 (17)

i=0 j=1
y(E)=0, &¢[0,T)tel0,T],

1, k=g,

Any = 8](, 8]( = {Skq};":"fn,Skq = : 0 k #q

k =1,...,mn + n. Denote by “y; an approximation to the functions y; and by "y, the ap-
proximation error bounds:

m+1 m+1

=Y Xk ®), ) =Y xg@yr, €0, 7],
q=1 g=1

k= ”5’5(’1) - ZJ’I((m ”L}j[t,,,l,tq]’ k=1,...,mn+n.

A detailed description of the construction of the functions “y; and the estimations of "y,

k=1,...,mn+ n,is given in [5].
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Analysis of solvability

Denote the elements of the matrices T = {y,;}ff}f{”, T = {“yk,-},’(’flg” and 'T = {"yk,»},’:’j’fl” as

follows:

T

def

vig = Ly = / Pr())"(5)ds + V5 1
0

T
a def a a (n a
v [ ooy ds vl
0

def "
"Vij > |V1ﬂi/1j’ + Z{ ”“w,f HL;/ [tq_btq];y; + quZ X ;}’j + V¢Z ”Zy;m ”L}j[tq_]’tq] };

q=1
J 1<j=mn
j—n, n+1<j<2m
ij=
j—mn, mn+l<j<mn+un;
0, 1<j=<wm
1, n+1<j<2m
'L'j—
m, mn+l<j<mn+n.

From definition (18) it follows that

V)’kj = |J/k1 - aij ’ || r- ar ||R(mn+n)><(mn+n) = H Vl" ||R(mn+n)x(mn+n)1
where the matrix I is defined by (4). Thus we arrived at the following.

Theorem 1 Let the matrix “T defined by (18) be invertible, and let the inequality

1

” ‘T H Rlmnan)x(mnen) < 1T gimone e (19)
hold. Then the boundary value problem (8) is correctly solvable.
Proof Under the condition of the theorem the inequality

” r-r ||R(mn+n)><(mn+n) < ! (20)

||a r_l ||R(mn+n)><(mn+n)

holds. By the theorem on the inverse operator the matrix I' is defined by (4) to be invert-
ible, i.e., the problem (8) is correctly solvable. O
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