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Abstract

In this paper, we propose a BDDC preconditioner for the mortar-type rotated Q; finite
element method for second order elliptic partial differential equations with piecewise
but discontinuous coefficients. We construct an auxiliary discrete space and build our
algorithm on an equivalent auxiliary problem, and we present the BDDC
preconditioner based on this constructed discrete space. Meanwhile, in the
framework of the standard additive Schwarz methods, we describe this method by a
complete variational form. We show that our method has a quasi-optimal
convergence behavior, i.e, the condition number of the preconditioned problem is
independent of the jumps of the coefficients, and depends only logarithmically on
the ratio between the subdomain size and the mesh size. Numerical experiments are
presented to confirm our theoretical analysis.
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1 Introduction

The method of balancing domain decomposition by constraints (BDDC) was first intro-
duced by Dohrmann in [1]. Mandel and Dohrmann restated the method in an abstract
manner, and provided its convergence theory in [2]. The BDDC method is closely related
to the dual-primal FETI (FETI-DP) method [3], which is one of dual iterative substructur-
ing methods. Each BDDC and FETI-DP method is defined in terms of a set of primal conti-
nuity. The primal continuity is enforced across the interface between the subdomains and
provides a coarse space component of the preconditioner. In [4], Mandel, Dohrmann, and
Tezaur analyzed the relation between the two methods and established the corresponding
theory.

In the last decades, the two methods have been widely analyzed and successfully been
extended to many different types of partial differential equations. In [3], the two algo-
rithms for elliptic problems were rederived and a brief proof of the main result was given.
A BDDC algorithm for mortar finite element was developed in [5], meanwhile, the author
also extended the FETI-DP algorithm to elasticity problems and Stokes problems in [6, 7],
respectively. These algorithms are based on locally conforming finite element methods,
and the coarse space components of the algorithms are related to the cross-points (i.e.,
corners), which are often noteworthy points in domain decomposition methods (DDMs).
©2014 Jiang and Chen; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.boundaryvalueproblems.com/content/2014/1/79
mailto:yqjiangnj@163.com
mailto:jrchen@njnu.edu.cn
http://creativecommons.org/licenses/by/2.0

Jiang and Chen Boundary Value Problems 2014, 2014:79 Page2of 13
http://www.boundaryvalueproblems.com/content/2014/1/79

Since the cross-points are related to more than two subregions, thus it is not convenient
to design the domain decomposition algorithm.

The BDDC method derives from the Neumann-Neumann domain decomposition
method (see [8]). The difference is that the BDDC method applies an additive rather than
a multiplicative coarse grid correction, and substructure spaces have some constraints
which result in non-singular subproblems. Thus we need not modify the bilinear forms
on subdomains, and we can solve each subproblem and coarse problem in parallel.

The rotated Q; element is an important nonconforming element. It was introduced by
Rannacher and Turek in [9] for stokes equations originally, and it is the simplest example of
a divergence-stable nonconforming element on quadrilaterals. Since its degree of freedom
is integral average on element edge which is not related to the corners, and each degree of
freedom on subdomain interfaces is only included in two neighboring subdomains, so it
is easy to design the BDDC algorithm.

The mortar technique was introduced in [10]. This method is nonconforming domain
decomposition methods with nonoverlapping subdomains. The meshes on different sub-
domains need not align across subdomain interfaces, and the matching of discretiza-
tions on adjacent subdomains is only enforced weakly. This offers the advantages of freely
choosing highly varying mesh sizes on different subdomains and is very promising to ap-
proximate the problems with abruptly changing diffusion coefficients or local anisotropic.

In this paper, we study the BDDC algorithm for the mortar-type rotated Q; element for
the second order elliptic problem with discontinuous coefficients, where the discontinu-
ities lie only along the subdomain interfaces. Following the technique in [11], we construct
an auxiliary discrete space and build our BDDC algorithm on an equivalent auxiliary prob-
lem. This approach overcomes the difficulty caused by the mortar condition and simpli-
fies the implementation of the BDDC preconditioning iteration. Furthermore, since the
rotated Q; element is not related to the subdomain’s vertices, we can complete our theo-
retical analysis conveniently. It is proved that the condition number of the preconditioned
operator is independent of the jumps of the coefficients and only depends logarithmically
on the ratio between the subdomain size and mesh size. Numerical experiments are pre-
sented to confirm our theoretical analysis.

The rest of this paper is organized as follows: in Section 2, we introduce the model prob-
lem and the auxiliary problem. Section 3 gives the BDDC algorithm and proposes the
BDDC preconditioner. Several technical tools are presented and analyzed in Section 4. In
Section 5, we give the proof of the main result. Last section provides numerical experi-
ments. For convenience, the symbols <, > and < are used, and x; < y1, % > y5,and x3 < y3
mean that x; < Cyy1, %3 > Cpy2, and ¢3x3 < y3 < C3y3 for some constants C;, Cy, C3, and

¢3 that are independent of discontinuous coefficients and mesh size.

2 Preliminaries

Let Q C R? be a bounded, simply connect rectangular or L-shaped domain, we divide
Q2 into several nonoverlapping regular rectangular subdomains €2; (i = 1,...,N), i.e., Q=
UY, .. Consider the following model problem: Find u € H}(£2) such that

a(u,v)=f(v), Vve H(l)(Q), (2.1)
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where

N N
a(u,v) = ; /Qi pix)Vu - Vvdzx, flv) = ;'/Qifvdx,

f € L*(RQ), the coefficients p;(x) (i = 1,...,N) are piecewise positive constants over Q; (i =
L...,N).

For simplicity, we only consider the geometrically conforming case, i.e., the intersection
between the closure of two different subdomains is empty, or a vertex, or an edge. The
subdomains {Qi}fi , together form a coarse partition 7x(€2), we denote the diameter of
each Q; by H;. Let T,(2;) be a quasi-uniform partition with the mesh size O(%;), made
up of shape regular rectangles in ;. The resulted partition can be nonmatched across
adjacent subdomain interfaces. We denote the sets of edges of the triangulation 7,(2;)
in ©; and 9L; by Q7 ,, 07, respectively, and let €2, 32, be the sets of vertices of the
triangulation 7,(2;) that are in Q;, 08 respectively.

For each triangulation 7,(£2;), the rotated Q; element space is defined by

Xn(S2) = {v € LX) : Vg = ap + apx + azy + ap(x* - y*),a € R;
/VdS =0,Ye€ 0ENJIQ,E € E(Qi),for E\,E; e E(Qt)’
e

if 0E; N OE, = e, then /V|3151 ds:/v|352ds}.

e e

Let the global discrete space X;(2) = ]_[f\:,1 X, (2;). We equip the space X,(2;) with the
following seminorm:

2 _ 2
Winen= 2 Mg
E€Ty ()

We denote I';; the common open edge of ©; and €, and let I" = Uij I';. Each I'; can
be regarded as two sides corresponding to the two subdomains €2; and €2;. We define one
of the sides of I';; as mortar denoted by y,,; and the other one as nonmortar denoted by
8m,j» here m represents the indexing of I';; (see Figure 1). We assume that: (1) the mortar for
Ym,i = 8m, = ' is chosen by the condition p; < p;; (2) there is at least one subdomain which
has two mortar sides associated with each cross point; (3) &; < h;, i.e., h;/h;isbounded. The
first condition used in choosing mortar sides is essential (see the numerical tests in [12]).
The last condition is technical but not essential for the convergence analysis. Along each
I';j, there are two independent and different 1-D meshes which are denoted by ﬂi(ym,i) and
7;{(5,”,,'). For each nonmortar side §,,; = I';;, we denote by Mh/(8m,j) C L*(T'y) an auxiliary

Figure 1 Nonmatching grid.



http://www.boundaryvalueproblems.com/content/2014/1/79

Jiang and Chen Boundary Value Problems 2014, 2014:79 Page 4 of 13
http://www.boundaryvalueproblems.com/content/2014/1/79

test space whose functions are piecewise constant on 7;{(8m ;). We denote by Q,, the L*-
orthogonal projection from the LZ(Fij) space to the M" (5, ;) space.
Now we define the mortar-type rotated Q; space as follows:

N

Vi={v=[]v € Xu(Q): Quvily,,) = QuVils,,)» V¥mi=6mj CT (2.2)
i=1

here Vily,,; 18 the restriction of v; € X},(2;) to the mortar side y,,;, and Vj|5m‘/. is the restric-
tion of v; € X;,(£2)) to the nonmortar side §,,;. The condition in (2.2) for each interface is
called mortar condition. The mortar-type rotated Q; element approximation of problem
(2.1) is: find uy, € V), such that

ﬂh(uh, Vh) = (fr Vh)! VVh € Vh! (23)

where

N
an(unvi) = Y anin ), ani(nv) = Y /,OiVMhVVhdx.
i-1 EcTp(@) U E

It can easily be shown that ay (-, -) is positive definite on V,, which yields the existence
and uniqueness of the discrete solution. The error estimate between the discrete and the
continuous solution is discussed in [13].

Since the mortar condition depends on both the degrees of freedom on the interfaces
and the ones near the interfaces, it is difficult to construct a preconditioner directly for
(2.3). To overcome this difficulty, we introduce a new discrete space and an auxiliary prob-
lem which is equivalent to problem (2.3).

For each v € V,, we define an element v = Hf\:[1 v; € X;(Q2) that satisfies the following

conditions:

. foranyee (Y, Q) U (U, T (i),

1 1
—ff/dS: —/vds; (2.4)
lel Je lel Je

o forany ¢ € M (8m)s

/(;m,,» VW ds = /s v ds, (2.5)

m,j

where v € L%(y,,,) is a piecewise constant function on elements of ﬂi(ym,i) such that
Ve = % fe Vily,,; ds for any e € ﬁ(ym,i). Note that the average value of Von e € 7;1’(8,,,,,)
can be calculated by (2.5).

By the above definition, all ¥ associated with v form a space Vi C Xu(Q) as

N
V) = {a:]‘[ai eXh(SZ):vth}.
i=1

For the two related spaces V;, and f/h, we have the following result.
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Lemma 2.1 ([12]) For any pair of ve Vy, v € Vi defined above, the following is true:
a,(v,v) < a,(v,7). (2.6)
Now we introduce the auxiliary problem, that is, to find % € f/h which satisfies
an(it, V) = f(¥), Vve V. (2.7)

Define an operator Ah : f)h — f)h by

(AW, W) = an(@, W), Vo, V.
From the above lemma, we only need to construct a preconditioner for the operator Ap.

3 BDDC algorithm
In this section, we introduce our BDDC preconditioner for problem (2.7) and describe the
BDDC algorithm.

We first define a discrete harmonic operator H; associated with the rotated Q; element:
for any v € Xj,(2;), let H;v € X;,(€2;) such that

ani(Hv,w)=0, VYweX)(Q),
ﬁﬁ?—lwds: éfevds, Ve € 892,

here X () = {v € X)(Q:) : [, vds = 0,Ye € 9Q¢,}. Let X,(92;) = Hi(Xy(R;)). We define H
as a corresponding piecewise harmonic operator on the auxiliary space Vi by Hlg, = Hi.
In order to introduce our domain decomposition method, we decompose the auxiliary

discrete space fih as follows:

N
Vi=X(Q@Vu(I) and X7(Q) =] [ X)), (3.1)
i=1

where the space V;,(T") is a piecewise harmonic function space defined as
Y)h(l_‘) = H(]}h) = {V € ]‘}h : VlQ,' = Hi(le,'))i = 1)21“-,N}'

We define a space X;(I') = {v € l—[ﬁl X, (09)): fl’m,z‘ Vg, ds = faw VI, ds,YYmi = 8mj C T'}.
The space X, (T) is between V,(T") and ]_[f\z[1 X,(9€2;), and our BDDC preconditioner is
mainly constructed on this space.

As we know, the technical aspect in DDMs is that the preconditioner includes a coarse
problem which can enhance the convergence. In view of the characteristic of the space
X,(T), we select the standard coarse space Vy(€2) which is the rotated Q; finite element
space associated with the coarse partition 7;(2), and it satisfies primal constraints on
subdomain interfaces.

The substructure space f)A(Fi) with constraints is defined by

Va(T)) = {vexh(asz,»):/ vds:O,VF,»,CBQi}.
r,'i


http://www.boundaryvalueproblems.com/content/2014/1/79

Jiang and Chen Boundary Value Problems 2014, 2014:79 Page 6 of 13
http://www.boundaryvalueproblems.com/content/2014/1/79

Denote VA (T) = ]_[f\il VA(T;). The coarse space and the product space NN play an im-
portant role in the description and analysis of our iterative method.

To present our BDDC preconditioner, we introduce several space transfer operators.
Define an interpolation operator I} : Vi — Vu(Q) by

frij Iyvds _ frij vds
[Tl [T

, VF,‘I‘ cr.

The intergrid transfer operator I, : Vi (Q2) — X;,(I) is defined by

Iyvds vds

Jelwvds _ fe—, Vee 9, (i=1,...,N).
le] le] ’

Define an extension operator R! : X,(39;) — V() as

. foranyee Uym,icaﬂi 7Z(ym,i), % [,RIVly,, ds= ‘17‘ L.Vl ds;

. for any e € UVrjﬁzaﬂi 7;,](7/;',]‘)’ ‘l?l feRiTV|Vr,j ds=0;

. foranyee J, T (8,,), |17| feRiTV|6n,/ ds satisfies (2.5).
Its transpose R; : Vu(T) = X;,(0;) is defined by

(Riw,v) = (w, RiTv), Yw e Vu(D), v € X, (992).

Denote RiT|f;A(r,-) : )}A(Fi) — V() by RL, the corresponding transpose Ra; : f)h(F) —
Va(T;) is defined by

(Ra,w,v) = (w,RLv), Ywe f/h(l"),v € f)A(F,').

We also need to define another prolongation operator E; : Xj,(2;) — f/h as follows:
. ifee Q;h, then |1?| J,Evds= ‘l?l [, vds;

o ife € T (Vmi) Ymi C 982, then ‘17‘ [,Evds= ‘17‘ [, vds;

o ife € TX(vsk) Yok k #i, then ﬁ [, Evds =0;

. ifeel]; 77{(85,,»), it follows from (2.5) that 2 feE,»v ds can be obtained by the edge

Tel
average values on associated mortar sides;

. else, éfeEivds =0.

In what follows, we describe our BDDC preconditioning algorithm, we apply the ba-
sic framework of additive Schwarz method (or parallel subspace correction method [14]).
From the decomposition (3.1), we only need to choose appropriate subspace solvers.

First of all, the coarse subspace solver By : Vi (R2) — V() is defined by

(Buup, ve) = ap(up, vi),  VYup,ve € Va(Q).

On each subdomain, similar operators B; : f)A(Fi) — VA(I';) and Bp,;: XhO(Qi) — XE(Q,»)
are defined, respectively, by

(Biu,v) = ani(u,v), Vu,v e Va(T)),

(BP,iu, V) = ah,i(”) V); vu; &S] Xl(q)(Ql)'
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Remark 3.1 The bilinear form on the coarse space can be different from that on substruc-
ture space, here we only use the exact solvers. On each subdomain, we avoid the possible
singularity of local subproblem and we need not modify the bilinear forms.

Now we define our BDDC preconditioner as

Bhdde = Ry Bif Ro + iRg'iBi‘lRA,i + iB,;}i,
i=1 i=1
where RY = Zf\il R!'I, Ry is the corresponding transpose defined by
(Row,v) = (W,Rgv), Yw e Vu(I),v € V().
Let Py be an operator from V() to Vi () defined by
an(Pou,v) = an(u,RYv), Yu e Vy(I),v € Vi(Q),
P; and P,; be the operators from f)h(l”) to f)A(Fi) and Xg(Qi) defined, respectively, by

an(Piu,v) = an(u, R v),  Vu € Vy,ve Va(ly),

an(Ppiu,v) = ap(u,v), Vue Vv e X,?(Qi).

Then the BDDC preconditioned operator Ppgqc = Bbddczzlh can be written as

N N
Phaac =REPo+ Y RL P+ Py

i=1 i=1

We have the following main result.

Theorem 3.1 The BDDC preconditioned operator Ppyq. satisfies

H\? .
ay(u, u) < ap(Ppadct, u) < (1 +log Z) an(u,u), YueVy,

where H/h = max;(H;/h;).

4 Technical tools
In this section we state and prove a few technical lemmas necessary for the proof of The-
orem 3.1. Our theoretical analysis is based on the substructuring theory of conforming
elements.

We assume V(2;) be the bilinear conforming element space associated with the par-
tition 75 (£2;). We split the interface 9<2; into four open edges &, and define a restriction
operator 12 SV — VEOQ) (VHO) = Vh(Ql')L')QL.) as: for any v e V"(3Q;)

v, oné&,

Lv=
0, ond;\¢&.

For the operator I2, we have the following result.

Page 7 of 13
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Lemma 4.1 ([15]) For an edge € of 3K, then for any v € V*(3Q;), we have

H,
11940 sy = (1108 5 )Wty
14

Remark 4.1 The above lemma is related to vertex-edge-face arguments in substructuring
methods, in view of the characteristic for the rotated Q; element, here the results only

concern the inequalities for faces.

Let V"2(Q;) be the conforming element space of bilinear continuous functions on the
partition 75/2(£2;) which is constructed by joining the midpoints of the edges of elements
of T(2;). We now introduce a local equivalence map M; : X;,(;) — V"2(%;) as follows

(¢f [13)).

Definition 4.2 Given v € X;(£2;), we define M;v € V*2(;) by the values of M;v at the
vertices of the partition 7,2 (€2;).
« If Pis a central point of E, E € T;,(S2;), then

M= ¥ o [ vas

e;€0E

« If P is a midpoint of one edge e € dE, E € T;(2;), then

1
(Mw)(P) = m /(B‘Vds.

. IfPe Qi,h \ 852,»,;1, then

M) =3 3 o [ vas

where the sum is taken over all edges e; with the common vertex P, e; € 9E;,
E; € Tu(2).
« IfPe 02, then

1 . 1
(Mv)(P) = ﬂ(—/ vds) + L(—f Vds>,
ledl + lex| \ led| Je, ledl + lex] \ ler| Je,

where e; € 0E; N 9$2; and e, € 0E; N 92, are the left and right neighbor edges of P,
ELEy € T(R2)). If P is a vertex of §;, then E; = E,.

Define the pseudo-inverse map M : Vi2(Q,) — X5,(R2) by
1 + h/2
7 Mivds=v(P), Vve V" (Q),
€ e

where e € E, E € T,(2;), P is the midpoint of e. Obviously, we have

M;’Miv= v, VVEXh(Q,').
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For the operators M; and M, we have the following results (see [13]):

|MiV|H1(Q,v) = |V|H}I(Qi)! Vv e Xu(2);

" (4.1)
M V)10 = M@y YV E VIR0,
Lemma 4.3 For any u; € Va(T), we can split u; into u; = ZrszBQi u;, and we have
|uij|]—[é(§2f) = (1 + ]Og(Hi/hi))|ui|H}l(Qi)! (4.2)

where w; € Va(Ty), and for any e € Ffj,fe widslle| = [,u;dslel; for any e € 325, \ T,
[, uidsl\e| = 0.

Proof By (4.1), Lemma 4.1, the inverse trace theorem, the trace theorem, and the Poincaré
inequality, we obtain

|”f/|H},(Qi) = ‘|M;}€i12(Mi”if)|aQi|H}I(Q,v)

= |[Hle M)y |11

= ||12(Mi”ii)|asz,-|H1/2(asz,-)

< (1 +log(Hi/hy)) | Miuti || 2o

1 +log(H;/h:)) | Mithill pr

)
<( )
< (1+log(H;/hy)) I Miuil
=< ( )

1+ log(Hi/hi)) il 1 00

where #; is a piecewise bilinear conforming element harmonic operator, and we have used
the minimal energy property of discrete harmonic functions. O

5 Proof of Theorem 3.1
In the proof of Theorem 3.1 we use the abstract framework of ASM methods (see [16]),
we need to prove three assumptions. Assumption II follows from the standard coloring
argument, we only need to prove Assumption I and Assumption III.

First we show the following stability of the decomposition.

Lemma 5.1 (Assumption I) For any u € Vi, we have the following decomposition:

N N
u= RguH + ZRi,iui + Z Upi» UHE VH(Q), u; VA(FL'), Up,i € Xg(Ql), (51)
i=1 i=1
which satisfies
N N
it ) + Y it i) + Y it ) < an(u,0). (5.2)

i=1 i=1

Proof First we show the decomposition (5.1). For any function u € Vi, let Up; = Ppiu and
up = Iyu, obviously u — Zf\il Up,; — Inuy is a piecewise discrete harmonic function. So we
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denote up = u — Zfil Up,i — Iy, u; = uplg;. From the definition of Iy; and I, we have

/ uids=/ uAds=/
r r r

and by the definition of R ,, we get

(u = Iyuy)ds =/ (u—uy)ds=0,

i i i Ty

N N N N N N
RY RY =Y RII RY I
oUH + A,iui + up,i = i dnty + i lu—- Mp'l' —lyuyg | + l/lpyl‘
i=1 i=1 i=1 i=1 i=1 i=1

N N N
_ T , .
= E R |u- E Up; | + E Up,i
i=1 i=1 i=1
N N
=u- E Upi+ E Up,;
i=1 i=1

:I,t’

where we have used the fact Zf\il Rl-Tu = u, Yu € V,(I"). Hence u; € VA(T;) and the equality
(5.1) holds.

Now we prove the stability of decomposition (5.2). Let ur; = sz; uds/|T';]. Using
Lemma 3.5 in [12], Poincaré-Friedrichs’ inequality and scaling argument, we derive

1 B 2
2 <|F,»,| /1;,(”_ ”“*))

- P
§ : |MF:7 —Ury

F,v,»,l“,vkcaszi Fij,rikcaﬂ,‘
< 3 (Sl g2, + 2
= 2 Tacllr2(@;) H}\()
i CoQ; i
2
< 1l g (5:3)
From (5.3) and the discrete equivalent norm, we have
N N
P =2
an(un) = Y apw,un) < Y pi Y iy - iy | < an(uw). (5.4)
i=1 i=1 l",’j,l—‘ikcaﬂi
Since P,; is an orthogonal projection with respect to ay,;(-,-), we obtain
N N
D i thpi) = (Pt Ppit) < (14, ). (5.5)
i=1 i=1

Meanwhile, from the fact that the harmonic function has minimal energy norm and (5.4)-
(5.5), we deduce

an(Un,ua)

N
Z ﬂh,i(ui: U;)
i=1

N N
ap| u- Z Up,i — Iputp, u — Z Up,i — IhuH)
i=1 i=1

Page 10 0of 13
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N
< an(uu) + Y ani(thy,is ) + anIythrs, Inrr) (5.6)
i=1
=< an(u, u). (5.7)
So (5.4)-(5.6) lead to (5.2). O

Next we state the local stability as follows.

Lemma 5.2 (Assumption III) Forany u € Va(T;), we have

H\?
an(RY ju, Ry 1) < (1 +log Z) an(u, u). (5.8)

For any uy € Vy(2), we have
H\2
an (RS up, R upy) < (1 +log Z) an(up, un). (5.9)

Proof To prove (5.8) we first introduce a function 6,, = ]_[f\il Om,i € YV, associated with a
mortar side y,,; C I, which satisfies the following:

+ for any e € T}/ (Vim,), é [, 6mily,, ds=1;

« foranyee Ur#m Tr (Vi) é fegmiilyr,i ds = 0;

« forany e € J, T} (8,,), ﬁ j;aem:j|8n,j ds satisfies (2.5).

Then we can decompose Ri,i” € V() as follows:
Ry u=Rlu= H( > 1h(0m,i(Eiu>)) = D H(u(OmilEm)), (5.10)
Ym,i COL2 Ym,iCO;

here we have used the fact that the degrees of freedom on the interface I' of the function
are as same as that of Zym,i cog; ¥ 1(0,,:(E;u)), and the operator 4, is defined by the average
values on the edge elements, i.e.,

1 1 1
—/1,4(9,,1,,»(5”)) = —/Gm,,'ds- —/E,»uds, Ve € 0L, ..
lel Je lel Je lel Je :

Note that the support of H (4, (6,,:(E;u))) is on Q; U S_Z/, and using Lemma 3.4 in [12] we
have

an(H L1 (Om,i(Eitd)), HIn (Omi(Eire))) S 01| H I (Omi(Eita)) (5.11)

2
|H,§<szl->'

Since the degrees of freedom on the interface 92, of H;(4;,(6,,,;(E;u))) are only nonzero on
the edge y,,,;, using Lemma 4.3, we deduce

, 2
H0 OB [,y = [0 (Ooni(E0)) [y
2 2
= (1+ log(Hilh)) [ Hinl}n g,

<1+ log(Hl-/hi))Z|u|i¢(Q (5.12)

i)

From (5.10)-(5.12), we complete the proof of (5.8).
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Using similar techniques to those in (5.8), and summing over all subdomains, we can
complete the proof of (5.9). d

6 Numerical results

In this section, we show numerical results of our method using the model problem

—div(pVu) =f, inQ,
u=0, on 0§2,

where Q = [0,1]%. The domain is composed of M x M sub-squares, their mesh sizes are
H, and the sub-squares are divided into smaller ones with mesh sizes /,, in mortar subdo-
mains; and /4, in nonmortar subdomains. The coefficient p is either 1 or 10% (k = 2,4, 6).

We use the preconditioned conjugate gradient (PCG) method with zero initial guess for
the discrete system of equations. The stopping criterion for the PCG method is when the
2-norm of the residual is reduced by the factor of 107 of the initial guess. An estimate
for the condition number of the corresponding system is computed by using the Lanczos
algorithm.

In Table 1, we show the number of iterations and the condition numbers with different
ratio H/h,. In Figure 2, we plot the condition number as the function (1 + log(H/k))? for

Table 1 The number of iterations and condition numbers for h,,,/h, = 2/3

MxM H/h, =4 H/h, =16
k=2 k=4 k=6 k=2 k=4 k=6
4 x4 10(3.30) 10(3.30) 10(3.30) 12(5.15) 12(5.15) 12(5.15)
8x8 113300 11(334) 11332 12(530) 13(534) 13(5.34)
16 x 16 11(3.24) 12(321) 13(3.21) 13(532) 13(539) 14(5.39)
32x 32 11(3.24) 12(324) 12(3.24) 15(37) 15(41) 15(541)
5-5 T T T T T T
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@
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E :
c
c
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Figure 2 Plot of the condition numbers as the function of (1 + Iog(H/h))z.
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16 domains. From the results in Table 1 and Figure 2, we see that the convergence of our
method is quasi-optimal since the number of iterations is independent of the jumps of the
coefficients, and almost independent of the mesh size.
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