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Abstract

We apply iterative methods to three-component diffusion equations and study their
convergence in L? and in the Sobolev space W' The system is parabolic and
mass-conservative. Newton's method converges very fast and its iterations do not
leave the set of admissible functions.
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1 Introduction

Since its discovery and later analysis by Darken [1], the Kirkendall effect [2] has been found
in various alloy systems, and studies on lattice defects and diffusion developed signifi-
cantly. The Danielewski-Holly method [3] extends the Darken standard theory of interdif-
fusion and describes the process in the bounded mixture showing constant concentration.
Under certain regularity assumptions and quantitative condition Danielewski and Holly
proved the existence and uniqueness of solution to PDE describing the interdiffusion phe-
nomena. Further developments have been presented in numerous articles; e.g. [4, 5].

In the paper we apply Newton’s method (see [6-8]) to three-component diffusion equa-
tions and study the convergence in L? and Sobolev space W*°. The system of equations
is strongly coupled, however, the maximum principle presented in Section 1 confirms its
parabolic type. Parabolicity is additionally confirmed by our convergence result for itera-
tive methods. This falsifies the nonparabolicity hypothesis by Danielewski and Holly [3],
where they construct an initial concentration whose L?> norm increases in time, at least
on some interval. The Newton method, known as quasilinearization method, is very use-
ful in modern numerical methods for solving PDE’s; see [9]. We apply this method to
strongly coupled parabolic systems describing diffusing mixtures. This strong parabol-
icity might have caused weird phenomena, but we have discovered a kind of maximum
principle and some conservation laws in this system, hence the iterative methods pro-
posed here behave very well. Our result is very useful in numerical simulations when one
wants to construct reliable and fast convergent approximations. Since Newton’s method
produces linear PDE’s satisfying maximum principles and a priori estimates of the respec-
tive Green functions or Cauchy kernels, one can find errors estimates much better than
those obtained from the Newton-Kantorovich theorem, cf. [10, 11].

Consider a mixture composed of three different components. Let £ > 0, x € [-L,L],
v;: [0,00) x [-L,L] — R denote the velocity field of the ith component and ¢; : [0, 00) X
[-L,L] — R its molar density or molar concentration. It is a measure of the number of
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particles contained in any volume, ¢; + ¢; + ¢c3 = const. The component diffusion flux is a
Fickian flow:

]id(t,x) :=—D; gradc;,

where D; is the intrinsic diffusitivity of the ith component which we assume to satisfy
Dy > Dy > D3 > 0. Denote D; := D; — Ds for i = 1,2. The overall ith component flux is a sum
of diffusion and convection fluxes:

Ji I=/,-d +ev,

where v” stands for a drift velocity. By the mass conservation law:

ac; div)
— =—a1v/;
ot

and upon denoting u = ¢, v = ¢3, w = ¢3 we arrive at the following system of equations:
1y = Dyt — (u[Djusy + D’zvx])x,

Ve = Dyvyy — (V[ Dt + Dyvy]) (1.1)

x’

Wi = DaWyy — (W[D/lux + D/zvx])x
with the initial condition
u(0,%) = uo(x), v(0,x) = vo(x), w(0,x) = wo(x) = 1 — uo(x) — vo(x) (1.2)

for x € [-L, L] and the Neumann boundary condition

ou av ow
2.0, —=0, —=0 fort>0,xe{-LL} 1.3)
on on on
Let X denote the space consisting of triples of functions (u, v, w) satisfying
u,v,we C2,
Uy, Uyy, Vi, Vax are bounded,
u>0,v>0,w>0fort>0,xe[-L,L],
u+v+w=1fort>0,x¢e[-L,L],

u, v, w obey the Neumann boundary condition.

Remark 1.1 If (u,v,w) € X then the third equation of (1.1) is not necessary, since w =1 —

u —v. However, we keep it for a more convenient analysis of some properties of solutions.

Remark 1.2 We call
vP = Dju, + Dyv, = Dyt + Davy, + Daw,

the drift velocity; it describes the marker position.
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Lemma 1.3 (Mass conservation) If (u,v,w) € X satisfy (1.1), (1.2) then

L L L
/ udx = const., / vdx = const., / wdx = const.

L L L

Proof The relation

d L
= | udx=0
dt/,Lu X

can be shown by means of the Neumann boundary condition. O
Lemma 1.4 (Maximum principle) Suppose that u(0,-),v(0,-),w(0,-) € C* and

u(0,x) > 0, v(0,x) > 0, w(0,x) > 0, u(0,x) + v(0,x) + w(0,x) =1
forx € [-L,L]. If (u,v,w) satisfy (1.1)-(1.3) then (u,v,w) € X.

Proof Letii=u+ee™, v=v+ee!, w=w+ee for e >0. We have

~ )\‘[ ~
U = Uy + ere™, Uy = Uy, Uy = Uyxy,

V= v, + ere, Ve = Vi, Voex = Vg
There exists A € R (sufficiently large) such that we have strong differential inequalities:

~ ~ ~ / ~ /-~ ~ / ~ / ~
Uy > Dy, — u[Dluxx + Dzvxx] — Uy [Dlux + Dzvx],
~ ~ ~Iry = / ~ ~ / ~ / ~

Ve > DoVyy — v[Dluxx + Dzvxx] —Vy [Dlux + Dzvx],

Wy > D3 — W[ D}t + Diyine | — e[ D}t + Dy ].

We claim that # > 0, ¥ > 0, w > 0 in the whole domain. Suppose that this is not true
and take the smallest ¢* > 0 such that z(¢t*,x*) = 0, or V(t*,x*) = 0, or w(t*,x*) = 0 for
some x* € [—-L,L]. Without loss of generality we assume #(t*,x*) = 0. Since #u(¢*,x*) =

Ming<p xe[—,1)) (L, %) we have 2z, (t*,x*) = 0, #,(t*,x*) < 0 and #,,(¢*,x*) > 0. Hence

0 > i (t*,x%) > Dlitxx(t*,x*) - Zt(t*,x*)[Diﬁxx(t*,x*) +D/217xx(t*,x*)]

— ity (%, %) [ Dyt (£, 6*) + Dy (¢5,2%)] > 0,

which is a contradiction. Thus # > 0 for ¢t > 0, x € [-L,L]. If ¢ — 0* then #z — u. Hence
u > 0. Similarly, v(t,x) > 0 and w(t,x) > 0 for t > 0, x € [-L, L]. O

2 Uniqueness

Let X be the closure of X w.rt. the L? norm. The existence and uniqueness of solutions
to problem (1.1)-(1.3) in X w.r.t. the Sobolev norm W2 is given in [3]. The following
proposition concerns the uniqueness of solutions in L2. Since the set of C2-functions is
dense in L2, the proof is carried out in X'. The uniqueness is obtained for weak solutions.
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Proposition 2.1 Assume that (7 —4+/3)Dy < D; < (7 +4+/3)Dy and (ug, vy, wo) € X. Then
a weak solution (u,v,w) € X to problem (1.1)-(1.3) is unique in L*.

Proof Since every L?-function can be approximated by a sequence of X-functions, it
suffices to show the uniqueness of X'-solutions w.r.t. the L2-norm. Let (&, v,w) € X and
(i1, v, w) € X be solutions to (1.1)-(1.3). Denote

Au=u-u, Av=v-1v, Aw=w-w
and observe that

Auy = Dy Attg — (Au[Djuy + Dyvy]) — (4] Dj Awy + Dy Av,])

x’

x’

AV = Dy Avy, — (Av[Diux + D'va])x - (_[D/lAux + D;Avx])
(

Aw; = D3 Aw,, — (Aw[Djuy + Dy, ]), — (W[D Auy + Dy Av,))

%

We have

L L L
f AuAutdx:le AuAuxxdx—/ Au(Au[Diu, + Dyv]) dx
_L -L -L

L
—/ Au(a[ Dy Auy + DyAvy]) dx.
-L

Using integration by parts we obtain

L L
2D, / AulAu,, dx =-2D; / (Auy)* dx,
L -L

L L
2/ Au(Au[Djuy, + Diyv,]), dx = / (Au)*[Dyttgx + Dyvss | dx,
_ L

L
L L

2/ Au(ﬁ[D/lAux+D’2Avx])xdx:—2/ Auyit| Dy Auy + Dy Avy | dx.
L -L

Hence

d t 2 2 2

— [(Au) + (Av)* + (Aw) ]dx

at ],

L
= Zf (AuAu; + AvAv, + AwAW,) dx
L

L
= —2/ (Dl(Aux)2 + Dy (Av,)? + Dg(wa)z) dx
L

L
_ /_L ((Au)2 +(AV)? + (Aw)Q)[Diuxx + D/vax] dx

L
+ 2/ (Auyih + Avy¥ + Aw,w)[ Dy Auy + Dy Avy ] dx.
L

Page 4 of 16
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By the fact that Aw, = —Au, — Av, we obtain

L
2/ (AulAu; + AvAvy + AwAw;) dx
-L

L
= /_L ((Au)* + (AV)* + (Aw)®) [ D} thx + Dyvex | dix

L
_ 2/ (D1 + D5 - Dy (it - w)) (Auy)* du
-L

L
- 2/ (D2 + D3 — Dy(v = w)) (Av,)* dx
-L

L
—2/ (2D3 = Dy(v — W) — D)y (it — w)) Auy Avy dx.
-L

We examine the nonnegative definiteness of the matrix:

- Dy + D3 — D (i — w) D3 — 1Di(v—w) - D) (i — w)
| Ds - 1D - W) - 1Dy - W) Dy + D3 — Dly(v — )

|

Dy + D3 - Dij(it —w) >0, Dy+Ds-Dy(v—w)>0, and det(4)>0.

The first two inequalities are true due to the relations:
-1<u-w<l, -1<v-w<l, D;>D,>D3>0.
The condition
(7 - 4+/3)Dy < Dy < (7 +4+/3)D,
implies det(A) > O for all admissible u, w.

3 Iterative methods
Recall that

/ /
Diuy + Dyvy = Ditty + Dyvy + Dawy,

/ /
Dittyy + DyViy = Dithy + DoVyyx + DaWy,.

Assume that (u©, V@, w©) coincides with (g, v, o) at ¢ = 0 and formulate an iterative

method for (1.1)-(1.3):

™ = Dy — (WP [DyulV + DyE D + Dawl )

v = Dy — (VO Dyl + Dy + Dy wlh])

kol
wi ™ = Dy — (WD) + DD 4 Dywlkel])

Page 5 of 16
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with the initial condition

ubD0,x) = uplx), VDO, =vo(x),  wE(0,x) = wo(x) (3.2)
for x € [-L, L] and the Neumann boundary condition. Moreover, assume that

uo (%) + vo(x) + wo(x) =1 (3.3)

for x € [-L,L]. Denote

Au® = ) _ 0 AR ) 0 A0 k) )

’

Lemma 3.1 Assume ug, vy, wo € X, @9, v, W) = (419, v0, wo) at t = 0 and u® + v +
w® = 1. If ®,v®, w®) fulfills (3.1) with (3.2), the Neumann boundary condition and
(3.3), then u® + v&) 4 ® =1,

Proof It suffices to show u® + v 4 w® = 1 = 5D 4 keD oy (k4D) — 1 We assume the

induction hypothesis #® + v® + w® =1, Thus

ugk+1) + V£k+l) n W£k+1)

= D 4 Doy 4 Do)
(9 9 W) [y 4 Dy 4 DyylhV]

0.

- (u(k) +v0 4 w(k)) [Dlu;’;“) + Dzvg;“) + Dgw,(c/;"l)]

Hence the statement is proved. O

The following theorem establishes a convergence of the iterative method (3.1)-(3.2).

Theorem 3.2 Suppose (1o, vo, wo) € X and (1@, VO, w®) = (ug,vo, wo) at t = 0. Iful, v,

w® are C* and
0<uP <1, o0<vP<1, o0<wP<1 fork=12,...

then the sequence (u®,v0, w®)) defined by (3.1), (3.2) converges to the solution (u,v,w) of
(1.1), (1.2) in the Sobolev space W'°,

Proof As in the previous section denote the increments Az = y®&+D — & Ap®) = ks _
v, Aw® = &+ _ & From (3.1) we have the following differential equations:

Augkﬂ) _ DlAMg;:l) _ (u(k+1) [DiAMSCkH) + D/2Avgck+l)])

X

—(Au[DkD 4 Dk

AVEIHI) _ DZAV,(CI;H) _ (V(k+1)[D/lAu§Ck+1) +D/2Avik+1)])x

_ (Av(k) [Dluikﬂ) +D2V§Ck+1) +D3W§Ck+l)])

.
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Using the Green functions G'¥, G*X corresponding to the differential operators

92 92
%_Dlaﬂ"'”kHD/laiZ D2aax2 (3.4)
Diai# %_D23x2+vk+lD/ 33x2
we have
A k+1 t Gl,k t,8,x, Pl,k :
ukl 0 / / 2k( »52) zk(Sy) dyds,
AVED (2, ) Gk (t,s,%,y)P** (s, y)
k+1 1,k
A X k(t,s, ,Y)PE (s,
ufkﬂ) / / 5.) k(s » dyds,
AVY k(t,5,%,9)P (s, )
where Pk (s, y) depend on Au®), Av®, Ay, AV, AU AVE?D for i = 1,2. The Green
functions G* depend on u®, y*) and have the uniform estimates
L L
/ |G (t,5,2,9)| dy < C, / Gt 5| dy = ——, (3.5)
L _L NJE—S

with some generic constant C not depending on k. By Lemma 3.1 there exists M > 0 such

that

[P @)oo =M VP E ) =M,

L> —

[V o <M VPG =M
Since

[Pt oo = M(D1+ D) [ 4O () o + M(DL + D3) | A0 )]

) ||L°°

+MD; ||Au§ck+l)(t, ) +MD, ”Av,(ck”)(t )

”LOO ’° ”LOO

we get

(0, a940) ) 5= |06 ) g+ A6 g

wloo

</t 2G ||(A &) Av(k))(s,~)|| oo dS
— /—t S W,DO

/ 2C; k+1),AV(k+1))(S,_)|| e ds.

(3.6)

Applying Lemma A.1 we have [|(Au®, AvO)(¢, )| y10 < Ko and by induction: [|(Au®

AVt ) |y < Kktz fork=1,2,.... Hence

C L gk
K1 =K
k+1 k 1-2CT! 72 ,—
Notice that
K C L gk

- do -0 ask— oo.
K 1-2CT2 ), Jigl — 0 MET®

By the d’Alembert’s ratio test the convergence radius is +00.

Page 7 of 16
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We give sufficient conditions for the successive approximations to remain in X'.

Proposition 3.3 Assume that ug,vo € C*, 0 <89 < ug(x) <1-89<1, 0<gy <vpx) <
1— &g <1 and the sequence (u®,v, w®)) defined by (3.1) with the first element given by

uO %) = up(x) + th,(x) and VO x) = vo(x) + th, (%),
where k,, k, € X are of the form

K@) = Duad) () — (o @[ D}ty (x) + Dy (4)]).,
ky(x) = Dyvy(x) — (Vo (%) [Diub(x) + Dy (x)])

x’

converges to the solution (u,v,w) of (1.1), (1.2) in the Sobolev space W'>. If

k2 C 1 gk-1

ZS‘Kkt <eo, where Ki = Kiir— —os A do,
then 0 < u®(t,x) <1land 0 <vW(t,x) <1,k=0,1,....
Proof We have

uEO)(t, x) =k, (x), uico)(t, x) = uy(x) + tk (x), ugl)(t, x) = ug(x) + tk) (x).
Hence

ky(x) = Dyug (x) — g (%) [Diué) (x) + Dyvy (x)] —ug(x) [Diug(x) + D/Qvg(x)]
= Dy (u)(t, %) — tk](x))
— (0t %) - t,,(x)) [D}u?) + Dy — ¢(D}k, (x) + Dok, (x)) ]

— (U0t %) - th (x)) [D;) + DY) — (DK (%) + Dok () ].
Thus we get

Augo)(t, x) = uf)(t, x) — uio)(t, x)
= D1ul) (¢, x) — ul® (£, 2) [ Dyl (¢, %) + Dy (£, %)
49, x) [Diufx)(t,x) + Dévfclx)(t, x)] — k()
= D1 AU (t,x) — (&, 2)[ DL AU (8, %) + Dy AV (2,) ])

+ Ry (%) + 2Ry (%),
where

Ry () := Dik])(x) — (¢, x) (Dy K, (x) + Dok, (%)) — K, () [ D1 (£, %) + Dy (2, %)
— u O, %) (DK (x) + Dok (%)) — k() [ D) (2, %) + Dy 0 (£, %)],

Ry(x) = K, (%) (DK, (x) + D3k, (%)) + ku(x) (D1 k) (%) + D3k (x)).
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For 0 <t < T we have

IRl = [|tRy + £ Ra || oo < T(IIRllz + TIRs [l2¢) =: Ko

i =

Thus

(30, 899)0. )y = [ <80, 89) 5 g+ Ko s,
Applying Lemma A.1 we have
” (AM(O); AV(O))(ty ) ” wloo = I<1t1/2

and by induction [|[(Au®, AvO)(E, )| 100 < Kk+1t% for k=1,2,.... Hence

C ! ek
1-2CT? J, 1=

Kiey1 = Ky O

Remark 3.4 The functions k,, k, € X can be slightly perturbed near the lateral boundary

in order to fulfill the Neumann boundary condition.

4 Convergence of the Newton method

As in the previous section denote

Au®) = ) _ K AVR) = D) LK)

’

Aw®) = k) _ 0

’

We assume that (9, v, w©®) = (19, vo, wy) at £ = 0 and formulate the Newton method
for (1.1)-(1.3):

M§k+1) — Dlu,(c];“) _ (M(k) [Diua(ck) + D’ngck)])
— (AuP[Du® + DHPY) -~ (P [Diaud + DyAVE])
)
— (AW [D® + D)) - (WO [DAD + DyAVR])
W§k+1) = Ds WJ(CI;H) _ (W(k) [ D), uj(ck) + D) Vik)])

(Aw(k) [D’ W 4 D! V(k)]) - (w(k) [D/lAuj(Ck) +D’2Av;k)])x,

X

(k” =D, Vk+1) (v(k)[D u, +D’
(4.1)

X

with the initial condition (3.2) and the Neumann boundary condition.

Lemma 4.1 Assume ug,vo, wo € X, (1@, v, W) = (u0,vo, wo) at t = 0 and u® + vO +
w® = 1 If (u®, v, wk) fulfills (4.1) with (3.2) and the Neumann boundary condition,
then u® + y&) 4 Wk =1,

Page9of 16
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Proof We show u® + v® 1 ) =1 = 3+ 4 y&k+D 4 3+ — 1 The only solution to the
differential equation

,(:k+1) i V£k+l) + W§k+1)
= — (Y + v WED) D + Dy + D3w]

_(u(k+1)+v(k+1) wk+D) 1)[Du + Do) + Dywk ]

is u®*D 4yl 4 ylkel) = 7, O
The following theorem establishes the convergence of the Newton method.

Theorem 4.2 Suppose (uy, vy, wo) € X and (u®, v, w®) = (ug, vy, wp) at t = O.Ifu,(ck), v,

w® are C* and
0<u® <1, 0<vW <1, 0<w® <1 fork=1,2,...,

then the sequence (u®,v®, w®)) defined by (4.1), (3.2) converges to the solution (u,v,w) of
(1.1)-(1.3) with respect to the norms in the Sobolev space W,

Proof We have the following differential equations:

Al = Dy AUk — (Au® [D/IAM;I() + Dy AvPY)
(Au(kﬂ) [D/ (k+1) +D/ ])x _ (u(k+1) [DiAu;k”) +D,2AV§ck+l)])x’
Av(kﬂ) D, Av tk+1) (Av(k [D/Au +D’2Av§Ck)])x

(Av(kﬂ)[D/ (k+1) +D/ k+1 ]) _ (V(k+1)[D/1AMJ(Ck+1) +D/2AVJ(Ck+1)]) ,
X

X
Aw k+1 D3Aw (k+1) (Aw(k)[D/lAufck) +D/2Av;k)])x

_ (Aw(kﬂ) [Di”ikﬂ) " D’ZVJ(CkJrl)])x _ (W(k+1) [D/lAuJ(CkH) + D/zAV;(ck+l)])x~
By the Green functions G, G>X:
t oL
Auk D (t, %) = / / ) G (t,5,%,)(8u® (s, [Dy A (5,9) + Dy AV (5,)]), dy dis
t L
+ /0 [ . G (¢, s, y)Auﬁ,k*l)(s, ) [Diu(yk”)(s, ¥) + D’Zv;k"l)(s, y)] dyds
i k k k
+/0 /:L G (t,5,%,7) Au*D (s, y) [Diu;y"l)(s,y) +D/2v;y+1)(s,y)] dyds
t L
+ /0 /L G (t,s, x,y)u(yk”) (s,7) [D/lAuy”l}(s,y) + D/ZAVy(“)(s,y)] dyds.
Using the integration by parts we get
t L
/0 / . G (t,5,%,7)(Au®(s,y)[ D Auld (s, 9) + Dy AV (s, 7)), dyds

¢ L
—/(; /:L Gy (t,5,%,7) Au®(s,9) [ DL Aw (s, y) + Dy AV (s, 9)] dy ds.
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From the following property:

C

L
/_L|G;’k(t,s,x,y)‘dy§ —

estimates like (3.5), (3.6), and xy < %(x2 +9%) we obtain

||Au(k*1)(t, _)“Loo 5/(; 2\/_Q1k(s) ds,

where

Q¥(s) = [ AuP (s, ) 1 + [ 465, ) [ + [ A0, |7

PR P CDI PN

AU ) s+ | A )+ | AV )

Similarly

t
+ & y
| AV (e, )], < fo r =G Wds

where

Q) = A5 ) [ + A0, 1 + |24

[ + 1AV 6|

+ ||Av(l”1)(s,~)||Loc + ||Au§,k*1)(s,~)||Loo + ”Av(yk*l)(s, -)HLOO.
We have
Al (g, 2)
t oL
= / f G}C’k(t,s,x,y)(Au(k)(s,y)[D’lAu;k)(s,y) +D/2Av;,k)(s,y)])y dyds
0 J-1L
t oL
+ / / G}C’k (t,5,%, y)AuJ(,k”)(s, y)[Diu(yk*l)(s, ) +D/2v§k*1)(s, y)] dyds
/ / G (t,5,%,y) AulkD (s,y)[D/ **1)(s,9) + Dy k” (s,y)] dyds

+/ / G}C'k(t,s,x,y)u;k”)(s,y)[DiAu(yk”)(s,y)+D'2Av(yk”)(s,y)] dyds.
0o JoL

By integration by parts:

t L
/0 /_L Gy (t,5,%,9) (Au® (s,9)[ Dy A (s, ) + Dy AV (s,y)])y dyds

t pL
- /0 / . Gy (t,5,%,7) Au®(s,y) [ Dy Al (s,y) + Dy AV (s, 5)] dy ds.
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Since Au®(s, ), Auy (s, y), Av (k) (s,7) satisfy the Lipschitz condition, we have the esti-
mates (see [12])

/ |G‘k (& s,x,9 (k)(s,y)Auy‘)(s,y)’ dy

Gs
= / g 806 [ 25765, ds
and
L
Gk (t,5,2,9) AuP (s, ) AvP(s, )| d
/\xi AU (s,y) AV0 (s,9)| dy
-L
3 /r 51 aub(s, )| | AVO(s, )| . (4.2)
=)o (t—s)3n Lol =Yy L%
Hence
||Au§Ck+1)
t
Cy 2 2 2
< [ S a6 + a6+ [ 650 s
t
C
[ 6 A6+ 8086
+ ”Av’“rl s, - |Lm)ds
Similarly
||Av§ck+l)
t
Cy 2 2 2
E/0 (t —s)3/4 (HAV(I()(S") |L°° + ||Au(yk)(s,-) |L°° + ”AV;k)(S") |L°0)d5
t
C
[ 6+ |05+ )
+”Avk4rl s, |L ) s.
We have
Auk D AYEDY (4 < G Au® AR 2 4
[ (A, AvED) (@t ) | e < A m”( u®, AvO)(s,) | yyroe ds
f \/_H (AuD, AVED) (s,)]| 100 d5.
We apply Lemma A.1:
1 92rk
Kient®1 (1= 2C5T"?) > CuKt?v1+3/% / 0" do,
o (1—

where

3
=42 -1)~2" and K~ A% O
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We give sufficient conditions for the successive approximations to remain in X'.

Proposition 4.3 Assume that ug,vo € C* 0 < g9 <upx) <1-g9<1,0<egy <vox) <
1 — &y < 1 and the sequence (u®,v®, w®) defined by (4.1) with the first element given by

uO(t, %) = up(x) + th,(x) and VO x) = vo(x) + th, (x),
where k,, k, € X are of the form

ke (x¢) = Dyug(x) — (uo (o) [ Dy (x) + Dyvg(x)])
ky(x) = Dyvg(x) = (vo(x) [Dgué)(x) + Dy, (x)])

x’

converges to the solution (u,v,w) of (1.1), (1.2) in the Sobolev space W', If

2 ~ - C L gkl
Kt <eo, Ki:=Ki do,
kXZO: KT =0 Be= R 11—2CT1/2/0 (1-6)%4

then 0 < u®(t,x) <1land 0 <vW(t,x) <1,k=0,1,....
Proof We have

Au (%) = u” (8, %) — (2, %)
= Dy~ (u”[Dyi? + D)),
— (2u[D{? + D)), - (O [Di ALY + Dy AVY]), — ()
= Dy A - (8u® D5 + D)), - (WO [Dy AU + Dy A,

+ R (%) + 2Ry (%),
where R (x) and Ry(x) are of the same form as in the proof of Proposition 3.3. Since

[tR + £Rs | oo < T(IR Uz + TRy llze) =: Ko

| =

we have
[ (26, AVO) @) o

e tC g
E/O \/mH (Au(o)yAV(O))(S7')HW1,OO dS+v/(; m]{ods

Applying Lemma A.1 we get

[(2u®, M), g < Ko

and by induction [|[(Au®, AvO)(, )| 100 < I~(k+1tLI§fn fork=1,2,.... Hence
- 5 6 1 Gk
Ky :=K; de.
=R e /0 (1-0)¥ -
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5 Conclusions

©), w©) coincides with (i, vo, wo) at ¢ = 0 and consider the following

iterative scheme for (1.1)-(1.3):

Assume that (@@, v/

u£k+1) =D1M§CI;+1) ( (k+1) [D u! +D2V;(ck) +D3W§ck)]) ,

X

Vik“) = Dok _ ( (k+1) [D u® + Dy +D3W§Ck)]) ,

X

W£k+1) _ Dgngcﬂ) ( (k+1) [D ul +D2v,(ck) +D3w§ck)])

X

with the initial condition
u*(0,x) = uo (%), v&D(0,x) = vo(x), w*(0,x) = wo ()

for x € [-L, L] and the Neumann boundary condition. Denote

Au®) = ) _ K AV = D) LK) Aw®) = k) _ 0

’ ’

Convergence problems occur in L? and the Sobolev norm W, Our attempt to obtain

the following relation for the increments Au®, Av0, Aw®:

L
%Am(t)gc[AM(mAk(t)], Al = / (M) + (AVOY & (Aw)] d
L

was unsuccessful as it is difficult to estimate the following component:

L
/ A& (M(k+1) (DA u® 4 Dy AVD 4 Dy Awik)])x dx.
L

This example of iterations shows that strongly coupled systems cause serious problems
with their approximation. We think that the ternary system and suitable approximations
to it will be somehow expressed in an abstract way, based on a Conti-Opial type theorem,
like in [13].

In order to illustrate fast convergence of Newton’s iterations we provide numerical ex-
amples with D; =1, D, = 0.5, D3 = 0.2, and ug, vy being sample piecewise polynomial
functions taking values in [0.2,0.8]. We check the differences #**! — u* and v**! — v* for
k=0,1,2,3,4. Our computer programs are performed by implicit finite difference meth-
ods with steps /g = /1; = 0.01; see Table 1 (direct iterations), Table 2 (Newton’s iterations).

Appendix

Lemma A.1 Assume that

z(t) <

L C
x/— /0 - S)ap(s) ds and p(s) <Ks™.

Then z(t) < Kt"** for t € [0, T, where 3 <a <1and1-2CT"?> 0.
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Table 1 Maximal differences between successive approximations u'®) by direct iterations (3.1)
with D1 =1,D,=0.5,D3=0.2, h=0.01, hg =0.01

t |u(1) - u(D)l |u(2) - u(1)| |u(3) - u(2)| |u(4) - u(3)| |u(5) - u(4)|

0.00  0.000000e+00  0.000000e+00  0.000000e+00  0.000000e+00  0.000000e+00
0.05 1.023328e-01 3.742852e-03 1.383520e-04 7.409068e-06 3.256123e-07
0.10 1.476173e-01 6.990620e-03 2.908263e-04 1.835346e-05 1.004908e-06
0.15 1.783626e-01 9.324930e-03 4.031573e-04 2.746097e-05 1.675459e-06
020  2.028066e-01 1.096861e-02 4.788241e-04 3.397007e-05 2.215127e-06
0.25 2.239067e-01 1.206830e-02 5.253484e-04 3.806322e-05 2.601687e-06
030  2.425240e-01 1.273201e-02 5499511e-04 4.011546e-05 2.844953e-06
035 2.593736e-01 1.304597e-02 5.585483e-04 4.051817e-05 2.967818e-06
040  2.745434e-01 1.307759e-02 5.556250e-04 3.970391e-05 2.985870e-06

Table 2 Maximal differences between successive approximations u®) by Newton’s method
(4.1) withDy =1,D5=0.5,D3 =0.2, h=0.01, hg =0.01

t |u(1) _ u(0)| |u(2) _ u(1)| |u(3) _ u(2)| |u(4) - u(3)| |u(5) — u(4)|

0.00  0.000000e+00  0.000000e+00  0.000000e+00  0.000000e+00  0.000000e+00
0.05  9.970638e-02 1.703717e-03 6.949251e-07 1.628697e-13 8.038015e-14
0.10  1.430019e-01 3.927916e-03 4.076982e-06  4.423240e-12 5.245804e-14
0.15 1.723550e-01 5.87705%9e-03 9.749392e-06  2.192441e-11 3.896883e-14
020  1.956575e-01 7.536084e-03 1.659814e-05 1.148864e-10 3.987088e-14
025  2.155355e-01 8.989691e-03 2.404146e-05 4.279036e-10 3.957945e-14
030  2.332049e-01 1.029947e-02 3.161596e-05 1.167791e-09 3.042011e-14
035  2489078e-01 1.153614e-02  4.250313e-05 2.625514e-09 1.676437e-14
040  2.631780e-01 1.269348e-02 5.972126e-05 5.163286e-09 2.378098e-13

Proof We have

z(t) <

<

1
2K CE™eTV?  CKEm*e /
0

e Lt C
z(s ds+/ Ks"ds
/0 Jt—s ) o (-9

tCo. t C
K™% ds + / Ks" ds
/o Jt—s o (E—s)*

forO0<t< Tand%§a<1.\X/eclaimthat

——— df < Kt™,
1-6)

9m

1
K™ (1-2CT"?) > CKt™* / ———do.
0

It suffices to take

. C 1
K=K
1-2CTV2 /o (

1-0)

o™
do
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