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Abstract

We consider the boundary regularity for weak solutions to quasilinear elliptic systems
under a super quadratic controllable growth condition, and we obtain a general
criterion for a weak solution to be regular in the neighborhood of a given boundary
point. Combined with existing results on the interior partial regularity, this result
yields an upper bound on the Hausdorff dimension of a singular set at the boundary.
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1 Introduction
In this paper we are concerned with partial regularity for weak solutions of quasilinear
elliptic systems:

~Do (AP (x,u)Dp1s') = By(x, u, Dus), (1.1)

where Q is a bounded domain in R”, n > 2, N > 1, and « and B; take values in RN. Here
each Ag.ﬁ maps Q x RN into R, and each B; maps Q x RY x R"™N into R. For m > 2, we have
the following.

(H1) There exists L > 0 such that

m-2 —
AL (6, £)(v,0) <L(L+[E%) 7 [v]|D] forall (x,£) € 2 x RV, v, € R™N.

(H2) A;ﬁ (x, &) is uniformly strongly elliptic, that is, for some A > 0 we have

m=2
2

A% (x, ) (v, v) > AL+ |§|2) lv|* forall (x,£) € @ x RN,v e R"N,

g

(H3) There exists a monotone nondecreasing concave function w(z,s) : [0,00) — [0, 00)

with w(¢,0) = 0, continuous at 0, such that
A (6, 1) — A (3,v)] < (1l = 91" + | = v]™)

forall x,y € Q, u,v e RN,
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(H4) The B; fulfill the following controllable growth condition:
1
|Bil,§,v)[ < C(p™07) + 157 +1),

where r = ;% if n > m, or any exponent if n = m; for all x € Q,£eRN andv e RN,

(H5) There exist s with s > 7 and a function g € H$(2, RN), such that we have

ulye = gl

Note that we trivially have g € H»"(2, RN). Further, by Sobolev’s embedding theorem
we have g € C*¢(Q,RN) for any k € [0,1 - 2] If glse = 0, we will take ¢ =0 on Q.
If the domain we consider is an upper half unit ball B*, the boundary condition is the

following.

(H5)" There exist s with s > # and a function g € H"(B*, RN), such that we have

ulp =glp.

Here we write B, (xo) = {x € R" : |x — x¢| < p}, and further B, = B,(0), B = B;. For x; €
R x {0} we write B} (xo) for {x € R" : x, > 0,|x —x0| < p}, and we set B = B (0), B" = By.
We further write D, (x9) = {x e R" : x, = 0, |x —x0| < p}, and we set D, = D,(0), D = D;. For
bounded X C R" with L"(X) > 0 we denote the average of a given function g € L!(X) by
frgdx,ie f gdx= L%(X) Jxgdx.Forv e L'(3<), x0 € 9Q weset v 1= fyo 5 .\ vAH".
In particular, for v € L'(D,(x0)), %o € D, we write v, , = po(xO) vdH" L.

Now we can definite weak solutions to systems (1.1). Because there is a very large liter-
ature on the existence of weak solutions [1, 2], we assume that a weak solution exists [3]
and deal with the problem of regularity directly.

Definition 1.1 By a weak solution of (1.1) we mean a vector-valued function u €
Wl (Q, RN) such that

[ 457310 (D D) = [ o, D) (12)
Q Q

holds for all test-functions ¢ € C5°(R, RN) and, by approximation, for all ¢ € Wé’m (Q,RN),

where we have introduced the notation
AL @8 ,0) = (A7 @ 5)) - 5. (13)

In the current situation, Sobolev’s embedding theorem yields the existence of a constant

C; depending only on s, 7, and N such that we have

Sup)|g ~ oo SCep' s gl £ (83 (o), RN) (1.4)

B} (%o

forxg € D, p <1—|xp|. Obviously, the inequality remains true if we replace || g]| HYS (B (x0),RN)
by gl g1+ rvy, which we will henceforth abbreviate simply as ||g| -


http://www.boundaryvalueproblems.com/content/2014/1/88

Chen and Tan Boundary Value Problems 2014, 2014:88 Page 3 of 15
http://www.boundaryvalueproblems.com/content/2014/1/88

We also note here that Poincaré’s inequality in this setting yields

/ lg - g | dx < Cpp’”/ \Dg|™ dx (1.5)
Bj(x0)

B} (x0)

for a constant C, depending only on 7.
Finally, we fix an exponent o € (0,1) as follows: if g =0, o can be chosen arbitrary (but
henceforth fixed); otherwise we take o fixed in (0,1 - %].

Under such assumptions, one cannot expect that weak solutions to (1.1) will be classical
[4]. This was first shown by De Giorgi [5]. Thus, our goal is to establish a partial regularity
for weak solutions of systems (1.1).

There are some previous partial regularity results at boundary for inhomogeneous
quasilinear systems. Arkhipova has studied regularity up to the boundary for nonlinear
and quasilinear systems [6—8]. For systems in diagonal form, boundary regularity was first
established by Wiegner [9], and the proof was generalized and extended by Hildebrandt-
Widman [10]. Jost-Meier [11] established full regularity in a neighborhood of boundary
for minima of functionals with the form [, A(x, u)|Du|* dx.

The results which are most closely related to that given here were shown in [12] and
[13]. In this paper, we would get the desired conclusions by the method of A-harmonic
approximation. The A-harmonic approximation technique is a natural extension of har-
monic approximation technique. In [14] Simon used harmonic approximation method to
simplify Allard’s [15] regularity theorem and later on Schoen and Uhlenbeck’s [16] regular-
ity result for harmonic maps. The idea was generalized to more general linear operators
by Duzaar and Steffen [17], in order to deal with the regularity of almost minimizers to
elliptic variational integrals in the setting of geometric measure theory. As a by-product
Duzaar and Grotowski [18] were able to use the idea of A-harmonic approximation to deal
with elliptic systems under quadratic growth, even to the boundary points for nonlinear
elliptic systems [19] and variational problems [20].

In this context, we use an A-harmonic approximation method to establish boundary

regularity results.

Theorem 1.1 Let 2 be a bounded domain in RN, with boundary of class C*. Let u be a weak
solution of (1.1) satisfying the structural conditions (H1)-(H5). Consider a fixed y € (0,0].
Then there exist positive Ry and &y (depending only on n, N, A, L, w(-) and y) with the
property that

3 ) |M— u/ ,R|m u
][ [!u—u;o,R| s A (gl + gl RS + R <
BR(xo)ﬁQ

forsome R € (0,R;], xo € 02, which implies u € Co’y(ﬁg (x0) N2, RN).

Note in particular that the boundary condition (H5) means that u;o,R makes sense: in
fact, we have u, =g r.
A standard covering argument [3] allows us to obtain the following.

Corollary 1.1 Under the assumptions of Theorem 1.1 the singular set of the weak solution
u has (n — m)-dimensional Hausdor{f measure zero in Q.
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If the domain of the main step in proving Theorem 1.1 is a half ball, the result then is the
following.

Theorem 1.2 Consider a weak solution of (1.1) on the upper half unit ball B* which sat-
isfies the structural conditions (H1)-(H4) and (H5)'. Then there exist positive Ry and &g
(depending only on n, N, A, L, w(-) and y) with the property that

/ m
2 |u—ux0,R| 2 2(1- 14 2 2
][ [!u—u;o,R| + B | dx + [lgllFns + gl JR2OS) + R < &
Bpr(xo)NQ R

for some R € (0,Ry], xg € 0, which implies u € C* (Eé (x0), RN).

Analogously to above, the boundary condition (H5)" ensures that &, p exists, and u; p =

/
gxo,R *

2 The A-harmonic approximation technique
In this section we present an A-harmonic approximation lemma [12], and some standard
results due to Campanato [21, 22].

Lemma 2.1 (A-harmonic approximation lemma) Counusider fixed positive A and L, and
n,N € N with n > 2. Then for any given ¢ > 0 there exists § = §(n,N, ), L,¢) € (0,1] with
the following property: for any A € Bil(R™N) satisfying

A(,v) > Av* forallveR™N (2.1)
and
|[A(w,v)| <Lv|[v| forallv,v e R™ (2.2)

Sfor any w € H"*(B(x0), RN) (for some p > 0, xo € R") satisfying

p* ™ / |Dw|*dx <1 (2.3)
B} (x0)
and
P> / A(Dg,Dg)dx| < 8p sup |Dgl, (2.4)
B} (xo) B} (x0)
and
WD, (xg) = 0 (2.5)

Sor all g € Cy(B(x0), RY), there exists an A-harmonic function

veH-= {ﬁ/eHl’z(B;(xo),RN)’PZ_"/

|DW|* dx < 1, W|p,(x) = o},
B} (x0)

with

p‘”/ lv—w?dx <s. (2.6)
B (x0)
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Next we recall a characterization of Holder continuous functions with a slight modifi-
cation [21].

Lemma 2.2 Consider n € N, n > 2, and xy € R*™' x {0}. Suppose that there are positive

constants k and o, with a € (0,1] such that, for some v € LZ(BgR (%0)), we have the following:

2a
inf{p™ v—pldxt <k? L (2.7)
MER BS() R
forall y € Dyp(xo) and p < 4R; and
0 2«
inf p™" / lv—pldxt <k?( = (2.8)
neR By (») R

Jor all y € Bip(%0) and B,(y) C Big(x0).
Then there exists a Holder continuous representative of the L*-class of v on E;(xo), and
for this representative v we have

D(x) - D(2)| < CK<|x1;Z|)a (2.9)

forallx,z e E;(xo), with the constant C, depending only on n and o.

We close this section by a standard estimate for the solutions to homogeneous second

order elliptic systems with constant coefficients, due originally to Campanato [22].

Lemma 2.3 Counsider fixed positive . and L, and n,N € N with n > 2. Then there exists
Co depending only on n, N, ©, and L (without loss of generality we take Cy > 1) such that for
A € Bil(R™) satisfying (2.1) and (2.2), any A-harmonic function h on B} (x0) with hip,(x) =
0 satisfies

p? sup |Dh|25c0p2-"/ |Dh|? dx.
B (x0)

B (x0)
2

3 Caccioppoli inequality
In this section we prove Caccioppoli’s inequality.

Theorem 3.1 (Caccioppoli inequality) Let u € W""(Q2, RN) be a weak solution of systems
(1.1) under the conditions (H1)-(H5). Then there exists py > 0 depending only on L, s, and
gl 1, such that for all B (xo) C By(xo), with xo € D*, p < R < po, we have

/ (IDul? + |Dlul % |*) dx
B (x0)

1 2 1 .
SC / [7 u(x)—u, +7u(x)_u/ :|dx
1 B}(xo) (R _ p)Z | xo,R| (R _ p)m | xoyR|

2 _m
+ Co[llgl? s RS + [lgll7 RS ] + Car, R, (3.1)

Page 5 of 15
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where Cy, Cy, C3 depend only on L, L, m, and |g| 105 rN), and Cy additionally on C,, C,

and also on s.

Proof Now we consider a cut off function n € C§° (B; (o)), satisfying 0 <n <1,n=0 on
B! (x0), and |V < RITp' Then the function ¢ = (z — g)n? is in W&’m(B; (x0), RN), and thus it
can be taken as a test-function.

Using conditions (H1), (H4), (H5), and the definition of weak solutions (1.2), we have

/ Agﬁ(-, u)(Du, Du)n?® dx
Bp(x0)

m=2 m=2
§2L/ (1+ul?) 2 |Du||Dr/||u—g|ndx+L/ (1+|ul*) % |Dul|Dgln* dx
Bp(x0)

Bj(x0)

+ C/ (|Du|"’(1’%) +lul 4 1)|<p| dx. (3.2)
BR(X())

By Young’s, Holder’s and then Sobolev’s inequalities, together with the estimate inequal-
ities (1.4), (1.5), and the fact that M;O,R :g;O,R, yields

/ A;’;ﬂ (x, u)(Du, Du)n?® dx
BR(-XO)

m=2 2L m=2
528/ 1+ [u®) 7 |1Duln*dx + = (1+|u?)? |Dn|2{u—u;0,R|2dx
Bj(x0) € JB}(x0)

2 —
N 1+ |u|2)T2

By (x0)

3
? m=2
+—/ (1+|u|2) 7 |Dg|*n? dx
& JB? x0)

R

+ C(/ (|Du|”’ + |ul” + 1) dx) (/ |De|™ dx) . (3.3)
B}i’(x()) B,E(xo)

Using Young’s inequality again,

\Dnl?|g —g;m,k|2 dx

N

me2
/B+( )(1+ |u|2)m2 |Dn|2‘u—u;0,R’2dx
R0

_2
:/B+( )(1+ |u—u;OYR+u;o,Ryz)mT|Dn|2’u—u;0'R|2dx
R0

g ) m
2" (1+|u;o,R|2)mTz|D77|2|u—u;o,1e|2dx+2m7_2 e~ ol

——dx,
Bj(x0) Big) (R=p)

IA

here we have used the fact that |Dn| < ﬁ andO0<p<R<1.

Similarly, we have
2) 752 2 '
/ (L+ [u?) 2 1DnP|g gy ol d
B (x0)

m=2
:/B+( )(1+|u_u;60,13+u;0,1?|2) ’ |D77|2|g_g9/60,1?|2dx
R0


http://www.boundaryvalueproblems.com/content/2014/1/88

Chen and Tan Boundary Value Problems 2014, 2014:88 Page 7 of 15
http://www.boundaryvalueproblems.com/content/2014/1/88

. m=2
<2 / )(1+|u;0,R|2) T IDnP g~ gyl d

s =1, | 1DnIg - & |
B (xo)

m=2
< 27/ (L+ [l ) 2 1DnPg = gyl
Bp(xo)

2 2
+2"7 |u—u;0lR|mdx+2mT/ |Dn|m|g—g;0,R|mdx
Bj(x0) B} (x0)
m=2 ;12\ 52 2 m=2 m
<27 (1+|u ) 7 G, |Dgl*dx+2"2 C, |Dg|™ dx
Bj(x0) B} (x0)
+2"7 |u—u;01R{mdx,
B (x0)
m=2
/ (1+|u®) = n*|Dgl*dx
By (%0)
m=2 m=2
SZT/ (1+|u;0,R|2) T n?|Dg|* dx
B (x0)
me2 ;oo m=2 2 2
+272 |u—ux0,R| n°|Dg|” dx
Bj(x0)
ns2 / 2 mTJ 2 2 m>2 m,_m
<27 (1+ |t ol”) * n*1Dg?dx+ 272 \Dg|"™ 0™ dx
B;é(x()) BE(VCO)
m-2
+2°7 |u—u;0,R|mdx
By (xo)

and

3=

-
(/ (|Du|”’+ |u|’+1) dx) (/ |Dg0|”’dx>
B (xo) By (xo)

a-HG2
58/ |Dg0|’"dx+C(s)</ (|Du|’”+ |u|’+1) dx)
B}(,(Xo) BE(xO)
Combining these estimates in (3.3), we have
/ Agﬁ (x, u)(Du, Du)n?® dx
Bp(x0)
m=2
< 28/ (1 + |u|2) 2 | Du|*n* dx
Bp(x0)
= m=2
12" (1+ ’u;OJRyz) 2 |Dn|2’u—u;o'R|2dx
Bp(x0)
i+ |M - l/t/ |m m— m=2
o2 R s 022 (1+|u z|") = @+ C,)IDgl* dx
Bhg) (R—p) Bj(x0)
+2"7 (14 C,) |Dg|”’dx+8/ \Do|™ dx
B;é(x()) B%(xo)

-1z
+C(8)(/ (IDu|™ + |ul” +1) dx) .
B (xo)
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Noting that u € W"(B}(xo), RN), we have

-1y
(/ (IDu|™ + ul” +1) dx>
B (x0)

(=) L\ maaeh
< (/ |Du|mdx) + (/ |u— 1 gl dx)
B (x0) B (x0)

+ (Ji ] ™4 1) (R 2) O

—

2 (1-1) =
< </ |Du|mdx> + (/ |Du|mdx)
BE(xo) B}(xo)

(il D) (R712) 7100

|

< C(e, Nutllwam) (s o] ™ +1) (@aR"/2). (3.4)

Using (H2), we thus have

(A —2¢) [IDu)? + |Dlu|% |*] dx
By (x0)
< (r-2e¢) (1+ |u|2)mTJIDu|2dx
B (xo0)
< C(e,m,L)/ (|Dn|2‘u - u;O,R|2 + |Dn|’”‘u - u;O,R’m) dx
Bp(x0)
+C(m,L,¢) (|Dg|2 + |Dg|’”) dx + C(s, ||u||W1,m)(a,,R"/2).
B} (x0)

Recalling that u, , =g pand ¢ = (u - g)n*, we get

(A - 28)/ [|Du|2 + |D|u|% |2] dx
Bj(xo)

1 2 1 .
SC(S,L;WZ)/ [714_”; L P i|dx
Bp(x0) (R- ;0)2 ‘ O’R’ (R—p)m | xo,R|

-2
2 Ay oy §
+ C(S; L; m, Cs; Cp) |:||g||]2.[1,s (aan/z)R(l_ s ) + <7R ) ”g“;_n[l,s}
+ C(E‘, ”M” Wl,m) (aan/2).
Fixing ¢ small enough yields the desired inequality immediately. O

4 Proof of the main theorem

In this section we proceed to the proof of partial regularity result.

Lemma 4.1 Conusider u € WY (2, RN) to be a weak solution of (1.1), %o € D, y € Dg(x0),
D,(y) C Dr(x0), R <1~ |x0|, and ¢ € CP(B% (), RN) with SUpPg: () |Dg| <1. Then
2

2-n
’(B) / A(y,u5,,)(Du, D) dx| < CsV/I[VI+w(D)]p sup |Dgl, 4.1)
2 B, ()

B, (x0)
)

Page 8 of 15
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where

2 1 m 2 201-12 2
I(Z;Vo)=][+ [|u—u;,,0! +,0m_zlu—u2,m! ]dx+[||g||,,1,s+||g||;",1,s]ro< ot rg
o (2,

0

forze D,re(0,1-|z]).

Proof From the definition of weak solution we have

/+ AZ’S (» u;'p)(Du,Dgp)dx
B% )

=L

o)
2

(IDu™ =9 + [u"™ + 1) dx]p sup |Dy|
B, ()
2

+ /+ ’A;ﬂ (», u;,p) —A;ﬁ(x, u)| - |Du| dx sup |Dg|. (4.2)
B, 0) B, 0)

Similarly as (3.4), by Holder’s inequality and Sobolev’s embedding theorem, we have

C/ (IDu|”’(l‘%) +lu +1) dx < C(!u;yp/zr_l + 1), p"/2.
B} 0)
5

Henceforth we restrict p to be sufficiently small. Applying in turn Young’s inequality,
(H3), Caccioppoli’s inequality (Theorem 3.1) and then Jensen’s inequality we calculate that

/+ A?}ﬂ (7 u;yp)(Du,Dgp)dx
Bg »

= C(|u;/,p/2|r_l +1)a,p"/2- p sup |Dg|
B% (xo0)

1

3
+w<pm+][ |u—u/y,p|mdx>(anp”/2)(][ |Du|2dx) o sup |Dg|. (4.3)
By (y) B, (%) B% (xo0)

Forze D, rg € (0,1 — |z]), we introduce the notation

(1-%)
§ +r(2),

1
I(z,r0) = 7[ ) [Iu —ul, "+ 7 lu—i,,, Im} dx + [l1g12s + 117 ]ro
0

B},

and further write I for I(y, p). Defining the constant C4 by C, = max{C;, C,, C3}, from (4.3)
and Theorem 3.1, we have

«, ’ 1 n—- n—
/B+ @)Al.j’g (y, uy,p)(Du,Dtp)dx < Ean,o LCul +V/Cattnp" 20DV
)

For arbitrary ¢ € C5°(R2, RY) we thus have

a ’ 1 n—
/B+ Al.j’g(y, uy’p)(Du,Dgo)dxg 2P 1max{C4,,/C4}x/f(«/f+a)(I)) sup |Dg|.

H0) BY, (x0)
2 2

Page 9 of 15
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Multiplying through by (4)*™", this yields

2-n
|<£) / Ag.ﬁ (», u;‘p)(Du,Dgo) dx| < ng/i(\/j +o(l))p sup |Dg| (4.4)
2 B}, () BY, (x0)
2 2
for Cs defined by Cs = 272 max{Cy, v/C4}. O

Lemma 4.2 Counsider u satisfying the conditions of Theorem 1.1 and o fixed, then we can
find § and sy together with positive constant Cy such that the smallness conditions 0 <
w(|ul,s0) < % and I(xo,R) < Cy? min{%,so} together imply the growth condition

1(y,0p) <0 1(y, p).

Proof Set w = u — g, using in turn (H1), Young’s inequality and Hoélder’s inequality, from
(4.4) we can see that for Cg = C5 + L(%")l‘% 1+ |u;,yp|2)mT_2:

2-n
P o ,
KE) /+ Ai/5 (.1, ,)(Dw, Dg) dx| < CoVI(VI+w(l))p sup |Dg|. (4.5)
B% 0 B, (x0)
We now set v =3, for y = Ce+/1. From (4.5) yields
P 2-n
‘(E) A+ Azﬁ()’, M;‘p)(DV,D‘P) dx S (\/j+a)(1))p fup |D§0|, (4.6)
g B} x0)

and we observe from the definition of y, (4.6) means that

2-n
<£> / |Dv?dx <1. (4.7)
2 B, 0)
2

Further we note that
1 1
VD, ) = ;W|Dp(y) = ;(M -9)Ip,» =0. (4.8)

For ¢ > 0 we take § = §(n,N, A, L,¢) to be the corresponding § from the A-harmonic

approximation lemma. Suppose that we could ensure that the smallness condition
VIito()<$ (4.9)

holds. Then in view of (4.6), (4.7), (4.8) we would be able to apply A-harmonic approxi-
mation lemma to conclude that the existence of a function & € HY*(B%, (y), RY), which is
2

AZ.’S (9, 4, ,)-harmonic, with k|p,, (y) = 0 such that
5

2-n
(3> / \Dh?dx <1, (4.10)
2 By 0)

Page 10 of 15
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-n
(ﬁ> / v—hdx<e. (4.11)
2 B, 0)

For 6 € (0, i] arbitrary (to be fixed later), from Lemma 2.3 and (4.10), recalling also that
h(y) = 0, we have

sup k> <6%p? sup |Dh|? < 4Cy0>. (4.12)
B}, () B, 0)

Using (4.11) and (4.12) we observe

P
6p)™" V2 dx < 2(9,0)_”|:<§) e+ 5a,(0p)" sup |h|2] <2197 4 4y, Cob>
B5,0) BS,0)

and hence, on multiplying this through by 32, we obtain the estimate

©p)™" |w|?dx < (21_”9_”8 + 4a,,Coo92)y2. (4.13)
B;, ()

For the time being, we restrict ourselves to the case that g does not vanish identically.
Recalling that w = u — g, (4.13) yields, using in turn Poincaré’s, Sobolev’s and then Holder’s

inequalities, noting also that u),, = g, -

_ 2
Op)™" |u - u;,9p| dx
By,0)

1 s
<2(2"707" + 4, Cob*)y + 2Cp(9p)2”[§an(9p)”} gl

< (67" + ) + G051 (4.14)

_2 n
for C; = max{SanC0C§,2% Cpai, *} and provided & = 6" together with §2 < §20-5), we

have

6p)™" / lu—i,, |2 dx < 3C,0%0-9L, (4.15)
B},

For 2 <m < n (n > 3) we have 2 < m < r, where r = [m i£n>m, with%<%<%.
Therefore we can find ¢ € [0,1] such that # = % + f

Using Sobolev’s, Caccioppoli’s, and Young’s inequalities together with (4.14), we have

any number >m, if m>n,

(6p)"(6p) ™ / PR
85,0)

A=t)m mt
(Op)™" (/ 2 ) 2 ( ro\ "
< - |~y | dx / lu—u,y, | dx
@0y \Js; 760 55,0 7600

(910)_” n(pn-n 2 2(1-2) % m m '
< ——(C(6p)" (07" + 6% + 6>175))I) p) |Du|™ dx
B},

= (Bp)m-2
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(Bp)™" n(p-n 2 p20-m)) 5| (mn) ‘
< O [Cropy (e v 07+ %) | Sy

1-¢ . t o fa,\" ,
<(@p)™" <7( 5 i 0p)"Cr (07" + 0% + 020-D) 1 + = <%> (Gp)(’”“”t)'m)
r
< Cy(07"e + 6% +620D)1 (4.16)

for Cy = 152 C, 4 ™ Comt (%) .
We then fix & = 6”7*2, note that this also fixes 8. Since p < 1, we see from the definition
of y: (gl + Igll}n0p)*~9) < 6°0=5)1, and further (6p)” < 0°1.

Combining these estimates with (4.15) and (4.16), we have

1(y,0p) < 3(Cy + Cg + 102151, (4.17)
We choose 6 € (0, i] small enough, such that we have 3(C; + Cg + 1)620-%) < g2,
Thus from (4.17) we can see

1(y,6p) <6°°1(y, p). (4.18)

We now choose sy > 0 such that 0 < w(so) < 2, and we define Co by Co = 2""2"*1(2C? +
2"C!"). Suppose that

82
I(x0,R) < Cy! min{ Z,so} (4.19)

for some R € (0,Ry], where Ry = min{\/2s9,1 — |xo|}.
Foranyye D (x0) we use Sobolev’s inequality to calculate

o, R" 2 2
et =g = [ A
2
_ r 2
) /B}e@)'g"o”2 g4l ax
2
/ 2 ;12
52/ € ~ & dx+2/ g -g) x| dx
By 0) B 0) 2
2 2

< 20, C?|g||? 1, R™20-3) (4.20)

and

Olan / ’ m / / m

U, —U gl = U, o—U dx
2VH-1 | xo,R »y | B*R (y) | xo,R J’:§ |
2

m
i /B; plor Sl

2

< 2m—1 /
- B

Ig—g,LO,ledx+2”"1/ lg—g »|"dx
%) BRH () »2

2 2
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< 2", C||g||" RA-5)

< 2"a, CJ" gl R 209, (4.21)
Using these estimations, we can obtain

I(_)/, (I/Z)R) < on+2m+l []{3 (|M _ u;co,R|2 + R—Vi*Z }u - M;Co,R|m) dxi| + ERZ

+(2€2 +27C)[lg2 s + gl JR2A5) < Ciol(xo, R). (4.22)

20)

Thus we have

VI3 (1/2)R) + o(I(y, (1/2)R)) <

which means that the condition (4.18) is sufficient to guarantee the smallness condition
(4.9) for p = R/2, for all y € Dgj»(x9). Thus, we can conclude that (4.17) holds in this situ-
ation. From (4.18) we thus have

+w(so) < =+ - <4,

N S
N S

N S

1(y,(1/2)6R) + w(I(y, (1/2)6R)) < - + w(s0) < 5 + g <3,

N S
N S

which means that we can apply (4.18) on By, (y) as well, and this yields
1(y,6°R/2) <6 I(, (1/2)R),
and inductively we find
1(y,0"R/2) <6°*1(y, (1/2)R). (4.23)
The next step is to go from a discrete to a continuous version of the decay estimate.

Given p € (0,R/2], we can find k € Ny such that 0¥ 1R/2 < p < ¥R/2. Then we calculate in
a similar manner to above. Firstly, we use Sobolev’s inequality (1.4) to see that

5 1 n+2(1-%)
u,,—u dx < 20,C2 gl [ =6FR
/BZ@’ .0 y,F)kR/2’ <2a,C g7y, 5

and

1 n+m(1-%)
M/ _u/ mdx<2ma Cm ms —GkR ,
/BW)’ .0 y,ekR/2| = nCs lIglp, D)

which allows us to deduce that

;12 1 ’ W’)
u-—u +——\u—u dx
/B;’,(y)(| }’,p| pm—z | J’,/J|
<22m3|:/ (M—M/ ‘2+;’M—M/ |m>dxi|
B B () y,0kR/2 (QkR/z)m—Z y,0KkR/2

1 n+2(1-%) 1 n+m(1-4)
ranClell (30R) v cieg(300)
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and hence, finally
Iy, p) < Cu[(% 9kR/2)

for Cy; = max{2%"-3,8C20~",2""1C"9~"}. We combine these estimates with (4.22) and
(4.23):

2 20
I(y, p) < Cub**I(y,R/2) < C1pCp0~% (%) I(x0,R)

2 20 ) 20
§C10C11<5> (E) I(x0,R),

and more particularly

20
inf / lu—p|>dx < Cul(xo,R)<£) (4.24)
B} R
5 ()

weRN

for Cy, given by Cip = Cyo Cu(%)z". We recall that this estimate is valid for all y € D and p
with D, (y) C Dgj2(x0), and we assume only the smallness condition (4.19) on I(xo, R). This
yields after replacing R by 6R the boundary estimate required to apply Lemma 2.2.
Similarly, one can get the analogous interior estimate as (4.24). Applying Lemma 2.2, we
can conclude the desired Holder continuity. O
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