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Abstract

In this paper, using fixed point index and the mixed monotone technique, we present
some multiplicity and uniqueness results for the singular nonlocal boundary value
problems involving nonlinear integral conditions. Our nonlinearity may be singular in
its dependent variable and it is allowed to change sign.

1 Introduction
In this paper, we consider the existence of positive solutions of nonlinear nonlocal bound-
ary value problem (BVP) of the form

" =q@)f (ty@), te(0,1) (1.1)
with integral boundary conditions
1 ., 1 Y
Y0 =abl= [ GO da®, 5w =pbl= [ 66) d5o (12)
0 0
involving Stieltjes integrals, a > 0, b > 0.
In [1], using the Leray-Schauder alternative, Z. Yang considered the problem
" =f(y(®), t€(0,1) (1.3)
with integral boundary conditions
1 1
YO =abi= [ H6dA®, 50 =pb1= [ y6)d50 (14)
0 0

and discussed the existence and uniqueness of a positive solution for BVP (1.3)-(1.4) with
a sign-changing nonlinearity f. C.S. Goodrich discussed (1.1) with nonlinear integral con-

ditions

1
¥(0) = Hy (/0 y(s) dA(S)) +[EH2(S,J/(S)) ds,  y(1)=0,
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where E C (0,1) is some measurable set (see [2]). Moreover, there are some interesting
results when the measures are signed (see [3-5]). Using the mixed monotone technique,
L. Kong considered

-y = (t,y(1), te(0,1) (1.5)

with (1.4) and discussed the uniqueness of positive solutions (see [4]). J.R.L. Webb dis-
cussed the multiplicity of positive solutions for BVP (1.5)-(1.4) when f(t, y) is positive and
continuous on (0,1) x [0, +00); note that f has no singularities at y = 0 (see [5]). Using the
fixed point index, G. Infante discussed (1.1) with nonlinear integral boundary conditions
(see [3]),

1 1
y(0)+H1( /0 y(s)dA(s))=o, y(1)+14(77)=H2( /0 y(s)dB(s>).

Inspired by the above works and [6—16], we consider the BVP (1.1)-(1.2) when f is singular
at y = 0 and f may be sign changing. Using the fixed point index and the mixed monotone
technique we establish some new existence results for the BVP (1.1)-(1.2).

Our paper is organized as follows. In Section 2, we present some lemmas and prelimi-
naries. Section 3 discusses the existence of multiple positive solutions for BVP (1.1)-(1.2)
when f is positive. In Section 4, we discuss the multiplicity of positive solutions for the
semipositone BVP (1.1)-(1.2). In Section 5, using the mixed monotone technique, we dis-
cuss the uniqueness of a positive solution of BVP (1.1)-(1.2).

2 Preliminaries
Let C[0,1] = {y: [0,1] — RJy(t) is continuous on [0, 1]} with norm [|y|| = max;co |y(¢)|. It
is easy to see that C[0,1] is a Banach space. Define

P= {y € C[0,1]]y is concave on [0,1] with y(¢) > 0 for all £ € [0,1]}. (2.1)
It is easy to prove P is a cone of C[0,1].
Lemma 2.1 (see [17]) Let Q be a bounded open set in a real Banach space E, P be a cone
ofE,0 € Qand A : QNP — P be continuous and compact. Suppose MAx # x,Yx € 0Q NP,
A €(0,1]. Then

iA,QNP,P)=1. (2.2)
Lemma 2.2 (see [17]) Let Q be a bounded open set in a real Banach space E, P be a cone
of E,0 € Qand A: QNP — P be continuous and compact. Suppose Ax £ x,Vx€0QNP.
Then

i(A,QNP,P)=0. (2.3)

Lemma 2.3 (see [18]) Lety € P (defined in (2.1)). Then

y(@) = t(L=-1)lyll fort €[0,1]. (2.4)
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Now we present the following conditions for convenience:

(C1) A and B are of bounded variation with positive measures, 0 < fol dA(s), a > 0,
0< fy dB(s), b>0,

(Cy)
there exists a function ¥
continuous on [0,1] and positive on (0,1) such that (2.5)
f@&,y) = yn(t) on (0,1) x (0,1],
(C3)
1
q € C(0,1), g>0 on(0,1) and / t(1 - t)g(t) dt < oo, (2.6)
0
(C4)
f:10,1] x (0,00) — (0, 00) is continuous, (2.7)

(Cs) there exists a continuous function g : [0,1] x (0, 00) x (0,00) — (0, c0) with g(z,x,y)
nondecreasing in x and nonincreasing in y and for x > 0 we have f(t,x) = g(¢, %, x).
Moreover, there is a constant 8 with 0 < 8 <1 such that

1
g(t,)»x, xy) > A0g(t,x,y), VYx>0,y>0,0<r<1.

3 Multiplicity of positive solutions for singular boundary value problems with
positive nonlinearities

In this section, we consider the existence of multiple positive solutions for BVP (1.1)-(1.2).

To show that BVP (1.1)-(1.2) has a solution, for y € P, define

(Tey)(®) = (1= aly] + £]y]

1
+ f k(t,s)q(s)f(s, max{e,y(s)}) ds, tel0,1],1>¢€¢>0, (3.1)
0

1-ps, 0<s<t<l,
1-9)t 0<t<s<l

Lemma 3.1 Suppose (C1)-(Cy) hold. Then T, : P — P is continuous and completely con-
tinuous for all1> € > 0.

Proof It is easy to prove that T, is well defined and (T.y)(¢) > 0 for all £ € P. For y € P, we
have

(Tey)"(£) <0 on (0,1),
(Tey)(0) = alyl, (Tey)@) = Byl

(3.2)
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(T.y)(t) is concave on [0,1]. (3.3)

Consequently, T, : P — P. A standard argument shows that T, : P — P is continuous
and completely continuous (see [4, 19, 20]). O

Lemma 3.2 Suppose that fol dA(s) > 0 and fol dB(s) > 0. Then

1 1
/ s“(1—s)*dA(s) > 0, / s -s)? dB(s) > 0.
0 0

The proof is trivial and we omit it.
Define

H = {x € C([0,1,R) N C'([0,1),R) N C((0,1),(0, +00)) N C*((0,1), R) | satisfies

&"(6) + q(@)f (t, max{e, x()}) = 0,0 < £ < 1,x(0) = a[x], x(1) = B[], V1 > € > 0}.
Lemma 3.3 IfH # 0 and (Cy) hold, there exists a 8o > 0 such that
x(t) >89, Vtel[0,1],x<€H.

Proof Suppose x € H. There are two cases to consider:
(1) |lx|| > 1. Lemma 2.3 implies that

x(t) > t(l-t)|x|| =1 -1¢), tel0,1]. (3.4)
(2) 0< %]l < 1. Condition (Cy) guarantees that
x(t) = (- Darlx] + tBla] + /0 ()Y (5 maxe,x(5)]) ds
> /0 K06 ds = vole), £ [0,1],
Since 1(£) > 0 and y(0) = 0 and y,(1) = 0, Lemma 2.3 implies that
® = ti-Dllyl, Vee o1, (35)
Let & = min{L, |[7|}. From (3.4) and (3.5), one has
x(t) > 8t(1—-t), Vtel0,1].

Lemma 3.2 implies that

1 1
x(0) = a[x] = / x*(s)dA(s) > Sf/O s“(1-s)*dA(s) >0
0
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and

1 1
x(1) = Blx] = / xb(s)dB(s) > 8? / sb(1 - s5) dB(s) > 0.
0

0

Set

1 1
8o =min{3f / s%(1 —5)* dA(s), 8 / sb(l—s)de(s)}.
0

0

Since x(¢) is concave on [0,1], we have
x(t) >89, Vte[0,1],x€H.
The proof is complete. O

Lemma 3.4 Suppose that there exists an a € (0, %) such that

lim f_(t,y) = +00

(3.6)
y—>+00 Yy
uniformly on [a,1 — a]. Then there exists an R' > 1 such that for all R > R’
(T, QrNP,P)=0, VO<e<l.
Proof From (3.6), there exists a R; > 1 such that
fty) =Ny, Vy>R, (3.7)
where
N 2
> .
a? fé k(a, s)q(s) ds
LetR = 5—; and
Qg = {x € C[0,1]]]1x]l < R}, VR>R.
Now we show
Toy<y forye PNaQp,V0<e <1. (3.8)

Suppose that there exists ayo € PN with Teyo < yo. Then [|y9]| = R. Also since yo (%) is
concave on [0, 1] (since yy € P) we have from Lemma 2.3 that yo () > t(1-1)||yo|| > t(1-£)R
for t € [0,1]. For ¢t € [a,1 — a], one has

yo(t) > a’R>a’R =Ry, Vtelal-al,

which together with (3.7) yields the result that

f(&20()) = N*yo(t) = N*@*R, Vtela,1-al (3.9)

Page 5 of 22
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Then we have, using (3.9),

1
yo(a) = Teyo(a) = 1 —a)alyo] + aBlyo] +/0 k(a, s)q(s)f(s, max{e,yo(s)}) ds

1-a

= | k(Zl,s)q(s)f(s,max{e,yo(s)})ds

1-a
- f k(@,$)q(s)f (s, y0(s)) ds

1-a

> N*Ra> _ k(a,s)q(s)ds

a

> R=|yoll,
which is a contradiction. Hence (3.8) is true. Lemma 2.2 guarantees that
(T, QrNP,P)=0, VO0O<e<l.
The proof is complete. d
Lemma 3.5 Suppose that max{a, b} > 1. Then there exists an R' > 1 such that for all R > R’
(T, QrNP,P)=0, VO<e<l.

Proof Since max{a, b} > 1, without loss of generality, we suppose that a > 1. Let R' > 1 with
R fol s*(1 —5)*dA(s) > 1. Set

Qr={xeC[0,1]]|lx| <R}, R=R.
Now we show
Tex£x, Vxe€dQrNP,V0<e <Ll
In fact, suppose that xy € 3Qz N P and satisfies
Texog < xg.
Lemma 2.3 guarantees that
xo(f) = IlxollE(L — £) = Re(1 - ¢2), £€[0,1].
Then
1 1
Rz0(0)- [ #6)d40 = [ Isls -5 da(

1 1
= RR*! / s°(1-5)*dA(s) > RR*™ / s*(1-5)*dA(s) > R.
0 0

Page 6 of 22
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This is a contradiction. Lemma 2.2 guarantees that
i(T.,QrNP,P)=0, VYR>R,V0<e<l.
The proof is complete. O

Theorem 3.1 Suppose (Cy), (C,), (C3), and (Cy) hold and the following conditions are sat-
isfied:

0 <f(t,y) <g(y) + h(y) on [0,1] x (0, 00) with

g > 0 continuous and nonincreasing on (0, 00),

(3.10)
h > 0 continuous on [0,00), and g
nondecreasing on (0, 00)
and
1 " dy
sup . f —— > by (3.11)
r€(0,+00) 1+ % co max{r#,r0} g(y)
hold; here
1 1
co= max{/ dA(s),/ dB(s)},
0 0
X X (3.12)
2
by = max{Z/ t(1-t)q(t) dt,2ﬁ t(1-t)g(t) dt}.
0 2
Then BVP (1.1)-(1.2) has at least one positive solution.
Proof Choose € >0 and r > 0 with € < min{1, ¢o{r%, 7*}} and
1 r d
. / D by, (3.13)
1+ g(—:) cotrarby &)

Let
Qi = {y e Clo, 1]yl <r},
and T, is defined in (3.1). Lemma 3.1 guarantees that T, : P — P is continuous and com-
pletely continuous.
Now we show that

y #)\,Teyy V_)/ €I NP,Ae (0, 1]. (314)

Suppose that there is a yg € 32; NP and A € [0,1] with yo = A9 Tey0, i.e., yo satisfies

¥o + Aoq(t)f (£, max{e, yo(£)}) =0, O0<t<l,
70(0) = Aoa[y], y0(1) = 2o Byo].

(3.15)
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Then y3(t) < 0 on (0,1) and y0(0) = Aoa[yo] < r“fol dA(s) < cor” < r = |lyoll, y0(1) =
XoBlyo] < r? fol dB(s) < cor® < r = |yo|l, which guarantees that there exists a £, € (0,1),
r = |lyoll = yo(to) with ¥/ (£5) = 0 and y;(£) > 0 for all ¢ € (0, ¢) and y;(¢) < 0 forall £ € (¢, 1).
For t € (0,1), we have

h(max({e, yo(£)}) } 0
g(max{e,yo(t)})
h(r)

< g(max{e,yo(t)}) {1 + @ }q(t). (3.16)

—Yo®) < g(max{e,yo(t)}) {1 +

Integrate from ¢ (¢ < ty) to £, to obtain

h to h to
yé)(t)Sg(maX{e,yo(t)}){Hé%}/t q(s)ds Sg(yo(t)){1+£}/t q(s)ds

and then integrate from 0 to £, to obtain
yolto) to rto
/ —yf 1+ﬂ f / q(t)dr ds
alyol g(y) g(r) 0 s
h(r fo

)
= 1+% /(; sq(s)ds

g ] 1-t

fo 1-s
/ s(1—s)gq(s) ds (note 1< - ,Vs € [to, 1)),
0

—bo

IA

which together with «[yo] < ¢or* < ¢ max{r?, b} yields the result that

r d Tod h 1 fo
/ @ / 2 {1 . ﬁ} / 51— 5)q(s) ds. (3.17)
comax{r"‘,rﬂ}g(y) alyo] g(y) g(r) 1-% Jo
Similarly if we integrate (3.16) from £, to ¢ (¢ > £y) and then from £, to 1 we obtain
r d h 1 !
/ A {1 Y } - / s(1 - 5)q(s) ds. (3.18)
co max{r®,rb} g(”) g(}") to to

Now (3.17) and (3.18) imply
[ )
co max{r4,rb} g(u) g(r)
which contradicts (3.13). Therefore, (3.14) is true. Lemma 2.1 implies that
(T, Q21 NP,P) =1, (3.19)
which yields the result that there exists a y; € £2; N P such that

Te_yl,e =Yier

Page 8 of 22
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i.e., H#{ in Lemma 3.3. Moreover, Lemma 3.3 is true, which guarantees that there exists
a 8y > 0 such that

x(t) >80, Vte[0,1],x€H. (3.20)
Now let ¢y = 570 From the above proof, there exists a x; ¢, € 21 N P such that
TeoX1,eq = X1,eq-
Since 0 < €9 <1, (3.20) implies that
X1, (E) = 80 > €9, te]0,1]. (3.21)
Moreover, since x; ¢, (t) satisfies

® ¢, (8) + q()f (¢, max{eg, x1,(£)}) =0, 0<t<l,

Xl,e0 (O) = [xl,eo]7 Xl,e0 (1) = ﬁ [xl,eo]r

(3.21) guarantees that

xi”éo(t) +q@)f(t,x1,(2) =0, 0<t<l,

%1,60(0) = a[x1e0],  X169(1) = Bl ]
Thus, BVP (1.1)-(1.2) has at least one positive solution. The proof is complete. a

Theorem 3.2 Suppose the conditions of Theorem 3.1 hold and there exists an a € (0, %)
such that

L,
lim f—( Y = +00
y—+oo Yy

uniformly on [a,1 — a]. Then BVP (1.1)-(1.2) has at least two positive solutions.

Proof Choose r > 0 as in (3.13), €y > 0 with €y < min{8y,1,co{r? r’}}, where 8, is defined
in (3.20), and R > max{r, R’} in Lemma 3.4. Set

@ = {y e Clo, iyl <r},

Q2 = {y € CI0,1]lllyll < R}.
From the proof of Theorem 3.1 and Lemma 3.4, we have
(T, 2NP,P) =1
and

i(T€0792 OP,P) =0,
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which implies that
i(Teys (R - Q1) NP,P) = -1.

Thus, there exist x1,¢, € 21 NP and x5¢, € (22 — ;) N P such that
TeoX1,eq = %1,e0 TeoX2,c0 = X260

From the proof of Theorem 3.1, x;,(¢) and x;.,(¢) are two positive solutions for
BVP (1.1)-(1.2). The proof is complete. O

Theorem 3.3 Suppose the conditions of Theorem 3.1 hold and max{a,b} > 1. Then
BVP (1.1)-(1.2) has at least two positive solutions.

Proof Choose r > 0 as in (3.13), €y > 0 with €y < min{8y,1,co{r? r’}}, where 8, is defined
in (3.20), and R > max{r, R’} in Lemma 3.5. Set

@ = {y e Clo, Iyl <r},
2 = {y € C[0,1]]llyll < R}.

From the proof of Theorem 3.1 and Lemma 3.5, we have

i(T.,, % NP,P) =1

and
(T, 20 NP,P) =0,

which implies that
i(Teys (R - Q1) NP,P) =-1.

Thus, there exist x1,¢, € 21 NP and x5¢, € (22 — ;) N P such that
TeoX1,e0 = %1,eq TeoX2,c0 = X2,60-

From the proof of Theorem 3.1, x;,(¢) and x;.,(£) are two positive solutions for
BVP (1.1)-(1.2). The proof is complete. (|

Example 3.1 Consider
y'(8) + u(y"sl (t) + ™ (t)) =0, 0<t<], (3.22)
with

1

1y 1 1 1
¥(0) :/(; y3(s) dA(s), (1) :fo y2(s)dB(s), dA(s) = 3 ds,dB(s) = 3 de’, (3.23)

where 8; >0, 8, > 1.
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Let q(t) = u, f(,7) =y + 52, g(9) = 571, h(y) = y2, co = max{ [, dA(s), [, dB(s)} = &,
by = %,u. It is easy to see that (C;)-(C4) and (3.10) hold. Since

1 /-l 1 1_(%)81+1
- ——dy=—2__,
1+ 20 o maxn3 a2y €0) 2(1+6y)

g()
. 1_(1)51“
letting o <3 m, we have

1 /’ 1
sup ——— ——dy>by
re(0,+00) 1+ % <o max{r%,r%} g()’)

for all i < wo, which guarantees that (3.11) is true. Moreover, since

f(ty)

lim —= =

y—>+00 y

uniformly on [0, 1], all the conditions of Theorem 3.2 hold, which implies that (3.22)-(3.23)
has at least two positive solutions (for © < o).

Example 3.2 Consider
y'(£) + M(y_‘sl (t) + 92 () =0, 0<t<l, (3.24)
with

1 3 1 1 1 1 i
¥(0) :/0 ¥ (s) dA(s), (1) :/(; y2(s)dB(s), dA(s) = 5 ds,dB(s) = 3 de’, (3.25)

where 8; >0, §, < 1.
It is easy to see that all conditions of Theorem 3.3 hold, which implies that (3.24)-(3.25)
has at least two positive solutions.

4 Multiplicity of positive solutions for the singular semipositone boundary
value problem
In this section, we consider the case

f(tﬁy) = F(td’) - ]/(t), te (O’l)r

where the conditions (C;), (Cs), (C4) for F(t,y) instead of f(¢,y) hold and y € C((0,1),
(0, +00)) with

1 1
w(t) = / k(t,s)q(s)y(s)ds < +oo, te[0,1], a= / q(t)y(t)dt < +00.
0 0
For y € P, define

(Tey)(8) = A= e[y - wl*] + B[ [y - wl*]

1
+ / k(t,9)q(s)F (s, max{e, [y(s) - w(s)]"}) ds, te€[0,1],0<e <1, (41)
0

Page 11 of 22
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where k(t,s) is defined in (3.1) and

y(&) = w(t), if y(£) - w(t) > 0,

—w()]* =
[y(t) " )] 0, if y(t) —w(t) < 0.

Now we present the following condition for convenience:

(C)
there exists a function ¥,
continuous on [0,1] and positive on (0,1) such that
F(t,y) = Y4, (t) on (0,1) x (0,4c¢;] with
maxeo,] fol k(t,5)q(s)Vac, (s) ds > 2c;.
Define

H = {x e C([0,1],R) N C'([0,1),R) N C((0,1), (0, +00)) N C*((0, 1), R)|x satisfies
«" () + q@)F (t, max{e, [x(t) - w(H)]'}) = 0,0 < £ < 1,

x(0) = a[[x — w]*],x(1) = B[[x - w]*],V1 > € > 0}.
Lemma 4.1 IfH # ¥ and (C,) hold, then there exists a 5y > 0 such that
[x(t) — w(t)]* >389, Vte[0,1],x<H.

Proof Suppose that x € H. There are two cases to consider:
(1) [l%]l = 4. Since

1
w(t) <t(l-1t) / q(s)y(s)ds = c;t(1 - ¢t),
0
we have
(t) < 14 tl-1) < L t(1-1)
wit) = L 4ert(l - _4||x|| - 1)
From Lemma 2.3, we have
x(t) > |xlt(1—t) = 4ert(1 —t), Vte(0,1),
which implies that
1 3
x(2) —w(t) > |lx[lE(1 - ¢£) - 2 [xlle1—¢) = 2 llxll(1 1)
3
> 14011:(1 —t)=3¢qtl-1t), te]0,1].
Hence

[x@®) - w®)]" = 3atl-1), te[0,1]

Page 12 of 22
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and so

1 1

x(0) = a[[x—w]*] > / (3cls(1—s))“ dA(s),x(1) = ﬁ[[x—w]*] > / (3C1$(1—S))de(S).

0 0

The concavity of x(¢) implies that

1 1
"(t)zmm{ / (3cis(1 - 5))* dA(s), / (3c1s(1—s))"d3(s)}“2‘51.
0 0
Then

[x@®) - w®)]" = =x(t) > 251, te0,1]. (4.3)

L RS

(2) 0 < ||lx|| < 4c;. Condition (C,)" guarantees that
1
el > m[0a>1(]/ k(t,$)q(s)F (s, max{e, [x(s) - w(s)]*}) ds
te|0, 0

1
> max f K(t,)4(5) Vs (5) s > 261,
0

telo,

which together with x € P implies that
x(t) > t(Q - 0)||x|| = 2c¢(1 - ¢), te][0,1]. (4.4)
From (4.2) and (4.4), we have
1 1
WG)SCJO—i):52Qﬂ1—t)§§qu te[0,1],
and so

[x@®) - w®)]" = —x(t) > cit1 -1), te[0,1].

N =

Then
x(8) = (- De[[x - wl*] + B[ lx - w]*] + fo ke $)g(s)F (s, max/e, [x(s) - w(s)]*}) ds
=a-9 [ (st - )" dA() + / (st -5)" dBs
> min [(1 -0 (sl - 5)" dAGs) + / (s - s)de(s)}, te 0,1,

which implies

[x@®) - w®)]"

v

%x(t)

v

1 min |:(1 —1) /1(013(1 - s))“ dA(s) + t/l(cls(l - s))b dB(s):|
0 0

2 te[0,1]

= (4.5)
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Let
. 3
(So = m1n{82, Z(Sl }
Now (4.3) and (4.5) guarantee that
[x@®) -w®)]" =8, tel0,1].

The proof is complete. O

Lemma 4.2 Suppose there exists an a € (0, %) such that

F(¢t,
lim M = +00 (4.6)
y—>+oo Yy
uniformly on |a,1 — a]. Then there exists an R' > 0 such that for all R > R’
i(T.,,QrNP,P)=0, V0<e<l.
Proof From (4.6), there exists a R; > max{1,2c;} such that
F(t,y) =N*y, VYy=R,, (4.7)
where
N 2
> .
a [. ™" k(a,s)q(s) ds
LetR = %Rl and
Qp = {x e C[o, 1]]1I=I <R}, R>R.
Now we show
Toy<y forye PNoQp,0<e <1 (4.8)

Suppose that there exists a yo € PN dQg with T.yo < yo. Then |y = R. Also since yy(t) is
concave on [0, 1] (since yy € P) we have from Lemma 2.3 that yo () > t(1-1)||yo|| > t(1—-£)R
for t € [0,1]. For t € [a,1 — a], we have (notice ||yo|| = R > 2¢;)

1
yo(t) = ERZZZ >R, Vtelal-al,

N =

[yo(®) -w(®)]" >

which together with (4.7) yields the result that

F(t,max{e, [y0() -w(®)]"}) = N*[90(0) —-w(®)]" = N*%Rz‘zz, Vtela,l-al. (4.9)
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Then we have, using (4.9),

yol(a) = Teyo(a)
= (1-a)e[lyo - wI*] +aB[lyo — wi*]

1
+ / k(a,s)q(s)F (s, max{e, [yo(s) - w(s)]*}) ds
0
1-a .
> / k(a,s)q(s)F (s, max{e, [yo(s) - w(s)]"}) ds

1-a
- [ k@9 (s o) - wo]) ds

1 1-a
> N*ERZzz | k(@,s)q(s)ds >R =y,

a

which is a contradiction. Hence (4.8) is true. Thus Lemma 2.2 guarantees that
(T.,QrNP,P)=0, VO<e<l.

The proof is complete. 0

Lemma 4.3 Suppose that max{a, b} > 1. Then there exists an R’ > 0 such that for all R > R’
(T, QrNP,P)=0, VO<e<l.

Proof Since max{a,b} > 1, without loss of generality, we suppose that a > 1. Let R' >
max{1,2¢;} with Z%R’“_l fol s*(1—s)*dA(s) > 1. Set

Qp = {x e C[o,1]] 1= <R}.
Now we show that
Tex£x, Vx€dQrNPV0O<e<l
In fact, suppose that xyp € 92 N P and satisfies
Tox <x.

Then ||yo|l = R. Also since yy(t) is concave on [0, 1] (since yo € P) we have from Lemma 2.3
that yo(t) > t(1 - 8)|lyoll = t(1 - t)R for t € [0,1]. For ¢ € [0,1] we have

[yo®) -w(®]" > %)’0(5) > %Rt(l - t).

Then
1 1 a
7250 [ (Do) -wo])"da6) = [ (Gialsa-9) da

1 ! P
= ﬂRR‘H / s“(1—5)*dA(s) > yRR/ ! / s*(1—5)*dA(s) > R.
0 0
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This is a contradiction. Lemma 2.3 guarantees that
(T, QrNP,P)=0, V0<e<Ll.
The proof is complete. O

Theorem 4.1 Suppose (Cy), (Cy)', (C3), and (C4) hold and the following conditions are
satisfied:

0 <F(t,y) <g() + h(y) on [0,1] x (0,00) with
g > 0 continuous and nonincreasing on (0, 00), (4.10)
h > 0 continuous on [0,00), and g '

nondecreasing on (0, 00),

and

1 4 d
sup e / Ty > by (4.11)
re(2cy,+00) 1+ m co max{r®,rb} g(fy)

holds; here

co = max{/ldA(s),/ldB(s)},
0 0

1
by =max{2f2
0

Then BVP (1.1)-(1.2) has at least one positive solution.

1 (4.12)

t(1 - t)q(t) dt,2 f

1
2

t1 - t)qt) dt}.

Proof From (4.11), choose r > 2¢;, € > 0 with € < min({1, %co max{r4, r’}} with

1 " d
e / Ty > bo. (4.13)
1+ M co max{r4,rb} g( 2)’)

Let
1 = {y e Clo,1]]lyll <r}.

Let T, be defined as in (4.1). Lemma 3.1 guarantees that T, : P — P is continuous and
completely continuous.
Now we show that

y# 2Ty, VyedQiNPaelo1]. (4.14)

Suppose that there is a yo € 92, N P and A¢ € [0,1] with yo = Ao Tcyo. Since yo(z) >
t1=1)llyoll = £ - £)2¢c1 and w(t) = [y k(t,5)q(s)y (s)ds < t(1- 1) [y q()y () ds = ert(1 - 1) =

it = 8)lyoll < 550(2), we have

700~ wl) = S30(d), e [0,1)
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Since y, satisfies

¥o + Aoq()F(t, max{e, [yo(t) —w(t)]*}) =0, 0<t<l,
¥0(0) = Aoet[[yo — w]*], Yo(1) = 2oBllyo — wl*],

(4.15)

90(0) = Aoa[[yo — w]*] < '"”foldA(S) < cor* < r = |yoll and yo(1) = AoBllyo — w]*] <
rb fol dB(s) < cor® <1 = ||y, there exists a ¢, € (0,1) such that y;(ty) = 0 and y;(¢) > 0
on (0, £y), yo(t) <0 on (ty,1). For t € (0,1), it is easy to see that

—y5(t) < g(max{e, [yo(¢) - w(t)]*}) {1 + M(max{e, [yo(&) - w(O)]"}) }q(t)

g(max{e, [yo(£) - w(£)]*})

< g(max{e, [yo(t) - w(t)]*}) {1 + % }q(t). (4.16)

Integrate from ¢ to t, to obtain

* h fo
¥5(8) < g(max{e, [yo(£) — w()] }){1 + %} ft q(s) ds

< g(max{e, %ydt)}) {1 + % } /z ’ q(s)ds
1 h(r) fo
<g(3n0) {1+ 20} [ a0as
and then integrate from 0 to £, to obtain

¥o(to) dy h(r) to { h(r) } 1 fo
7 d s _9d ’
/a[[YOw]*] g(3) = {1+ g }/0 sq(s)ds < 11+ 2z 1—to/0 s(1-s)ds

which together with a[[yo — w]*] < a[y0] < co max{r®, r*} yields

r r h 1 to
f i 5/ d—lyg{uﬂ}—/ s(1-5) ds. (4.17)
co max{r@,rf} g(zy) al[yo-wl*] g(jy) gr) J1-10 Jo
Similarly if we integrate (4.16) from ¢, to t (¢ > £;) and then from ¢, to 1 we obtain
r d h 1 /!
/ - {1 Ayl } - / s(1 - 5)q(s) ds. (4.18)
co max{r“,rb} g(iu) g(’”) tO to

Now (4.17) and (4.18) imply

o
co max{r®,rb} g(ju) g(l”)

which contradicts (4.13). Then (4.14) is true. Lemma 2.1 implies that

i(T.,Q NP,P)=1. (4.19)
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Thus, there exists an x. € P N Q; such that Tex, = x¢, which yields the result that H # ¢

in Lemma 4.1 and there is a §¢ > 0 such that
[x@®) -w®)]" =8, VrxeH. (4.20)

Leteg = %80 and T %e, = %¢,. Obviously x., € H and [x¢, (£) — w(£)]* > &y. From

1
ey (8) = (L= t)ar[ [y — WI*] + B[ [xeo — W*] + /o k(t,9)q(s)E (s, [ [, (8) = w(9)]"]) ds,
we have
1
Xeo (1) = (L= )a[xey — W] + tBlxe, — W] + / k(t,s)q(s)F(s,er (s) — w(s)) ds, te][0,1].
0

Let y(t) = x¢, () —w(¢), t € [0,1]. It is easy to see that ¥(t) is a positive solution of BVP (1.1)-
(1.2). The proof is complete. d

Theorem 4.2 Suppose the conditions of Theorem 4.1 hold and there exists an a € (0, %
such that

F(t,
lim (&) = +00

y—+00 Yy

uniformly on [a,1 — a]. Then BVP (1.1)-(1.2) has at least two positive solutions.

Proof Choose r as in (4.13), €9 > 0 with €y < min{3y, 1, %co max{r?, r?}}, where & is defined
in (4.20), and R > max{1,r} in Lemma 4.2. Set

@ = {y e Clo,llyl <r},

@ = {y € ClO, ][Iyl < R}.
From the proof of Theorem 4.1 and Lemma 4.2, we have

(T, NP,P) =1

and
i(Tey, Q2 NP,P) =0,

which implies that
i(Teys (2 - Q1) NP,P) = -1.

Thus, there exist %1, € 21 NP and x5, € (22 — ;) N P such that

Teoxl,eo = Xl,e0> T60x2,50 = X260+
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Let y1,¢, (£) = %1, (£) —w(2) and yo ¢, () = %6, (£) —w(t) for all £ € [0,1]. It is easy to see that
Y16 (t) and y, () are two positive solutions for BVP (1.1)-(1.2). The proof is complete.
O

Theorem 4.3 Suppose the conditions of Theorem 4.1 hold and max{a,b} > 1. Then
BVP (1.1)-(1.2) has at least two positive solutions.

Proof Choose r as in (4.13), €9 > 0 with €y < min{dy, 1, %co max{r?, r?}}, where & is defined
in (4.20), and R > max{1,r} in Lemma 4.3. Set

@ = {y e Clo, Iyl <r},

Q= {y e Cl0,1]llyll <R}.
From the proof of Theorem 4.1 and Lemma 4.3, we have

(Te, 2NP,P) =1

and
i(Tey, 22 NP,P) =0,

which implies that
i(Teys (R - Q1) NP,P) = -1.

Thus, there exist x1,, € 21 NP and x5¢, € (22 — ;) N P such that
TeoX1,e0 = X1,e05 TeoX2,c0 = X260 -

Let y1,¢,(£) = %16, (£) —w(t) and yy ¢, () = xo,¢, (£) —w(t) for all £ € [0,1]. It is easy to see that
Yie(t) and yo () are two positive solutions for BVP (1.1)-(1.2). The proof is complete.

O
Example 4.1 Consider
7 1 1
")+ — (v + Y (t) - — —— ) =0, O0<t<], 4.21
y()+64<y &)+ () 1000t%(1—t)%) <t< (4.21)
1
1
90 - [ 346 da)
0 (4.22)

W= [ 6E) dBe),  dAG) = - ds,dBE) = - s
y —/O(yS) s), S—E s, S_E sins,

where §; > 1.
Let q(t) = &, F(t,9) =y 2 + ", g9) = y°2, h(y) =y, co = max{fol dA(s),fol dB(s)) = 1,

bo = 5k, y(0) = ﬁ_% (11 Tas Jy q(s)y(s)ds < zk5. It is easy to see that (Cy), (C3)-(C)
t ~t,
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and (4.10) hold, and since F(¢, > (125)? for (¢,y) € [0,1] x (0,4c;] and

7
max / k(t,5)q(s)(125)* ds = 41252 max / k(t,s)ds > 2,

te[0,1]

we find that (C,)’ is true.

Since

1! 1 1-3
h<1>/ L e DT T T
1+ =5 cgmax[lg,lzlg(zy)

£
we have
1 r 1
sup — / L1 1 Ay > bo,
re(2cp,+00) 1 + e comax{r3,12} g(zy)

which guarantees that (4.11) is true. Moreover, since

F(t,
lim TG _

y—+0o Yy

uniformly on [0, 1], all the conditions of Theorem 4.2 hold. Then (4.21)-(4.22) has at least
two positive solutions.

Example 4.2 Consider

1

/" 7 -2 —
y(t)+a<_y (t)+y ()—mm)—o, 0<t<1, (4'23)

1
2(0) - f () dA(s),
0 (4.24)

W= [ 66) dBe), A = - ds,dBe) = L dsi
J —/O(yS) s), S—E S, S—E sins,

where 0 < §; <1.
Since a = 3 > 1, using Theorem 4.3, we see that (4.23)-(4.24) has at least two positive
solutions.

5 Uniqueness of positive solutions for the singular boundary value problem
In this section, we consider the uniqueness of positive solution for BVP (1.1)-(1.2).

Lemma 5 1 (see [20]) Suppose that E is a Banach space with a normal and solid cone P C E
and A : P X P — P is a mixed monotone operator. Moreover, suppose there is a constant 0
with 0 < 60 <1 such that

1 o
A(tx, ;y) >t"A(x,y), VxyeP,0<t<l.

Then A has a unique fixed point in P.

Page 20 of 22
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Theorem 5.1 Suppose that (Cy), (C3), (Cy), (Cs5) hold and 1 > max{a,b} > 0. Then
BVP (1.1)-(1.2) has a unique positive solution.

Proof It is easy to see that P defined by (2.1) is a normal and solid cone. For x,y € P, define
1
Alx,y)(t) = A -talx] + tBIy] + / k(t,s)q(s)g(s,x(s),y(s)) ds, te]l0,1],
0

where g is given in (Cs). Since x,y € 103, we have minyeo,1)*(£) > 0 and minjo ) y(£) > 0.
Then (C;) guarantees that

1 1
/ x%(s)dA(s) > 0, / P (s)dB(s) > 0,
0 0
which implies that

min [(1 - H)a(x] + B[y]] > 0.

te[0,1]

Therefore, A(x,y) € 103
Let 6; = max{0, max{a,b}}. For 0< A <1land x € P, y € P, from (Cs), we have

1
A(Ax, ly)(t) = (1-talrx] + tB[Ay] + / k(t,s)g(s, Ax(s), ly(s)) ds
Y o Y

1
> (1 -2 %a[x] + tkbﬂ ] + 20 / k(t, s)g(s,x(s),y(s)) ds
0

> (- A% alx] + A% By] + 1% /01 k(t,$)g(s, x(s), (s)) ds

= )\H‘A(x,y)(t), vt € [0,1].
From Lemma 5.1, A has a unique fixed point x* in IO), which satisfies
1
x () = (1 -t [x*] +tB [x*] + / k(z, s)q(s)g(s,x*(s),x*(s)) ds

0

1
=(1-ta [x*] +tB [x*] + / k(t, s)q(s)f(s,x*(s)) ds, te]0,1].
0

Then x*(¢) is the unique positive solution of BVP (1.1)-(1.2). The proof is complete. O
Example 5.1 Consider
" 7 -8 S
y (t)+6—4(y 1(t)+y2’(1,‘)):0, 0<t<l, (5.1)
1
90 = [ F6)daw)
0 (5.2)

1
y(1) = / (y(s))s4 dA(s), dA(s) = dsins?,dB(s) = de’,
0

where 0 < max{éi, 84,683,384} < 1.
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It is easy to see that all conditions of Theorem 5.1 hold, which guarantees that (5.1)-(5.2)

has a unique positive solution.
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