Karapinar et al. Boundary Value Problems 2014, 2014:149 0 BOU nda ry Va | ue PrOblemS

http://www.boundaryvalueproblems.com/content/2014/1/149 a SpringerOpen Journal

RESEARCH Open Access

Weak r-contractions on partially ordered
metric spaces and applications to boundary
value problems

Erdal Karapinar'?, Inci M Erhan'” and Umit Aksoy'

“Correspondence:
inci.erhan@atilim.edu.tr
Department of Mathematics,
Atilim University, Incek, Ankara,
06836, Turkey

Full list of author information is
available at the end of the article

@ Springer

Abstract
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1 Introduction and preliminaries

Recent developments in fixed point theory have been encouraged by the applicability of
the results in the area of boundary value problems for differential and integral equations.
Especially in the last few years, a lot of publications in fixed point theory have presented
results directly related to specific initial or boundary value problems. These problems in-
clude not only ordinary and partial differential equations, but also fractional differential
equations.

In 2004 Ran and Reurings [1] investigated the existence of fixed points in partially or-
dered metric spaces. The importance of this study presented itself in the area of boundary
value problems. Nieto and Lopez [2] discussed the applications of the fixed point theo-
rems to the problem of existence and uniqueness of solutions of first order boundary value
problems. The results of Ran and Reurings and Nieto and Lopez have been followed soon
by numerous studies concerning fixed points on partially ordered metric spaces [3—6]. In
the case of partially ordered spaces the continuity condition is no longer needed, however,
the map should be nondecreasing.

In a recent paper, Popescu [7] proved two generalizations of a result given by Bogin
[8] for a class of non-expansive mappings on complete metric spaces. The idea behind
his work was to replace the non-expansiveness condition with the weaker C-condition
introduced by Suzuki [9-11]. The existence and uniqueness of fixed points of maps sat-
isfying the C-condition have also been extensively studied; see [12-14]. We state first
the definition of a non-expansive map and a map satisfying the C-condition on a metric
space.
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Definition 1 A mapping 7 on a metric space (X, d) is called a non-expansive mapping if
d(Tx, Ty) < d(x,y), (L1)
forallw,y € X.

Definition 2 A mapping 7 on a metric space (X, d) satisfies the C-condition if

1
F4n Tr) <dxy) = d(IxTy) <dxy), 1.2)
forall x,y € X.
Popescu [7] stated and proved the following fixed point theorem.

Theorem 3 Let (X, d) be a nonempty complete metric space and T : X — X be a mapping
satisfying

%d(x, Tx) < d(x,y) (1.3)
which implies

d(Tx, Ty) < ad(x,y) + b[d(x, Tx) + d(y, Ty)] + c[d(x, ) +d(y, Tx)], (1.4)
wherea>0,b>0,c>0and a+2b+2c=1. Then T has a unique fixed point.

In this paper, we investigate the existence and uniqueness of fixed points of maps sat-
isfying the C-condition on metric spaces and on partially ordered metric spaces. As an
application, we study the existence and uniqueness of solutions of a first order periodic

boundary value problem under certain conditions.

2 Existence and uniqueness of fixed points on metric spaces
Our main results can be considered as a generalization of the result of Popescu [7].

We first prove fixed point theorems on complete metric spaces and then we formulate
these results on complete metric spaces endowed with a partial order.

Theorem 4 Let (X,d) be a complete metric space, T : X — X be a map, and  :
[0,00) —> [0, 00) be a continuous nondecreasing function such that ¥ (0) = 0 and () > 0
for t > 0. Suppose that

ST <dley) = Ty Ty) = M)~ ¥ (M), 2.1)
where
M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), % [a’(x, Ty) + d(y, Tx)] }, (2.2)

forall x,y € X. Then the mapping T has a unique fixed point.
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Proof Let xy € X and define the sequence {x,} as follows:

Xy =Tx,.1, neN,
If x,, = x,,,1 for some n € N, then x, is the fixed point of T. Assume that x, # x,,,;, for all
neN,

Substituting x = x,, and y = Tx,, = x,,,1 in (2.1) we get
1 1
Ed(xnx Tx,) = Ed(xmxnﬂ) < dXpXps1)
= d(Txm Txn+1) = d(xrul: xn+2) < M(xm xn+1) - Ip(j\/l(xn; x}’l+l))r (2‘3)

where

M (X Xp41)

1
= max d(xnr xn+l): d(xm Txn)r d(xm—l’ Txn+1)’ E [d(xnr Txn+l) + d(xm—b Txn)]}

1
= max d(xm xn+1): d(xmxnﬂ); d(xn+17 xn+2); 5 [d(xn,xn+2) + d(xn+1r xn+1)] }

1
=max | d(%, Xni1), A(Xns1s Xns2), id(xn:xnﬂ)}' (2.4)
From the triangle inequality we have

1 1
Ed(xm Xns2) < ) [d(xn: Xns1) + A1, xn+2)] = max{d(xm Xn1), d(Xni1s xn+2)}o (2.5)

Therefore, M(x,,x,.,1) can be either d(x,,,1,%,42) or d(x,;, X,41). I M (%1, %,041) = A(X141,%042),
then (2.3) implies

AXn11, %n12) < AXpi1, Xpi2) — W(d(xml’ xn+2)): (2.6)

so that ¥ (d(x,41,%,+2)) = 0 and hence, d(x,,,1,%,.2) = 0 which contradicts the assumption
Xy # %41, for all m € N. Thus, M(x,,, x,,41) = d(x,, %,11), which results in

AXpi1, Xns2) < Xy Xyir) — W(d(xn’xrwl)) < d(%y, Xpi1)- (2.7)
Therefore, the sequence d,, = d(x,, x,.1) is non-increasing and bounded below by 0. Hence,
lim d, =L >0. (2.8)
n—oQ
However, letting n — 0o in (2.7) we get
L<L-y(L), (2.9)

and we conclude that L = 0, since (L) = 0, and therefore

lim d, = lim d(x,,%,,1) = 0. (2.10)

n—00 n— 00
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We shall prove next that the sequence {x,} is a Cauchy sequence. Assume the contrary,
that is, {x,} is not Cauchy. Then there exists ¢ > 0 for which one can find subsequences
{n(i)} and {m(i)} in N such that

AKXy Xm(i)) = € (2.11)
for m(i) > n(i) > i where m(i) is the smallest index satisfying (2.11), that is,

AKXy Xm(i)-1) < €. (2.12)

From the triangle inequality we have

& < d®n(y Xm()) < AXn(i)s Xm@—1) + AXm()-1, Xm@))

< & + AXm(i)-1, Xm(i))- (2.13)
Taking the limit as i — oo in (2.13) and using (2.10) we get
ll—lglo Ay Xmi)) = €. (2.14)
On the other hand, the convergence of {d(x,,%,.1)} implies that for this ¢ > 0, there exists
Ny € N such that d(x,,x,.1) < &, for all n > Ny. Let N; = max{m(i), Ny }. Then, for all m(k) >
n(k) > N7, we have
Ay, Xnky1) < € < Xk Xm(i))s (2.15)
where m(k) > n(k) and, hence,
1
Ed (Xnk)s Xn(k)+1) < AXn(k) Xm(k))- (2.16)
Then from (2.1) with x = x,,4) and y = x,,,,) we obtain
A(Txn), Tom(t) = AFniis 1, %m(i+1) < M Xmity) — ¥ (M iy i) (2.17)
where
M%), Xm(ry) = Max { A, %)) A Xy Xnky+1)»
1
Ay X 11)» 5 [d s B 11) + AFn(rys1, %mii))] - (2.18)
Regarding (2.10) and (2.14), we see that
klim MKy, Xn(y) = max{e, 0} = . (2.19)
—00
Letting k — oo in (2.17) we get

e<e—-Y(e), (2.20)
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which implies ¥ (g) = 0 and hence, € = 0. This contradicts the assumption that {x,} is not
a Cauchy sequence. Therefore, {x,} is Cauchy and by the completeness of X it converges
to a limit, say x € X.
Assume now that there exists # € N such that
1
A(x,, %) < Ed(xn:xm—l) and
1

d(xnﬂr x) < Ed(x}ﬂb xn+2)-

Then we have
1
dn = d(xn:xrwl) =< d(xnrx) + d(anrl)x) < E[d(xmxwrl) + d(xn+1:xn+2)]

1
=< E(dn + dn+l) = dm (221)

which is a contradiction. Hence, we must have d(x,,x) > %d(xn,xml) or d(x,,1,%) >
%d(xml,xmz), for all n € N. Therefore, for a subsequence {n(k)} of N we have

1 1
Ed(xn(k)y Tx k) = Ed(xn(k)rxn(k)ﬂ) < dXn(k), %),
for all k € N, which implies
ATy, Tx) = A X1, ) < M(Eny, %) — ¥ (M %nia, %)), (2.22)
where
1
M (%n(x), %) = max{d(xn(k);x); A% (k) Xn(i) 1), d(x, Tx), 3 [d(%, %n(t0+1) + A@niry, TH)] }
Obviously,
1
klim M(x gy, %) = max{O, d(x, Tx), Ed(x, Tx)} =d(x, Tx). (2.23)
Letting k — oo in (2.22) we get
d(x, Tx) < d(x, Tx) — ¥ (d(x, Tx)) (2.24)
and, hence, d(x, Tx) = 0, that is, x = Tx.
Finally, we prove the uniqueness of the fixed point. Assume that x # y and x = Tx and
y=Ty. Then
1
0= Ed(x, Tx) < d(x,y), (2.25)
which implies

d(Tx, Ty) = d(x,y) < M(x,y) — ¥ (M(x,)), (2.26)
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where
M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), % [d(x, Ty) + d(y, Tx)] } =d(x,).
Thus, (2.26) becomes

d(x,)’) S d(x,)’) - W(d(x,y)),
and, clearly, d(x,y) = 0, that is, x = y. O

We next define a contractive condition similar to that in Theorem 4. The reason for in-
troducing this new contraction is that in the framework of partially ordered metric spaces
uniqueness of a fixed point requires an additional condition on the space. However, this
condition is not sufficient for the uniqueness of the fixed point for a map satisfying con-
tractive condition defined in Theorem 4.

Theorem 5 Let (X, d) be a complete metricspace, T : X —> X be a map, and r : [0,00) —>
[0,00) be a continuous nondecreasing function such that (0) = 0 and vy (t) > 0 for t > 0.

Suppose that

%d(x, Ix) <d(xy) = d(Ix, Ty) <Nxy) - ¥ (N(x,)), (2.27)
where

N(x,y) = max{d(x, y), %[d(x, Tx) + d(y, Ty)], %[d(x, ) + d(y, Tv)] } (2.28)

forall x,y € X. Then the mapping T has a unique fixed point.

The proof of Theorem 5 can be done by following the lines of the proof of Theorem 4
and, hence, is omitted.

3 Fixed points on metric spaces with a partial order
In this section the fixed point theorems, Theorems 4 and 5, are formulated in the frame-
work of partially ordered metric spaces. In what follows, we define a partial order < on
the metric space (X, d).

Our first result is a counterpart of Theorem 4 on a partially ordered metric space.

Theorem 6 Let (X,d, <) be a partially ordered complete metric space, T : X — X be

a nondecreasing map, and  : [0,00) —> [0,00) be a continuous nondecreasing function
such that y(0) = 0 and Y (t) > 0 for t > 0. Suppose that

ST <d(wy) = d(TsT) < M)~ b (M) (3.1)
where

M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), % [d(x, Ty) + d(y, Tx)] }, (3.2)
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forallx,y € X with x < y. If there exists xy € X satisfying xy < Txg, then T has a fixed point
inX.

Proof Let xy € X satisfy xo < Txq. Define the sequence {x,} as follows:
Xy =Tx,.1, mneN,

If x,, = x,,,1 for some n € N, then x,, is the fixed point of T. Assume that x, # x,,,1, for all
n € N. Since xy < Txy = x; and T is nondecreasing, then obviously

Xo XX Xy XSy S (3.3)
Substituting x = x,, and y = Tx,, = x,,,1 in (3.1) we get
1 1
o A, Tin) = 5 Ao, %n41) < A, %n01)
= d(Txy, Tons1) = d (X1, Xnez) < M(&y %ni1) — ¥ (M (%, %11)), (3.4)
where
My, X1

1
= max{ d(x, Xns1), A%, T4), A(Xns1, Tri1), E[d(xnr Txpi1) + d(Xps1s Txn)]}

1
= max | d (X, Xn41)s A% Xni1)s AKXt Xni2)s E [d(xmxnﬂ) +d (%1, xn+1)] }

1
= max d(xnr xn+l): d(xn+1’ xn+2)’ Ed(xm xn+2) } . (35)

For the rest of the existence proof one can follow the lines of the proof of Theorem 4, since
they are similar. O

Assume now that the space (X, d, <) satisfies the condition
(U) Forallx,y € X, there exists z € X such thatx <zand y < z. (3.6)

Our last result shows that the map given in Theorem 5 has a unique fixed point whenever
it is defined on a partially ordered space (X, d, <), satisfying the condition (U).

Theorem 7 Let (X,d, <) be a partially ordered complete metric space satisfying the con-

dition (U), T : X — X be a nondecreasing map, and i : [0,00) —> [0, 00) be a continuous
nondecreasing function such that ¥ (0) = 0 and ¥ (t) > 0 for t > 0. Suppose that

ST Sdey) = d(T5T) =Ny - ¥ (N() (37)
where

N(x,y) = max{d(x,y), %[d(x, Tx) + d(y, Ty)], %[d(x, Ty) + d(y, Tx)] }, (3.8)

Page 7 of 15
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forall x,y € X with x < y. If there exists xy € X satisfying xo < Txo, then T has a unique
fixed point in X.

Proof The existence proof is done by mimicking the proofs of Theorem 6 and Theorem 4.
To prove the uniqueness we assume that there are two different fixed points, x and y, that
is, x #y and x = Tx and y = Ty. We consider the following cases:
Case 1. Suppose that x and y are comparable and, without loss of generality, that x < y.
Then
1

0= Ed(x, Tx) = d(x:}’)» (3'9)
which implies

d(Tx, Ty) = d(x,y) < N(x,5) - ¥ (N(x,9)), (3.10)
where

1 1

N(x,y) = max{d(x,y), 3 [d(x, Tx) + d(y, Ty)], 3 [d(x, Ty) + d(y, Tx)] } =d(x,y).
Thus, (3.10) becomes

d(x,y) < d(x,y) — ¥ (d(x,)),
and, clearly, d(x,y) = 0, that is, x = y.

Case 2. Assume that x and y are not comparable. From the condition (U) there exists

z € X satisfying x < z and y < z. Define the sequence {z,} as

20 = 2, Zps1=12,, mneN. (3.11)
Notice that since T is nondecreasing and x < z, we have

x<z —= x=Tx<xTz=72¢ —= -+ —=> x=Tx=<xTz,,1=2,, nel.
If x = z,,, for some ny € N, then x = Tx = T%,, = z,, and, hence, x = T*z = zi, for all k > ny.

Thus, the sequence z,, converges to the fixed point x, that is, lim,_, o d(x, z,) = 0. Assume
that x # z,, for all n € N. Then we have

d(x,z,) > %d(x, Tx)=0, forallneN,
which implies that the contractive condition

d(Tx, Tz,) < N(%,2,) — ¥ (N (%, 2)), (3.12)
where

N(x,z,) = max cl(x,zn),1 d(x, Tx) + d(z,,Z441) ,l d(x, Tz,) + d(z,, Tx) | ¢,
2 2
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holds for all # € N. Observe that

d(zn: Zn+1) 1

Nyn: d:n; » =
(x,2,) max{ (x,z,) : 5

[d(x, Tz,) + d(z,, Tx)] }

can be either d(x, z,) or %[d(x, Tz,) + d(z,, Tx)] due to the fact that

(2, Zps1)
2

=

[d(x, Tz,) + d(z,, Tx) ]

| =

by the triangle inequality. If N(x,z,) = %[d(x, Tz,) + d(z,, Tx)], then we have d(x,z,) <
N(x,z,) < d(x,2z,41) for some n € N. In this case, since ¥ (¢) > 0 for ¢ > 0, the inequality
(3.12) implies

d(x’ Zn+1) S N(x’ Zn) - 1p(]\[(xr Zn)) < N(x; Zn) S d(xr Zn+1)r (313)

which is not possible. Then we must have N(x,z,) = d(x,z,), for all #n € N, and, thus, the
inequality (3.12) implies

A, zu1) < d(x,2,) — ¥ (d(x, 20)) < d(x,2,), (3.14)

that is, the sequence {d(x,z,)} is positive and decreasing and, therefore, convergent. Let
lim,, oo d(x,2,) = L > 0. Taking the limit as n — 0o in (3.14) we get

L<L-vy(L), (3.15)
from which it follows that y(L) = 0, and, thus, we deduce
L= lim d(x,z,) =0. (3.16)
n—00

In a similar way we obtain

lim d(y,z,) = 0. (3.17)
From (3.16) and (3.17) it follows that x = y, which completes the proof. d

Some consequences of Theorem 7 are given next. If we choose v as a specific function
we get the following result.

Corollary 8 Let (X, d, <) be a partially ordered complete metric space satisfying the con-
dition (U) and T : X — X be a nondecreasing map. Suppose that the condition

1
id(x, Tx) <d(x,y) = d(Ix,Ty) <kN(x,y), (3.18)
where

N(x,y) = max{d(x,y), %[d(x, Tx) + d(y, Ty)], %[d(x, Ty) + d(y, Tx)]} (3.19)
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holds, for all x,y € X with x < y and some constant 0 < k < 1. If there exists xy € X satisfying
x0 < Txo, then T has a unique fixed point in X.

Proof Choose ¥(t) = (1 —k)¢. Then the maps v and T satisfy the conditions of Theorem 7
and, thus, 7T has a unique fixed point in X. 0

The next result is the analog of Theorem 2.1 in [7] on partially ordered metric spaces.

Corollary 9 Let (X,d, <) be a partially ordered complete metric space satisfying the con-
dition (U) and T : X — X be a nondecreasing map. Suppose that

1
5d(x, Tx) < d(x,y)

= d(Tx, Ty) < ad(x,y) + g[d(x, Tx) + d(y, Ty)] + %[d(x, Ty) + d(y, Tx)], (3.20)
where

a,b,c>0, O<a+b+c=r<], (3.21)

for all x,y € X with x < y. If there exists xo € X satisfying xo < Txo, then T has a unique
fixed point in X.

Proof Define
N(x,y) = max{d(x,y), %[d(x, Tx) + d(y, Ty)], %[d(x, Ty) + d(y, Tx)] } (3.22)
Then, clearly,

ad(x,y) + g[d(x, Tx) + d(y, Ty)] + g[d(x, Ty) + d(y, Tx)]
<(a+b+c)N(xy) <rN(x). (3.23)

Then the map T satisfies the conditions of the Corollary 8 and, thus, 7 has a unique fixed
point in X. |

4 Applications
In this section we investigate the existence and uniqueness of solutions of periodic bound-
ary value problems of first order. These problems have been studied under different con-
ditions in [2, 15-18]. However, the existence and uniqueness conditions obtained here are
weaker than those in the previous studies.

Define the partial ordering and the metric in X = C[0, T] as follows:

u<v = u(t)<v(), foralltel0,T], @1
4.1
d(u,v) = sup{ |u(t) —v(t)

,£€[0,T1}.

The space (X, d, <) satisfies the condition (U). Indeed, it is obvious that for every pair u(¢),
v(t) in X, we have u(¢) < max{u(t), v(t)} and v(t) < max{u(t), v(¢)}. We will consider the
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following first order periodic boundary value problem:

u'(t)=f(tu®), tel0,T],
u(0) = u(T).

(4.2)

Definition 10 A lower solution of the problem (4.2) is a function u(t) € C[0, T] satisfying

u'(t) <f(t,u(t), tel0,T],
u(0) < u(T).

An upper solution to the problem (4.2) is a function u(¢) € C[0, T] satisfying

' (t) >f(tu®), tel0,T],
u(0) > u(T).

Observe that the problem (4.2) can be written as

u'(t) + Au(t) = f(¢ u(®)) + ru(t), tel0,T],
u(0) = u(T).

This problem is equivalent to the integral equation

T
u(t) = [ G(t,s)[f(s, u(s)) + Au(s)] ds,
0
where G(t,s) is the Green function defined by

eA(T+s—t) 0
R <s<t<T
AT _1 ? — = ’
Gl(t,s) = {eﬁs:)l

pry ) 0<t<s<T.

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

In what follows, we give a theorem for the existence and uniqueness of a solution of the

problem (4.3).

Theorem 11 Cousider the periodic boundary value problem (4.2). Assume that f is con-
tinuous and that there exists A > 0 such that, for all u,v € C[0, T] satisfying u < v, the

following condition holds:

V(t) > f(tu(t), tel0,T],
v(0) > v(T)

= 0 Sf(t, v(t)) + Av(t) —f(t, u(t)) —au(t) <k(v-u),

(4.8)

for some k, 1 € [0,00), such that 0 < k < A. If the problem (4.2) has a lower solution, then it

has a unique solution.

Proof Define the map F : C[0, T] — R as follows:

T
Fu(t) = / G(t, 5)[f(s,u(s)) + Au(s)] ds,
0

(4.9)

Page 11 of 15
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where G(t,s) is the Green’s function given in (4.7). Then the solution of the problem (4.2)
is the fixed point of F. Assume that u < v are functions in C[0, T] satisfying (4.8). Rewrite
the inequality v/(¢) > f(¢, u(t)) as

V(t) + a(e) = £ (& u(t)) + Aule).
Multiplying both sides by ¢!’ and integrating from 0 to ¢ we obtain

() > v(0) + /t ™ [f (s, u(s)) + ru(s)] ds, (4.10)
0
which, due to the condition v(0) > v(T), gives
T
e Tv(0) > *Tu(T) > v(0) + / e [f (s, u(s)) + ru(s)] ds.
0
Hence,

T eks
¥(0) > /o ﬁ[f(s,u(s)) + Au(s)] ds.

Employing this inequality and (4.10) we get

T eks t
eMv(t) > ——|f(s,u(s)) + Lu(s)|ds + e s,u(s)) + Au(s) | ds. 411
() /0 [ (5, 1(5)) + hau(s)] d /0“[1’( (5)) + ru(s)] d (4.11)

et -1

Hence, we obtain

t eA(s—HT) T ek(s—t)
v(t) > /0 ST 1 [f (s, u(s)) + Au(s)] ds + / ST 1 [f (s, u(s)) + Au(s)] ds, (4.12)
which can be written as
T
v(t) > / G(t,s)[f(s, u(s)) + Au(s)] ds. (4.13)
0

This implies

,t €0, T]} > sup{ |Fu(t) —u(t)

sup{ \V(t) —u(t) ,t€[0,T] }, (4.14)
or, in terms of the metric,

d(u,v) > d(Fu,u) > %d(Fu, u). (4.15)
Moreover, since f satisfies (4.8), we have

T
Fu(t) = f G(t,9)[f (s, u(s)) + Auls)] ds
0

T
< / G(t, s)[f(s, V(s)) + Av(s)] ds = Fv(t), (4.16)
0
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that is, F is nondecreasing. Consider now

T
d(Fv, Fu) = sup / G(t,s)[f(s, V(s)) + Av(s) —f(s, u(s)) - )»u(s)] ds
0

T
< sup/ G(t,s)k!v(s) - u(s)| ds
0
T
Skd(u,v)/ G(t,s)ds
0

k k
= 5 duv) = -Nwv),

where N(u,v) = max{d(x, y), %[d(x, Tx) + d(y, Ty)], %[d(x, Ty) + d(y, Tx)]}. Choosing X in a
way that 0 < k < A we see that the nondecreasing map F satisfies the condition (2.21) of
Corollary 8. We next show that uy < Fu, for some u, € X. Since the problem (4.2) has a
lower solution, there exists u, € X satisfying (4.3). Hence, we have

g (t) + Auo(£) < f(t,uo(t)) + Auo(2), £€[0,T],
(4.17)
uo(0) < uo(T).

Multiplying both sides by e*’ and then integrating from 0 to ¢ we obtain
t
uo(t)e™ < ug(0) + / " [uo(s) +£ (s, uo(s))] ds. (4.18)
0

Employing the inequality u0(0) < uo(T) we get

T
100 < up(T)e < uol0) + f & [u0(s) + £ (5, uo(s)) ] s,
0

or equivalently,

uo(0) < ! i [uo(s) +f(s, uo(s))] ds. (4.19)
0

el -1

Combining (4.18) and (4.19) we get

T eA(s—t) t
uo(t) < /0 —_— [uo () +£ (s uo(s))] ds + /0 ek(s‘t)[uo(s) +f(s uo(s))] ds

e’ -1
T
- [ Gt mo) (s, o(s)] (4.20)
0
where G(s, £) is the Green’s function given in (4.8). Hence, we have
ug(t) < Fuo(t)

for the lower solution u(t) of (4.2). Then, by the Corollary 8, the map F has a unique fixed
point; thus, the boundary value problem (4.2) has a unique solution. d
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Example 12 Consider the BVP

1 t 1

u(t)==-sin— ——u, tel0,8n],
2 4 4

u(0) = u(87).

It can easily be verified by direct calculation that the unique solution is
t t
u(t) = | sin— —cos — |.
4 4

1

For this specific example the function f(¢,u) = 5

sin i - iu satisfies the condition

0 §f(t, v(t)) + Av(t) —f(t, u(t)) —du(t) < k(v(t) - u(t)),
not only for u < v, with

V(t) > 3sint - u, te0,87],
v(0) > v(87)

but for all # < v, where A — % =k < 1. Indeed,

1
f(t, v(t)) + Av(t) —f(t, u(t)) —du(t) = (A - Z) (v(t) - u(t)) < k(V(t) - u(t)),
for A — % =k < 1. Observe that u((¢) = -2 is a lower solution of the BVP. Clearly,

1 t
uy(t)=0< E(Sinz + 1), t€[0,87],

and
1(0) = =2 = uy(8m).
By Theorem 11, the BVP has a unique solution.
Next, we give the following example of a nonlinear equation.
Example 13 Consider the BVP

W(e)=@+1)?%-u?, tel0,1],

u(0) = u(1).
The function f(¢, u) = (¢ + 1)> — u? satisfies the condition

0<f(t,v)+rv—f(t,u)—ru
=V s+t —ru<O-M)(v-u)

=k(v—-u),
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for u < v where u and v are nonnegative functions continuous on [0,1], the positive con-
stant M is defined as M = max;c[o,1)(u(¢) + v(¢)), and A is chosen such that A — M =k < 1.
The existence of M > 0 is verified by the fact that  and v are continuous on the closed
interval [0,1]. Observe that uy(£) = 0 is a lower solution of the BVP. Clearly,

uy(®)=0<(t+1)% and uo(0)=0 <uo(l).

By Theorem 11, the BVP has a unique solution.
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