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Abstract

We study the p-Hamiltonian systems —(|u'|Pu’) + A@®)|ulP~?u = VF(t,u) + AVG(t,u),
u(0) - u(T) = uU'(0) — U/'(T) = 0. Three periodic solutions are obtained by using a three
critical points theorem.
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1 Introduction
Consider the p-Hamiltonian systems

—(| P2 + A@)|ulP~?u = VF(t,u) + A\VG(t, u), 1)
u(0) —u(T) =u/'(0) -/ (T) =0,

wherep>1,T >0, A € (00, +00), F : [0, T] x R¥ — Ris a function such that F(-,x) is con-
tinuous in [0, T] for all x € RN and F(, ) is a C*-function in R for almost every ¢ € [0, T,
and G: [0, T] x RV — R is measurable in [0, 7] and C' € RV. A = (a;(£))nxn is symmet-
ric, A € C([0, T],RV*N), and there exists a positive constant A; such that (A(¢)|x[P~2x, x) >
A )xP for all x € RN and ¢ € [0, T, that is, A(¢) is positive definite for all £ € [0, T].

In recent years, the three critical points theorem of Ricceri [1] has widely been used to
solve differential equations; see [2—4] and references therein.

In [5], Li et al. have studied the three periodic solutions for p-Hamiltonian systems

(1 1P2u) + A()|uP~>u = AVE(t,u) + nVG(t, u), 12)
u(0) —u(T) =u/(0) —u/(T) = 0.
Their technical approach is based on two general three critical points theorems obtained
by Averna and Bonanno [6] and Ricceri [4].
In [7], Shang and Zhang obtained three solutions for a perturbed Dirichlet boundary
value problem involving the p-Laplacian by using the following Theorem A. In this paper,

we generalize the results in [7] on problem (1.1).

Theorem A [1,7] Let X be a separable and reflexive real Banach space, and let ¢, ¥ : X —
R be two continuously Géteaux differentiable functionals. Assume that  is sequentially
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weakly lower semicontinuous and even that ¢ is sequentially weakly continuous and odd,
and that, for some b > 0 and for each A € [-b, b}, the functional  + L satisfies the Palais-
Smale condition and

lim [¢(x) + Ag(x)] = +o0.

Il =00

Finally, assume that there exists k > 0 such that

inf ¥ (x) < inf u).
xeXW( ) W(x)l(kW( )

Then, for every b > 0, there exist an open interval A C [-b, b] and a positive real number o,
such that for every A € A, the equation

V'(x) + 1" (x) = 0
admits at least three solutions whose norms are smaller than o .

2 Proofs of theorems
First, we give some notations and definitions. Let

W;’p = {u [0, 71— RN | uis absolutely continuous, u(0) = u(T),u’ € L¥ (0, T; RN)}

and is endowed with the norm

T T i ;
llu| = (/ |/ (0)|" dt + / (A®)|w@) [P ul0), u(z)) dt) .
0 0
Let ;. : W}’p — R be defined by the energy functional

@i (u) = Y (u) + 1o (), (2.1)

where /() = Lull? - [ F(t, u(0)) dt, (u) = [ G(t,u(t))dt.
Then ¢, € C’ (W;JP ,R) and one can check that

T
(¢} (), v) = / [(|& @) ),V () = (VE(t, u(®)), v(2)
0

- M(VG(t,u(®),v(p)] dt, (2.2)
for all u,v € W;’p . It is well known that the T-periodic solutions of problem (1.1) corre-
spond to the critical points of ¢;.

As A(t) is positive definite for all ¢ € [0, T], we have Lemma 2.1.

Lemma 2.1 Foreach u e quip ,

Mllullr < llull, (2.3)

where ||u||z» = fOT lu(t)IP dt.
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Theorem 2.1 Suppose that F and G satisfy the following conditions:
(H1) limpy- oo Ve 0,fora.e. t€[0,T];

X1
(H2) limy—o Ivljitj’f)‘ =0, forae. te€0,T];
(H3) limp_o F‘gf‘}’f) =00, fora.e.t €[0,T];
(H4) |VG(t,x)| <c(1+|x|9), Vx e RN, a.e. t € [0, T], for some c >0 and 1 < q < p;
(H5) F(t,-) is even and G(t,-) is odd for a.e. t € [0, T].

Then, for every b > 0, there exist an open interval A C [-b, b] and a positive real number o,

such that for every A € A, problem (1.1) admits at least three solutions whose norms are

smaller than o.

Proof By (H1) and (H2), given ¢ > 0, we may find a constant C, > 0 such that

’VF(t, x)| <C.+elxlP™, foreveryxeRY, ae. te[0,T], (2.4)

’F(t,x){ <C.+ £|x|”, for every x e RV, a.e. t € [0, T}, (2.5)
p

and so the functional ¥ (u) is continuously Gateaux differentiable functional and sequen-
tially weakly continuous in the space W;’p . Also, by (H4), we know ¢(u) is sequentially

weakly continuous. According to (H4), we get
|G(t,x)| <clx| + £|x|q, for every x € RN, ae.te[0,T]. (2.6)
p

For VX € R, from the inequality (2.5) and (2.6), we deduce that

T T
V() + Ad(u) > l||u||1”-/ (cﬁ f|u(t)|p) dt-)\f (c|u(t)| +£|u(t)|q> dt
p 0 p 0 q

1 £ A p—q A p-1
> —(1— —)nun”— STl - ST ull - T
p Al qr A

Since p > ¢q, € small enough, we have

lim [w(u) + Aq&(u)] = +00. (2.7)

|l =00

Now, we prove that ¢, satisfies the (PS) condition.
Suppose {u,} is a (PS) sequence of ¢,, that is, there exists C > 0 such that

@i(un) — C, @i (uy) > 0 asn— oo.

Assume that ||u,|| — oco. By (2.7), which contradicts ¢; (#,,) — C. Thus {u,} is bounded.

We may assume that there exists 1, € W;’p satisfying

Uy — up, weaklyin WP s u, — up, strongly in L?[0, T,

u,(x) = uo(x), ae. tel0,T].
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Observe that
<¢;\(un)» Up — Z'i0>

T
= /0 [(|a, @)1, (0), 1, (8) =ty () + (A®) |10 (8), 0 (8) — u0(2)) ] it

T
—/0 ((VE(t un(2)), n(t) — uo(2))) dt

T
—/\/ (VG(&, un(t)), un(t) — 1o (2)) dt. (2.8)
0
We already know that
(@}, ), 0w — o) — 0, as nm— 0. (2.9)

By (2.4) and (H4) we have
T
f (VE(t un(2)), un(t) — uo(2)) dt — 0, as n— oo,
0
T
/ (VG(t, u,,(t)), u,(t) — uo(t)) dt — 0, asn— oo.
0

Using this, (2.8), and (2.9) we obtain

fo 0P 0 1,6 — ) + (A s O 1601 10(0) ~ o0) ] — 0,
as n — 0o.
This together with the weak convergence of u, — ug in W;’p implies that
Uy — Uy, stronglyin W;’p .
Hence, ¢, satisfies the (PS) condition. Next, we want to prove that

infl ¥(u) <0. (2.10)

P
ueWy

Owing to the assumption (H3), we can find § > 0, for L > 0, such that
|F(t,x)| >Llx|, for0<|x| <86, andae.te[0,T].

We choose a function 0 # v € C5°([0, T]), put L > ||v||p/(pf0T [v|? dt), and we take & > 0
small. Then we obtain

T
Y(ev) = l||£v||p—/ F(t,ev(t)) dt
p 0
g T
< —IvI¥ —Lsp/ lv®)|” dt <o0.
p 0

Thus (2.10) holds.
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From (H2), Ve > 0, 3po(¢) > 0 such that
|VE@x)| <elxl’™, if0<p=|x|<poe).

Thus

T N . &
f F(t,u(t))dt < —/ lu®)|” dt < —||ull”.
0 pJo ph

Choose ¢ = A1/2, one has

1 &
V() = —lull? — —||ull?
p 251

1
= —|lull” > 0.
2p
Hence, there exists k > 0 such that

inf u)=0.
I¢(u)\<kw( )

So we have

inf ¥(u)< inf ¥(u).

uewy? I (24)| <k

The condition (H5) implies ¥ is even and ¢ is odd. All the assumptions of Theorem A are
verified. Thus, for every b > 0 there exist an open interval A C [-b,b] and a positive real
number o, such that for every A € A, problem (1.1) admits at least three weak solutions in

1,
W;” whose norms are smaller than o. O

Theorem 2.2 IfF and G satisfy assumptions (H1)-(H2), (H4)-(H5), and the following con-
dition (H3):

(H3') there is a constant By = sup{1/ fOT lu(t)|P dt : ||\u|| =1}, By > 0, such that

xp
F(t,x) > 231u —-B,, forxeRN, aetel0,T].
p

Then, for every b > 0, there exist an open interval A C [-b, b] and a positive real number o,
such that for every A € A, problem (1.1) admits at least three solutions whose norms are

smaller than o.

Proof The proofis similar to the one of Theorem 2.1. So we give only a sketch of it. By the
proof of Theorem 2.1, the functional ¢ and ¢ are sequentially weakly lower semicontin-
uous and continuously Gateaux differentiable in W;‘p , ¥ is even and ¢ is odd. For every
A € R, the functional ¢ + L¢ satisfies the (PS) condition and

lim (Y + Ag) = +o0.

llufl =00
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To this end, we choose a function v € W;’p with ||v|| = 1. By condition (H3), a simple cal-
culation shows that, as s — oo,

1 T
- Zllepll? —
¥(sv) p||sv|| /0 F(t,sv(t))dt

sP s’B T
< —||v||1”—2—1/ (v(®)|" dt + B,T
p P Jo
Sp
<—-——+B,T — —oc. (2.11)
p

Then (2.11) implies that ¥ (sv) < O for s > 0 large enough. So, we choose large enough,
so > 0, let uy = sov, such that ¥ (u;) < 0. Thus, we get

infl ¥(u) <0.

P
ueWy'

By the proof of Theorem 2.1 we know that there exists k > 0, such that

Lp
ue WT

inf ¥ (u) < \Jg\f«w(u)‘

According to Theorem A, for every b > 0 there exist an open interval A C [-b,b] and a
positive real number o, such that for every A € A, problem (1.1) admits at least three weak
solutions in W;’p whose norms are smaller than o. O
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