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Abstract

In this paper we are concerned with the fractional Schrédinger equation
=A)*u+Vu=1f(x,u), x e RN, where0 < ox < 1, N> 2¢x, (-A)¥ stands for the
fractional Laplacian of order ¢, V is a positive continuous potential, and f is a
continuous subcritical nonlinearity. We obtain the existence of infinitely many weak
solutions for the above problem by the fountain theorem in critical point theory.

Keywords: fractional Laplacian; subcritical nonlinearity; fountain theorem; weak
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1 Introduction

In this paper we consider the following fractional Schrédinger equation:
(A 'u+Vxu=f(xu), =xe RYN, (1.1)

where 0 < @ <1, N > 2, (—A)* stands for the fractional Laplacian of order «, and the
potential V : RN — R is a continuous function satisfying

(V) 0<infpn V(x) = Vo <liminfiy o V(%) = Vi < 00.

The nonlinearity f : R¥ x R — R is a continuous function, satisfying the subcritical
condition.

(H1) There exist d; >0, dy > 0 and p € (2,2}) such that

[f (x,9)] < dilsl +dalst’™t,  V(x,s) e RN x R,

where 2§ = 22 is the fractional critical exponent.
Recently, there have appeared plenty of works on the fractional Schrédinger equations;
for example, see [1-11] and the references therein. In [1], Shang and Zhang considered the

critical fractional Schrédinger equation
X (=AY u+ V(x)u = |u% 2u + Mw), xeRN, (1.2)

where ¢ and X are positive parameters, V and f satisfy (V) and (H1), respectively. They
obtained the result that (1.2) has a nonnegative ground state solution and investigated the
relation between the number of solutions and the topology of the set where V attains its
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minimum for all sufficiently large A and small €. In [2], Shang et al. considered the existence
of nontrivial solutions for (1.2) with f () = |u|972u, where 2 < q < 2.

In [8], Hua and Yu studied the critical fractional Laplacian equation

(~A)Zu=u|%2u+pu inQ,

u=0 onads,

1.3)

where 0 < <2, Q C RY, N > (1 + +/2)a is a bounded domain. They obtained the result
that the problem (1.3) possesses a nontrivial ground state solution for any u > 0.
In [7], Secchi investigated the existence of radially symmetric solutions for (1.1) replacing
f(t,u) by g(u), where g satisfies the following conditions.
(gl) g:R — Ris of class C*" for some y > max{0,1 - 2a}, and odd,
(g2) —oo <liminf,_o+ &2 <limsup, o &2 = —m <0,
ORI

251 =
(g4) for some & > 0 such that G(§) = f(f g(t)dt>0.

Inspired by the mentioned papers, we first establish a compact embedding lemma via

(g3) —oo<limsup,_,

a fractional Gagliardo-Nirenberg inequality. Then by virtue of the fountain theorem in
critical point theory, we get two existence results of infinitely many weak solutions for
(1.1).

2 Preliminary results
In this section we offer some preliminary results which enable us to obtain the main exis-
tence theorems. First, we collect some useful facts of the fractional order Sobolev spaces.

For any 0 < « < 1, the fractional Sobolev space H*(R") is defined by

H(BY) = {u e 2(®Y) D TEON oy RN)},

N+2a

lx—y| 2

endowed with the norm

1

- 2 2

i 24 / @) = O a0,
ot 50 vy (/RNM ) o ey B

where [14] o rny = (fpon mi,\”,g)f dxdy)!'? is the so-called Gagliardo semi-norm of u. Let

.7 be the Schwartz space of rapidly decaying C* functions in RY, for any u € .¥ and
o € (0,1), and let (~A)® be defined as

o) —u) [ H@u0)

. 2.1
N |x — y[N+2e e=0 Joop, ) I — yIN*2 @1)

(=A)ulx) = kn o P.V./R

The symbol P.V. stands for the Cauchy principal value, and ky, is a dimensional constant

that depends on N and «, precisely given by kn,o = (fpn llgli(,’ffj de) L
Indeed, the fractional Laplacian (—-A)* can be viewed as a pseudo-differential operator

of symbol |£|2%, as stated in the following.
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Lemma 2.1 (see [12]) Leta € (0,1) and (=A)* : . — L*(RN) be the fractional Laplacian
operator defined by (2.1). Then for any u € .,

(-A)ux) = Z (1§ (Fu))(x), V& eRY,
where .7 is the Fourier transform, i.e.,
1
FONE) = o [ expl-2mit x1o(o) d.

Now we can see that an alternative definition of the fractional Sobolev space H*(RN)

via the Fourier transform is as follows:
H*(RN) = {u e *(RY): /RN(I + &%) | Ful* d& < +oo}.
It can be proved that
24, /R IEPUT P e = 2k | A gy = Ty (2.2)

As a result, the norms on H*(RY),

u > |lull g @ny,

o 1
U (”u”iZ(RN) + ” (_A)7u||iZ(RN))2) (23)

u> (||u||§2(RN)+/ |s|2“|%|2ds)
RN

2
)

are all equivalent.
In this paper, in view of the presence of potential V'(x), we consider its subspace

E= {ueH"‘(RN):/ V(x)u? dx < oo}.
RN

We define the norm in E by

llullg = (/RN(ISIZ"L?Z + %) d§ + /D;N V(x)u? dx)z,

where & = % (u). Moreover, by [6], E is a Hilbert space with the inner product

(wvip= | (IEP“aE)NE) + wE)ME)) dé + |  V(X)u)v(x)dx, Vu,veE.
RN RN

Note that by (2.2) and (2.3), together with the condition (V), we know that | - || is equiv-
alent to the norm

|| = (A;{N(K—A)%uf + V(x)u®) dx) 2. (2.4)

Page 3 of 14
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The corresponding inner product is

(u,v) = /R N((-A)%u(x)(-A)%v(x) + V(@)u(x)v(x)) dx.

Throughout out this paper, we will use the norm || - || in E.

Definition 2.2 We say that u € E is a weak solution of (1.1), if
/ (=A)2u(-A)% ¢ + V(x)usp) dx = / flx,u)pdx, Ve €eE.
RN RN

Lemma 2.3 (see [7] and [12]) E is continuously embedded into LP (RN ) for p € [2,2%] and
compactly embedded into I (RN) for p € [2, 2%).

loc

Lemma 2.4 E is compactly embedded into LP(RN) for p € [2,2}) with 2} = ]%

Proof By [4], we know E is compactly embedded into L2(RY), i.e., if there exists a sequence
{u,} C E and ug € E such that u, — up weakly in E, passing to a subsequence if necessary,
we have u,, — ug strongly in L>(RN). Therefore, we only consider p € (2,2}). In order to
do this, we need the following fractional Gagliardo-Nirenberg inequality, see [13, Corol-
lary 2.3]. Let 1 < p,pr <00,0<s<p<00,0<a<Nand1<p; <N/a. Then

s o s 1-5
J4(0) Hl}’(]RN) <07 [ (=2)"u(x) ”[p}ﬂl(RN) () Huﬂzp(RM (2:5)
with
1 a\ p-s T(N -)/2) /{ T(N) \*N
s<———) + =1 and n=2"%7"%? ( ) .
mn N P2 (N +a)/2) \T'(N/2)
Note that the dimension N > 2«, we can take p; = p, = 2, and then s(% - % + 1% =1
whence s = (p;i)N € (0,p) as p € (2,2}). Consequently, from (2.5) we have

al2

s s 1-5
latll oy < 07 | (=AY 20| Jo gy Il 2 vy

Furthermore, note that (2.4); we see that

1-5

Nl oy < 0P el Nzl - (2.6)

Then by (2.6) and E << L*(RY), we find

s s 1-2
it = 100y < 17 Nt = o1 2t = 15
s s s 1-3
< 03 (Il + 1t0ll ) Nt — ol — 0.

Therefore, E is compactly embedded into LP(RY) for p € [2,2}) with 2} = sz\z’a, as re-

quired. This completes the proof. d
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The functional associated with (1.1) is defined by

1 a
J(u) = = / (|(—A)7u’2 + V(x)u?) dx —/ F(x,u)dx, YuekE, (2.7)
2 JrN RN
where F(x,u) = [ f(x,5)ds.
Now, we list our assumptions on f and F.

(H2) limyg— oo %25) = +00 uniformly for x € RN,

(H3) There exist d3 > 0 and ¢; > 0 such that f]RN ¢1(x) dx < +o0 and
tf(x,t) — 2F(x,t) < sf(x,s) — 2F(x,s) + dsg1, VYO<t<sors<t<0,xeRN,

(H4) F(x,s) >0 for (x,s) € RN x R.
(H5) There exist 8 > 2, ryg > 0 such that

—BF(x,s) +sf(x,8) >0, |s| > ro,uniformly for x € RV,
(H6) F(x,s) = F(x,—s) for all (x,s) e RN x R.
Remark 2.5 (1) Let F(x,s) = s2In(|s| + 1), for all x € RN and s € R. Then (H1), (H2), (H4),
and (H6) hold. Moreover, we easily have f(x,s) = 2sIn(|s| +1) + $2[Is|(Js| +1)]* and sf(x,s) -
2F(x,s) = |s|>(|s| + 1)71, so (H3) is satisfied.

However, we can see that F(x,s) does not satisfy the Ambrosetti-Rabinowitz condition

(see [6, (fa)]):
(AR) there is a constant u > 2 such that

0 < uF(x,s) < sf(x,s) forallx e RN and s € R\{0}.
Indeed, sf(x,s) — uF(x,s) = s*[(2 — w)In(|s| + 1) + |s|(|s] + 1)7!] > 0 is impossible for all
x € RN and s € R\{0}.

(2) Let B8 > 2 and F(x,s) = |s|? In(|s| + 1), for all x € RN and s € R. Then (H1), (H2), (H4),
and (H6) hold. Moreover, from —BF(x,s) + sf(x,s) = |s|?*1(|s| + 1), and (H5) holds.

Note that from Theorem 4 in [14] we have (H4) and (H5) imply (H2).

Lemma 2.6 (see [15, Lemma]) Let (V) and (H1) hold. Then ] € CY(E,R) and its derivative

(' (), ¢) = /R N((-A)%u(-A)%¢ + V(x)ug) dx — /R Swwpdy, Vupek.

Moreover, the critical points of ] are weak solutions of (1.1).

To complete the proofs of our theorems, we need the following critical point theorems
in [16-19].

Definition 2.7 Let (X, || - ||) be a real Banach space, J € C*(X, R). We say that J satisfies the
(C.) condition if any sequence {u,} C X such that J(u,) — cand ||[J'(u,,)||(1 + ||zt ]|) — O as
n — oo has a convergent subsequence.
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Let X be a Banach space equipped with the norm | - || and X = @jeNXj’ where dim X; < oo
for anyj € N. Set Yy = @LX,» and Z = @75, X.

Lemma 2.8 Let (X, | - ||) be a real reflexive Banach space, ] € C'(X,R) satisfies the (C.)
condition for any ¢ > 0 and ] is even. If for each sufficiently large k € N, there exist py > ry > 0
such that the following conditions hold:

(i) ax :=influezy, juj=ry J (1) = +00 as k — oo,

(ii) by := maxyey,,jul=p) J(#) < 0,
then the functional | has an unbounded sequence of critical values, i.e., there exists a se-
quence {uy} C X such that J'(ux) = 0 and J(ux) — +00 as k — oo.

In the following, we will introduce a variant fountain theorem by Zou [16]. Let X and
the subspace Y and Z; be defined above. Consider the following C!-functional J; : X — R
defined by

I(u) .= A(u) — AB(u), A €[L,2]. (2.8)

Lemma 2.9 Ifthe functional ], satisfies

(T1) J,, maps bounded sets to bounded sets uniformly for A € (1,2], and, moreover, J, (—u) =
L) for all (A, u) € [1,2] x X,

(T2) B(x) > 0 for all u € X; moreover, A(u) — oo or B(u) — oo as ||u|| — oo,

(T3) there exist ry > pr > 0 such that

ar()) := inf L, (u)>bi(A):= max J,(u), Viell2],
ueZp,llull=px u€ Yy, |lull=rg

then
ar(A) < & (A) = inf max ], (y(w)), Vie[L2],
y el ueBy

where By ={u € Yy : |ull <ri} and Ty ={y € C(By, X) : y is odd, y |3, = id}. Moreover, for

a.e. ) € [1,2], there exists a sequence {uX(1)}°, such that
sup||u’;(k)|| < 00, A (uf,()\)) —0 and J, (uﬁ(k)) — (L) asn— oo.
n

Remark 2.10 Asmentionedin [6], E isa Hilbert space. Let {e;} be an orthonormal basis of
E and define X; := span{e;}, Yy := @]I.;IX,», and Zy := 5,1 X, k € N. Clearly, E = ;.\ X;
with dim Xj < oo for all j e N.

3 Existence of weak solutions for (1.1)
Theorem 3.1 Assume that (V), (H1)-(H4), and (H6) hold. Then (1.1) has infinitely many

weak solutions {uy} satisfying

1 a
—/ (|(—A)7uk|2+\/(x)u,2()dx—/ F(x,u;)dx — +00  ask — oo.
2 RN RN
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Proof We first prove that J satisfies the (C.) condition for any ¢ > 0. Let {u,,} C E be a (C.)

sequence, i.e.,

J(u,) = ¢>0, |7/ @) | (1 + llunll) = 0 when n — oo, (3.1)
which implies that

c=J(u,) +o(1), J (un)uty =0(1) asn— oo. (3.2)

In what follows, we shall show that {i,} is bounded. Otherwise, up to a subsequence,
{u,} is unbounded in E, and we may assume that ||u,| — 0o as n — co. We define the
Un

sequence {w,} by w,, = T n=L2,.... Clearly, {w,} C E and ||w,|| =1 for any n. Going

llun

over, if necessary, to a subsequence, we may assume that

w, — wweakly in E,
w, — w strongly in L? (RV) for p € [2,2}), (3.3)
w,(x) = w(x) a.e. x € RN,

Suppose that w # 0 in E. Dividing by |u,||> in both sides of (2.7), noting that J(x,) — c,

we obtain

F(x,u,) 1 2
dx = = +o(||lu,| ™) < +o0. (3.4)
fRN [l 12 2 ( )

On the other hand, denote Q := {x € RN : w(x) # 0}, by (H2), for all x € 2, and we find

Fx,un) Fu) g Fxun)
> = > 5= Wl — +00  when n — oo.
llual [n]® N tall |24 ]

If |224] > 0, using Fatou’s lemma, we obtain

F(x,un)
5 dx — +o0 asn— oo.
BN |l

This contradicts (3.4). Hence, Q2 has zero measure, i.e., w = 0 a.e. in RN. Let t, € [0,1]
such that

J(tutt,) = max J(tu,).
te[0,1]

Then we claim J(¢,u,) is bounded. If ¢, = 0, J(0) = 0; if t,, = 1, J(¢,u,,) = J(1,,) — c. There-
fore, J(t,u,) is bounded when ¢, = 0,1. If 0 < ¢, < 1 for n large enough

/ ((—A)%t,,u,,(—A)%t,,u,, + V(x)t,u, - t,,u,,) dx — fx, tyu,)t,u, dx
RN RN

](tun) =0.

= (]/(tnun):tnun) = tng
t=ty

dt
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Consequently, by (H3), noting that (3.1) and (3.2) hold, we have

J(tu,) < J(tau,) - %(],(tnun)r tnun)

1
= _/ f(xr Lulby)tnlhy dx_f F(x, t,u,) dx
2 RN RN

< /R N[Gunﬂx, ) — Flx, un)) . %mx)] d

:](un) - %(]/(un)r un) + ./]1;1\1 %Qal(x) dx

< d4<! vVt e [Or 1]) (3'5)

where d, is a positive constant. But fixing any m > dj, we let w,, = +/ 2mHZ—Z” =/ 2mw,,.
Note that from (H1) we see that there exist ds > 0, dg > 0 such that

F(x,u) <ds|lul* +dglul?, V(x,u) e RN x R. (3.6)
Then by (3.3) we have

lim F(x,w,)dx < lim/ (ds|W,l* + do|W,|?) dx = 0.
N n— 00 RN

n—00 R

Then for n large enough,

V2m

—U
llanl

Jtuis) 2]( ) ) = m /R Fw)drzm

This also contradicts (3.5).
Now the sequence {u,} is bounded, as required. Next, we verify that {u,} has a conver-

gent subsequence. Without loss of generality, we assume that

u, — uweakly in E,

u, — u strongly in L (RY) for p € [2,27).

Combining this with (H1) and the Holder inequality, we see

[ [t )~ ], - )

< / [ (0ta] + 111) + (P + 1207l — ] v
RN

-1 -1
< di(llunll2 + lllo) ety = wllz + Ao (el + eell~) 1ot — uall, — O as n— o0,

Consequently,

et — uall® = (' () = T (10), 10 — 18) +/ [f e, 100) = f (%, 0) | (14 — ) dx — O

RN

Page 8 of 14
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with the fact that (/'(«,) — J'(#), u,, — u) = 0 when n — oo. Therefore, we prove that J
satisfies the (C.) condition for any ¢ > 0.

Clearly, J(u) = J(—u) by (H6). It remains to prove that the conditions (i) and (ii) of
Lemma 2.8 hold. Let §,(k) := SUP ez, =1y 141l with r € [2,2}), where Z; is defined in
Remark 2.10. Then by Lemma 3.8 of [19], 8,(k) — 0 as k — oo for the fact that E <<
L'(RN),

Now for u € Z; with ||u| = ri = (B2(k) + B,(k))™", we obtain

1 2 2 1 2 2
](M)ZEIIMII _/,;N(dﬂu' +delu|")dx=illull —ds|lully - dellull}

1 1
> EIIMII2 — ds 3 ()|l - de Bl (k) || ull” = EV;% —ds—d¢— 00 ask— oo.

Hence,

ag:= inf  J(u) > +o0 ask — oco. (3.8)
ueZ,\|ull=rg

Next we shall prove that, for any finite dimensional subspace 2" C E, we have
J(u) = —o0 as ||lu|| > oo, uec Z. (3.9)

Suppose the contrary. For some sequence {u,} C 2 with |lu,| — oo, there isa M >0

such that J(u,) > —M for all n € N. Put v, = 722 and then ||v,|| = 1. Up to a subsequence,

[l l
assume that v, — v weakly in E. Since dim 2 < oo, v, > ve £ in E, v, > v a.e. on
RN, and ||v|| = 1. Denote Q := {x € RN : v(x) # 0}, then meas(S2) > 0 and for a.e. x € ,

lim,,_, oo |21, (x)| — 00. It follows from (2.7) that

fim Jex Fdx 5 Nl )

=00 124,112 00 Il 11>

<d,; witha constantd; > 0. (3.10)

But, for large 7, on account of F being nonnegative, (H2) and Fatou’s Lemma enable us to

obtain
F(x,u,) dx F(x, u,)v? F(x, u,)v>
lim S E6 1) dx 2") > lim / F v, 2") ”dleiminf/ oo unv, 2”) % dx
n=>o00 luy|| = Jo o Uy, nooo Jooo Uy
F(x, u,)v>
> / 1iminf% dx
Q n— 00 un

F(x,
= / liminf e zun) [Xg(x)]vi dx — o0
Q

n—00
MVI

as n — oo. This contradicts (3.10). Consequently, (3.9) holds, as required. Note that
dim Yy < oo in Remark 2.10, and there exist positive constants di such that

J(u) <0, foreachu e Yy and |u| > dy. (3.11)

Combining this and (3.8), we can take px := max{di,rx + 1}, and thus b :=
MaX(uey,, jul-o)/ (#) < 0. Until now, we have proved the functional J satisfies all the con-
ditions of Lemma 2.8. Hence, J has an unbounded sequence of critical values, i.e., there
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exists a sequence {u;} C E such that J'(ux) = 0 and J(ux) — +00 as k — oo. This completes
the proof. d

We prove that there exists ay = a(rp) > 0 (rg is determined in (H5)) such that
|—,3F(x,s) +sf(x,s)| <aolsl?, |s| <ro, forallx e RN, (3.12)
Indeed, by (3.6) we see
’F(x,s)‘ <dsl|s|® + dg|s < (ds + d6r€_2)|s|2, Is| < ro,Vx € RV,
This, together with (H1), implies that

|~BF(x,5) + 5f (x,5)| < BF(x,9)| + |sf (x,5)| < B(ds +derh ) Isl” + |s(dals| + dals?™) |
< (d1 + Bds + (dy + ﬂd6)r€_2)|s|2, if |s| < ro.
Clearly, (3.12) holds true with ag = di + Bds + (d2 + ,3d6)rg_2. In the following theorem, we
make the following assumption instead of (V):

(V') Ve CRN,R),inf, gy V(x) = Vo > [5-> (g —1)]7t > 0, where a4 in (3.12), 8 in (H5).

2a0+1
Especially, by (V’), we obtain
llull3 < é—l lull®>, ueE. (3.13)
T 2a9+1\ 2

Now, we define a class of functionals on E by
L. 2
Ji(w) = Slull” =& | Flxu)dr=AQ) -2B(u), 1€ [1,2].
RN

It is easy to know that J; € C}(E, R) for all A € [1,2] and the critical points of J; correspond
to the weak solutions of problem (1.1). Note that /; = J, where J is the functional defined
in (2.7).

Theorem 3.2 Assume that (V'), (H1), and (H4)-(H6) hold. Then (1.1) possesses infinitely

many weak solutions.

Proof We first prove that there exist a positive integer k; and two sequences ry > px — 00

as k — oo such that

ar(M) = inf L, (u)>0, Vk=>k, (3.14)
u€Zp,llull=px

br(A)= max J,(u)<0, VkeN, (3.15)
ueYp,llull=ry

where Y} and Z; are defined in Remark 2.10.
Step 1. We claim that (3.14) is true.
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By (3.6) and (H4) we have

1 1
A(u)=—||u||2—xf F(x,u)dxz—||u||2—2f F(x,u) dx
2 RN 2 ]RN

1 1
> EIIMII2 —ZfN(d5IM|2 + ds|ul’) dx > EIIMII2 — 2ds ||ul; — 2de]|ull5. (3.16)
R

Since E << L"(RN) with r € [2,2}), and from Theorem 3.1 we have
1
Ji(u) > 3 llee])* = 2ds B3 (k)| ee)|* — 2 B (k) [[]|”.

Let px = m — 00 as k — 00. Then there exists k; such that %p,f —2ds — 2dg > 0,
Vk > k;. Therefore,

ar(M) = _inf  J(u) > = pf —2ds —2ds >0, Vk> k.

ueZp,llull=px

N =

Step 2. We show that (3.15) is true.
We apply the method in Lemma 2.6 of [20] to verify the claim. First, we prove that there
exists ¢ > 0 such that

meas(x € RY : [u(x)| > ellull) >, Vue 2\{0},Y2 CEand dim2 <oco. (3.17)

There would otherwise exist a sequence {u,},eny C 2 \{0} such that

" 1
meas(x eRN: |un(x)| > @) < P VneN. (3.18)

Foreachn e N, letv, := = ¢ 2 . Then |v,|| =1, Vz € N and

= luall

1 1
meas(x eRN: |v,,(x)| > —) <—, VmeNlN. (3.19)
n n

Passing to a subsequence if necessary, we may assume v,, — Vo in E for some vy € 2" since
Z is of finite dimension. We easily find ||vy|| = 1. Consequently, there exists a constant
oo > 0 such that
meas(x eRN: ’vo(x)‘ > 00) > 0yp. (3.20)
Indeed, if not, then we have
N 1
meas| x e R : |vo(x)| >—1=0, VneN, (3.21)
n

which implies

2
v

05/ ’vo(x)}sdxgmao as 71— 00.
RN n

Page 11 of 14
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This leads to vy = 0, contradicting ||vg|| = 1. In view of E << LP(R") and the equivalence

of any two norms on .2, we have
/ vy —vol2dx —> 0 asn— oo. (3.22)
RN
For every n € N, denote
N 1 c N 1
N =qxeR :|v,,(x)’<— and A “:={xelR :|v,,(x)‘z— ,
n n

and A; := {x € RN : |vy(x)| > 00}, where oy is defined by (3.20). Then for n large enough,
by (3.20), we see

1 3
meas(.4 N .Ay) > meas(.4g) — meas(JV”) >09—— > —Z .
n

Consequently, for # large enough, we find

1
/Ivn—vOl2dx2/ |vn—vO|2dxz—f |vO|2dx—f vl
RN NN 4 J o NN

2 1 9 3
> % _ - meas(ﬂﬂ%)zﬂ>0.
4 n? 64

This contradicts (3.22). Therefore, (3.17) holds. For the ¢ given in (3.17), we let
Ny={x e R Ju)| > ellull}, Yue 2\{0}.
Then by (3.17), we find
meas(4,) > ¢, Yue Z\{0}. (3.23)

As is well known, (H5) implies (H2), and hence for any k € N, there is a constant Sy > 0
such that
||

F(x’ M) 2 _37 v|u| Z Sk:
&

where ¢ is determined in (3.17). Therefore,

1 1 ul? 1
A(u)=—||u||2—x/ F(x,u)dxs—||u||2—f %dxs(——l)nunz.
2 N 2 e 2

u

Now for any k € N, if we take ry > max{px, SE—"}, so ||u|| = ry is large enough, we have

br(A)= max Ji(u)<0, VkeN.

ueYy, lull=rg

Step 3. Clearly, J; € C}(E,R) implies that J; maps bounded sets to bounded sets uni-
formly for A € [1,2]. In view of (H6), J; (—u) = J; () for all (A, u) € [1,2] x E. Thus the con-
dition (T1) of Lemma 2.9 holds. Besides, the condition (T2) of Lemma 2.9 holds for the
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fact that A(u) = %||u||2 — o0 as |lu|| — oo and B(u) > 0 since F(x,u) > 0. Evidently, Step 1
and Step 2 imply that the condition (T3) of Lemma 2.9 also holds for all k > k;. Conse-
quently, Lemma 2.9 implies that for any k > k; and a.e. A € [1,2], there exists a sequence
{uh (M)}, such that

sup|uk(3) | < oo, Ji (b)) >0 and Ji(uh(h)) = c(x) asn— oo,

where

By = {u eYr:|ull < rk}, Iy = {y € C(Br, W) :y isodd, ylsp, = id},

o(A) = yigrfk gggk(h(y(u)), v € [1,2].

Furthermore, we easily have ¢x(A) € [ax, ¢i], Yk > ki, where ¢ := max,eg, J5(y (#)) and
i = 1p} - 2ds - 2dg — 0o as k — oo.

Claim 1. {uﬁ(k)}ﬁ‘il C E possesses a strong convergent subsequence in E, a.e. A € [1,2]
and k > k;. In fact, by the boundedness of {1 (1)}, passing to a subsequence, as n — oo,
we may assume uﬁ(k) — u*()) in E. By the method of Theorem 3.1, we easily prove that
u’;(k) — u¥()) strongly in E.

Thus, for each k > kj, we can choose A; — 1 such that for the sequence {uﬁ(ll)};ﬁl we
have obtained a convergent subsequence, and passing again to a subsequence, we may
assume

lim uﬁ(k;) = uf‘ inE, VieNandkz> k.
n—00
Thus we obtain
i, () =0 and J,(4) €@, VieNandk=> k. (3.24)

Claim 2. {uf } is bounded in E and has a convergent subsequence with the limit u* € E
for all k > ki. For convenience, we set uf‘ =y for all [ € N. Consequently, (3.12) and (H5)
imply that

BT ) = (J;, (), wa)
B

= (5 - 1) gl + kl/ [—ﬁF(x, ul(x)) +f(x, ul(x))ul(x)] dx
RN

- (g - 1) lloerl® + )»1/{ ‘ [~BE (x, us(x)) +f (%, (%) ) uas (%) ] dx
+ A /I ‘ [—BE (%, u(x)) +f (% 1) )y (%) | dx
uy|>ro
> <§ _1> .| B ) (s )]

B B
2(5—1 laerl® = Maaollugll3 = 51 el = 20 | 2ull3

B 2a0 (B L (B
=5 -1 )lwl?- o= 1) lml)? = > =1 ) llmll®.
2 2[10+1 2 2610+1 2
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Therefore, {1;}75, is bounded in E. By Claim 1, we see that {#;}75, has a convergent subse-
quence, which converges to an element uk e W for all k > k.

Hence, passing to the limit in (3.24), we see ]{(uk) =0 and J;(¢X) € [a, ¢], VI € N and
k > k. Since ax — oo as k — 00, we get infinitely many nontrivial critical points of J; = /.
Therefore (1.1) possesses infinitely many nontrivial solutions by Lemma 2.9. This com-
pletes the proof. O
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