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1 Introduction
In recent years, the fractional differential equations have received more and more atten-
tion. The fractional derivative has been occurring in many physical applications such as a
non-Markovian diffusion process with memory [1], charge transport in amorphous semi-
conductors [2], propagations of mechanical waves in viscoelastic media [3], ezc. Phenom-
ena in electromagnetics, acoustics, viscoelasticity, electrochemistry, and material science
are also described by differential equations of fractional order (see [4—9]).

Recently boundary value problems (BVPs for short) for fractional differential equations
have been studied in many papers (see [10-33]).

In [10], by means of a fixed point theorem on a cone, Agarwal et al. considered two-point

boundary value problem at nonresonance given by

DA x(8) + £ (6, x(6), Dl (1)) = 0,
x(0) =x(1) = 0,

where 1 <a <2, u > 0 are real numbers, o — i > 1 and D, is the Riemann-Liouville frac-
tional derivative.

Zhao et al. [18] studied the following two-point BVP of fractional differential equations:

D§.x(t) = f(t,x(8)), te(0,1),
x(0)=%'(0)=x'(1) =0,

where D, denotes the Riemann-Liouville fractional differential operator of order o,
2 <« < 3. By using the lower and upper solution method and fixed point theorem, they
obtained some new existence results.
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Liang and Zhang [19] studied the following nonlinear fractional boundary value prob-

lem:

Dg.x(t) = f(t,x(t)), te(0,1),
x(0) =4/(0) =x"(0) =x"(1) =0,

where 3 < @ < 4 is a real number, Dj, is the Riemann-Liouville fractional differential op-
erator of order «.. By means of fixed point theorems, they obtained results on the existence
of positive solutions for BVPs of fractional differential equations.

In [20], Bai considered the boundary value problem of the fractional order differential
equation

D§, x(t) + at)f (¢, x(8),x'(t)), te(0,1),
x(0) =x'(0) =x"(0) =x"(1) = 0,

where 3 < @ < 4 is a real number, D, is the Riemann-Liouville fractional differential op-
erator of order «.
Motivated by the above works, in this paper, we consider the following BVP of fractional

equation at resonance

{Dgﬁx(t) = f(6,2(0),%(0),2" @), %" (1), te(0,D), 1)

x(0)=#(0)=x"(0)=0,  «”(0)=x"(1),

where D, denotes the Caputo fractional differential operator of order o, 3 < < 4. f:
[0,1] x R* - xR is continuous.

The rest of this paper is organized as follows. Section 2 contains some necessary no-
tations, definitions and lemmas. In Section 3, we establish a theorem on existence of so-
lutions for BVP (1.1) under nonlinear growth restriction of f, basing on the coincidence
degree theory due to Mawhin (see [34]). Finally, in Section 4, an example is given to illus-
trate the main result.

2 Preliminaries
In this section, we introduce notations, definitions and preliminary facts which are used
throughout this paper.

Let X and Y be real Banach spaces and let L : domL C X — Y be a Fredholm operator
with index zero, and P: X — X, Q: Y — Y be projectors such that

ImP =Kerl, KerQ=1ImL,
X =KerL & KerP, Y=ImL®ImQ.
It follows that
Llgomzinkerp : domL NKerP — ImL
is invertible. We denote the inverse by Kp.
If Q is an open bounded subset of X, and domZ N Q # &, the map N : X — Y will be

called L-compact on Q if QN() is bounded and Kp(I — Q)N : @ — X is compact, where
I is identity operator.
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Lemma 2.1 ([34]) If 2 is an open bounded set, let L : domL C X — Y be a Fredholm op-
erator of index zero and N : X — Y L-compact on Q. Assume that the following conditions
are satisfied:

(1) Lx # ANx for every (x,A) € [(domL \ KerL)] N 92 x (0,1);

(2) Nx ¢1ImL for every x € KerL N 0<2;

(3) deg(QN/|kerz, KerL N R,0) # 0, where Q: Y — Y is a projection such that

ImL =KerQ.

Then the equation Lx = Nx has at least one solution in domL N Q.

Definition 2.1 The Riemann-Liouville fractional integral operator of order @ > 0 of a

function x is given by

Igox(t) = ﬁ /0 (¢ — )% Ln(s) ds,

provided that the right side integral is pointwise defined on (0, +00).

Definition 2.2 The Caputo fractional derivative of order o > 0 of a function x with x~1

absolutely continuous on [0, 1] is given by
a’x(t) 1

t
Dt = I 28 = s [ 0 s

where n = —[-«].

Lemma 2.2 ([35]) Leta >0 and n = —[-a). Ifx"D € AC|0,1], then

n-1 (k)
— x7(0)
10+D0+x(t)=x(t)—2 X «

k=0 ’

In this paper, we denote X = C3[0,1] with the norm ||x|lx = max{[|%|loo, |’ [l oos 1" l| co»
%" ||} and Y = C[0,1] with the norm [|y[ly = [|¥l|s, Where ||xlo = max;efo1) [#(£)|. Obvi-
ously, both X and Y are Banach spaces.

Define the operator L :domL C X — Y by

Lx = D§. x, (2.1)
where

domL = {x € X | D§.x(t) € Y,x(0) = +'(0) =x"(0) = 0,4 (0) =x" (1)}
Let N : X — Y be the operator

Nx(t) = £ (£,6(0, ' (0), (0, 2"(1)), Ve e [0,1].

Then BVP (1.1) is equivalent to the operator equation

Lx=Nx, xedomlL.
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3 Main result
In this section, a theorem on existence of solutions for BVP (1.1) will be given.

Theorem 3.1 Letf:[0,1] x R* — R be continuous. Assume that

(Hi) there exist nonnegative functions a,b,c,d,e € C[0,1] withT' (¢ —2)—2(by +c1 +d1 +e€1) >
0 such that

[f (&, w, v, w,%)| < a(t) + b@)|ul + c@)|v] + d(t)|w| + e(t) %],

vt € [0,1], (u, v, w,x) € RY,

where ay = ||alloo, b1 = |blloo, €1 = lIclloos d1 = [|dlco, €1 = [I€]lo0;
(Hp) there exists a constant B > 0 such that for all x € R with |x| > B either

xf (&, u,v,w,x) >0, Vtel[0,1],(u,v,w)eR>
or
xf (&, u,v,w,x) <0, Vtel[0,1],(u,v,w) € R,
Then BVP (1.1) has at least one solution in X.

Now, we begin with some lemmas below.

Lemma 3.1 Let L be defined by (2.1), then

Kerl = {x eX ’ x(t) = x”/6(0) £t € 0,1] } 3.1)
1
ImL = {y cY } / (1) y(s) ds = o}. (3.2)
0

Proof By Lemma 2.2, D§, x(¢) = 0 has solution

/! O I O
x(2) = x(0) + &/(0)¢ + Mt2 + x—()ts.
2 6
Combining with the boundary value condition of BVP (1.1), one sees that (3.1) holds.
For y € Im L, there exists x € dom L such that y = Lx € Y. By Lemma 2.2, we have
x//(o) x”’(O) t3

£+
6

_ L ! _ ool /
x(t) = r@) /(; (t—=95)""y(s)ds + x(0) + x'(0)t +
Then we have

1 t
x"(t) = =3 /0 (t—s)""*y(s)ds + x"(0).

By the conditions of BVP (1.1), we see that y satisfies

1
/ (1 -5)*"*y(s)ds = 0.
0
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Thus we get (3.2). On the other hand, suppose y € Y and satisfies fol (1-5)**y(s)ds = 0.
Let x(t) = I§. y(t), then x € dom L and D, x(t) = y(£). So y € Im L. The proof is complete.
O

Lemma 3.2 Let L be defined by (2.1), then L is a Fredholm operator of index zero, and the

linear continuous projector operators P: X — X and Q:Y — Y can be defined as

Px(t) = , Vtelo,1],

x///(o) t3
6
1
Qy(t) = (a - 3)/0 a- s)""4y(s) ds, Vte]l0,1].

Furthermore, the operator Kp : Im L — dom L N Ker P can be written by

Kpy(t) = %A (t—s)""y(s)ds, Vtel[0,1].

Proof Obviously, ImP = KerLZ and P*x = Px. It follows from x = (x — Px) + Px that X =
Ker P + Ker L. By a simple calculation, we get Ker L N Ker P = {0}. Then we get

X =KerL & KerP.

For y € Y, we have

1
Q%= QQ) = Q- (@-3) /0 (1-9%ds=Qy.

Lety = (y—Qy) + Qy, where y— Qy € Ker Q =Im L, Qy € Im Q. It follows from Ker Q = Im L
and Q%y = Qy that ImQ N Im L = {0}. Then we have

Y=ImLpImQ.
Thus
dimKerL =dimImQ = codimImZL = 1.
This means that L is a Fredholm operator of index zero.
From the definitions of P, Kp, it is easy to see that the generalized inverse of L is Kp. In
fact, for y € Im L, we have

LKpy = D3 I5.y = y. (3.3)

Moreover, for x € dom L N Ker P, we get x(0) = x'(0) = x”(0) = x”’(0) = 0. By Lemma 2.2, we

obtain

x//o x///o
0) » )tg,

1§ La(t) = I§, D x(8) = x(£) + x(0) + x'(0)¢ + .
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which together with x(0) = x'(0) = 2”(0) = x”’(0) = 0 yields
KpLx = x. (3.4)

Combining (3.3) with (3.4), we know that Kp = (L|gomzrkerr)'. The proof is com-
plete. O

Lemma 3.3 Assume Q2 C X is an open bounded subset such that domLN'Q # @, then N is
L-compact on Q.

Proof By the continuity of f, we can see that QN(2) and Kp(I — Q)N () are bounded.
So, in view of the Arzela-Ascoli theorem, we need only prove that Kp(I - QQN(Q) C X is
equicontinuous.

From the continuity of f, there exists constant A > 0 such that |(I - Q)Nx| < A, Vx € ,
t € [0,1]. Furthermore, denote Kp g = Kp(I — Q)N andfor 0 <t; <t <1,x € Q, we have

|(Kp,x)(t2) — (Kp,ox)(t1)|

< ﬁ Vo (t2 —8)*"'(I - QNix(s) ds — /0 (61 =) (I - QNx(s)ds
< % [/Otl (=)= (t1 —s)* ds + /tz (ty —s)** ds]
A ¢ .
B l"(oz+1)(t2 -t
A
(K 09) () = (Kpo) ()] = s (67 - 67,
(K 2) () = (K ()] = =5 (67 ~47)

and

|(Kp,ox)" (£2) — (Kp,ox)" (11)

/tz (£, — 5)*™*(I - Q)Nx(s)ds — /tl (t = 9)* (I — Q)Nx(s) ds
0 0

" T(@-3)

A 5] v » t »
Sm[/o (61 —9)"" = (82 -5) ds+/ﬁ (ts —s) ds]

< [67° 657+ 2(6, — 0)* ).

IN'a—2)
Since ¢, %71, t*2, and t*3 are uniformly continuous on [0,1], we see that Kpo(Q2) C
C[0,1], (Kp,0)'(2) C C[0,1], (Kp,0)"(R) C C[0,1] and (Kp0)" () C C[0,1] are equicontin-
wous. Thus, we find that Kp o : 2 — X is compact. The proof is completed. g
Lemma 3.4 Suppose (H;), (Hy) hold, then the set

Q= {x edomL\ KerL | Lx = ANx, 1 € (0,1)}

is bounded.

Page 6 of 11


http://www.boundaryvalueproblems.com/content/2014/1/176

Hu et al. Boundary Value Problems 2014, 2014:176 Page 7 of 11
http://www.boundaryvalueproblems.com/content/2014/1/176

Proof Take x € Q, then Nx € Im L. By (3.2), we have

1
[ =9 556000006 s -
0

Then, by the integral mean value theorem, there exists a constant & € (0,1) such that
S(&,x(8),x'(§),x"(§),x"(§)) = 0. Then from (H,), we have |x"'(§)| < B.
From x € dom L, we get x(0) = 0, #'(0) = 0, and »”(0) = 0. Therefore

t
|x//(t)| — x//(0)+/ x'”(s)ds f ”x///”w’
0
t
HOIE 0)+f x'(s)ds| < [«"]
0
and
t
’x(t)| = x(0)+/ x'(s)ds| < ||x’||Oc
0
That is
Ixlloo < '] = 12" o = 12| - (3.5)

By Lx = ANx and x € dom L, we have

x(t) = ﬁ /Ot (t =97 (5,%(5), % (5), 2" (), 2" (5)) s + éx”'(O)tB

Then we get

x/// (t) —

A ' o—4 / " " "
p(a_3)f0 (t = 9)*f (5,%(5), &' (5), & (), 6" (5)) s + %" (0).

Take ¢ = £, we get

x"(&) = =3 / (& —s)* 4f(s x(s),%'(s), %" (s), x”’(s)) ds +x"(0).

Together with |x”'(§)| < B, (H1), and (3.5), we have

|x///(0)| ix’// .’;:)| 3) / (é: _S)Ot 4[f(s,x(s x (S) x//(s) x///(s))|ds
B 3)/ (& =" [al) + bE|A(O)] + c(5)| 5)
+d(s)|x//(5)| + e(s) |x///(s |]ds
EB F(O( 3)/ (g_s)ot 4(ﬂ1+b1|lx||oo+cl||x ”
v |#"]  + e ) ds
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1
<B

&
a—4 m
< +m/0 E -9 ar+(br+a+di+e)|x”| ]ds

<B+ m[ﬂl +(br+ea+di+ 31)||xw||oo]'

Then we have

1

" ! a—4 / /" " "
”x HOO < m/() (t-s) [f(s,x(s),x(s),x (s),x (s))‘ds+‘x (0)‘

IA

; ' _ a4 ’
F(a_g)_/o (- 5)**[als) + b(s)|x(s)| + c(s)|#(s)]

+d(s) fx”(s)| + e(s) |x’”(s)|] ds +x"(0)

IA

ﬁ /0 (¢ =) (a1 + billxlloo + ||

+d1 ”x//”oo +61Hx///”oo) dS+ ’x///(o)’

IA

1 ! o— " "
mfo (69 + (b + 1 + dy + ) || ] ds + |¢(0)]

1
< m[al +(br+c+di+e)|”] ]+ [x"(0)]

2 m
<B+ M[“l +(bi+a+di+e)|x”| ]

Thus, from I'(@ — 2) — 2(b; + ¢c1 + dq + e1) > 0, we obtain

2a; + (e — 2)B -
ol F(Ol—2)—2(l’)1 +Cl+d1+€1) .

" ||

& b
Thus, together with (3.5), we get
ol < . < 1] < 7] < s
Therefore,
llxllx < M;.
So ©; is bounded. The proof is complete. d
Lemma 3.5 Suppose (Hy) holds, then the set
Q={x|xeKerL,Nx e ImL}
is bounded.

£ (0)
6

Proof For x € Q5, we have x(t) = t3 and Nx € Im L. Then we get

1 /" /"
/ (1- s)“_4f<s, X 6(0)33, x—z(o)sz,x’”(O)s, x”'(O)) ds=0,
0
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which together with (H;) implies |x”'(0)| < B. Thus, we have

l*llx < B.
Hence, ©2; is bounded. The proof is complete. d
Lemma 3.6 Suppose the first part of (Hy) holds, then the set

Q3 ={x|xeKerL,Ax+(1-21)QNx=0,1 € [0,1]}

is bounded.

Proof For x € Q3, we have x(t) = x’”6(0) 3 and

A&f‘f +(1-M)(a-3)

1 /" /"
a—4 X (O) 3 X (0) 2 M /n _
X /(; 1-5) f<s, Ts , Ts ,x"(0)s,x (0)) ds=0. (3.6)

If A =0, then |x”(0)| < B because of the first part of (Hy). If A € (0,1], we can also obtain
|«”’(0)| < B. Otherwise, if |x”(0)| > B, in view of the first part of (H,), one has

[xméo)]z £+ (1= 2)(—3)

1 /" /"
% f (1 _ S)“_4x”’(0)f(s, X (0) SS, x—(o)sz,xm(O)s,x/”(O)> ds>0,
0

A

6 2

which contradicts (3.6).
Therefore, 23 is bounded. The proof is complete. d

Remark 3.1 Suppose the second part of (H;) hold, then the set
Q= {x|xeKerL,—Ax+(1-A1)QNx=0,1€[0,1]}
is bounded.

Proof of Theorem 3.1 Set Q = {x € X | ||»||x < max{M;, B} + 1}. It follows from Lemmas 3.2
and 3.3 that L is a Fredholm operator of index zero and N is L-compact on 2. By Lem-
mas 3.4 and 3.5, we see that the following two conditions are satisfied:

(1) Lx # ANx for every (x,1) € [(dom L \ KerL) N d2] x (0,1);

(2) Nx ¢ ImL for every x € Ker L N 9%2.
Take

H(x,\) = £Ax + (1 — A)QNx.

Page 9 of 11
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According to Lemma 3.6 (or Remark 3.1), we know that H(x,A) # 0 for x € KerL N 9.
Therefore

deg(QN |kerz, 2 NKerL,0) = deg(H(-,0), 2 N KerL,0)
=deg(H(-1), 2 NKerL,0)

=deg(+l,2NKerL,0) #0.

So the condition (3) of Lemma 2.1 is satisfied. By Lemma 2.1, we find that Lx = Nx has at
least one solution in dom L N Q. Therefore, BVP (1.1) has at least one solution. The proof
is complete. 0

4 An example
Example 4.1 Consider the following BVP:

z ’ " .
Dg.x(t) = = (x" - 10) + %e“" =71 4 %sm(xz), te[0,1],

(4.1)
x(0) =4/(0) =x"(0) =0, x"'(0) = x"(1).

Here

3

1 2 £
ftu,v,w,x) = E(x -10) + Ee"""'w‘ + T3 sin(uz).

Choose a(t) = %, b(t)=0,c(t)=0,d(t) =0, e(t) = %, B=10.Wegeth;=0,¢,=0,d;, =0,
1

= i¢»and

€1
7
F(§—2>—2(b1+cl+d1+e1)>0.

Then all conditions of Theorem 3.1 hold, so BVP (4.1) has at least one solution.
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