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Abstract

The local existence and uniqueness of solutions for a nonlinear pseudo-parabolic
equation are established in the Sobolev space C([0, T); H*(R™) N C'([0, T); = (R™)) with
s> 5. In addition, we prove the global existence of solutions for two special cases of
the equation.
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1 Introduction

The pseudo-parabolic equation possesses the form

a oA
8—1:—ka—tu:Au+u”, xe€R",t>0, (1)

where constant k>0, p>0,and A =)} % If k = 0, Eq. (1) becomes the heat equation
with sources. If k > 0, we call Eq. (1) as the pseudo-parabolic model (see Ting [1], Showalter
and Ting [2]). The pseudo-parabolic equation has many important physical backgrounds
such as the seepage of homogeneous fluids through a fissured rock [3], the unidirectional
propagation of nonlinear dispersive long waves [4, 5] and the aggregation of populations
[6] (where u is the population density). Equation (1) is employed in the analysis of non-
k();% du

—EIS

regarded as the free electron density rate, term Au is regarded as the linear dissipation

stationary processes in the area of semiconductors [7, 8], where the term

of the free charge current and #” is a source of free electron current. Equation (1) is also
named a Sobolev type model or a Sobolev-Galpern type model [9].

The initial-boundary value problem and the initial problem for the linear pseudo-
parabolic equation were investigated in [1, 2, 10] where the existence and uniqueness
of solutions for the equation were established. Various dynamic properties of solutions
for nonlinear pseudo-parabolic equations, including singular pseudo-parabolic equations
and degenerate pseudo-parabolic equations can be found in [11-18]. It is worth to men-
tion that Kaikina et al. [19] considered the superlinear case of the Cauchy problem for
Eq. (1) with p > 1 and showed the existence and uniqueness of the solutions. Furthermore,
it was shown that the Cauchy problem for Eq. (1) has a unique global solution under the
assumptions p > 1 + % and sufficiently small initial value . The existence, uniqueness,
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and comparison principle for mild solutions of Eq. (1) were established in Cao et al. [20]
by whom the large time behavior of the solutions and the critical global existence exponent
and the critical Fujita exponent for Eq. (1) were obtained.

In this work, we study the following nonlinear pseudo-parabolic equation:

B—M —k“i =Au+au? + BDf(u), x€R",t>0, 2)
ot ot
where ¢ > 1 is an integer, @ and 8 are constants, f(#) is a polynomial with order m,
f(0)=0,andD =37 dixl When 8 = 0, Eq. (2) reduces to Eq. (1). The existence and unique-
ness of local solutions for Eq. (2) are established in the Sobolev space C([0, T); H*(R")) N
CY([0, T); H*"'(R™)) with s > §. We find that the local solution in the space H*(R") blows
up if and only if lim,_, 7 ||u(¢, -)|| oo (r) = 00. For the space dimension # = 1, assuming that
the initial value uy € H*(R!), @ < 0, and p is an odd number, we find the global existence
of solutions for Eq. (2). For the other case # = 1, p = 1, and initial value u, € H'(R), we also
acquire the global existence result of solutions for Eq. (2).
The rest of this paper is organized as follows. The main results are stated in Section 2.
Several lemmas and the proofs of main results are given in Section 3.

2 Main results
Firstly, we state some notations.

Let I” = I”(R") (1 < p < +00) be the space of all measurable functions 4 such that
||h||12p = fRn |h(t,x)|P dx < 00. We define L™ = L*°(R") with the standard norm ||/ =
infys(¢)=0 SUPepm e |A1(2, %)|. For any real number s, H® = H*(R") denotes the Sobolev space
with the norm defined by

i = ([ (0 ey i o) de ) <o

where h(t,) = [, e " h(t,x) dx.

For T > 0 and nonnegative number s, C([0, T); H*(R")) denotes the Frechet space of all
continuous H*-valued functions on [0, 7). We set A = (1 - > %)% and ©® = (1 - kA)%.
For simplicity, throughout this article, we let ¢ denote any positive constant.

We consider the Cauchy problem for Eq. (2)

%—Z—ka%zAu+auq+ﬂDf(u), xeR",t>0, 3)
u(0,%) = up(x), x€R",

which is equivalent to
S = —tu+O2[%+aul + BDf(u)], x€R"t>0, @)
u(O,x) = Mo(x), x €R",

where ©72 is the inverse operator of ©2 =1 - kA.
Now, we give our main results for problem (3).

Theorem 2.1 Let ug(x) € H*(R") with s > 5. Then the Cauchy problem (3) has a unique
solution u(t,x) € C([0, T); H*(R")) N C ([0, T); H*"Y(R")) where T is the maximum existence
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time. Moreover,

e

Hs@ny =
if and only if
}Ln}””(t ')”Loo(zen) = o0

For the case of space dimension # = 1, we have the result.

Theorem 2.2 Letn =1, uy € H(R) in system (3), and assume that q is an odd number and
a < 0. Then problem (3) has a unique global solution u(t,x) satisfying

u(t,x) € C([0,00); H(R)) N C*([0,00); H*'(R)), s> %

Theorem 2.3 Let n =1, q =1, and uy € H'(R) in system (3). For any constants a and f3,
then problem (3) has a unique global solution u(t, x) satisfying

u(t,x) € C([0,00); H*(R)) N C*([0, 00); H*'(R)), s> %

3 Several lemmas
Lemma 3.1 Let r and p be real numbers such that —r < p < r. Then

) n
luvlige @ < cllullgr@nVIgewn, ifr> >
) n
vl grep-1i2gny < clleellgrem IVIHe@ny, T < 7
This lemma can be found in [21] or [22].

Lemma 3.2 (Kato and Ponce [23]) Ifr> 0, then H" N L™ is an algebra. Moreover,
vl ey < el oo @y 1V 1|1 gy + 1l ey V1 oo (g )
where c is a constant depending only on r.

Lemma 3.3 Assume uy € H°(R") with s > 5. Then problem (3) admits a unique local solu-

tion
u(t,x) € C([0, T); H*(R)) N C'([0, T); H* ' (R)).

Proof For the first equation of problem (4), we have

U=tp+ /Ot<-% + @2[% +aul + ﬂDf(u)D dt. )

Letting functions # and v be in the closed ball By, (0) of radius My > 1 about the zero
function in C([0, T]; H*(R")) and letting I" be the operator on the right-hand side of (5),
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for fixed ¢ € [0, T], we get

[((oofzronssa])o
0
_/t(—z + @‘Z[K +av! +,3Df(v):|> dt
o \ k k

< T( sup lu = vllpseny + sup ||u? = 4|
0<t=T 0<t<T

HS

HS(R™)

+ oil:ET”f(u) ~f)] HS(R”>>' N

Using Lemma 3.1 derives

[t =]

HS(R™)

= | @-v) (@ + w4 AT AT ||HS(R,,)

< |l = vl s (rny (u"‘1 +ul v+ w7y vq‘l)

s

< M Nl = Vil @)
and
1f @) =) | sy < €M 1ot = Wl s (®)
From (5)-(8), we obtain
ITu =TVl < Ollu = vligs@n, )

where 6 = max(cTMy, cTMZ ™, cTM'") and ¢ is independent of T. Choosing T sufficiently
small such that 6 < 1, we know that operator I is a contractive mapping. Applying the
above inequality and (5) yields

T2l s rmy < leo | s rmy + O N2l sy (10)

Choosing T sufficiently small such that 0 Mg + ||uo || s < Mo, we know that I maps By, (0)
to itself. It follows from the contractive mapping principle that the mapping I' has a unique
fixed point u in By, (0). This completes the proof. d

Lemma 3.4 Let function u(t,x) be a solution of problem (3), s > 5 and the initial value
uo(x) € H(R"). For r € (0,s — 1], there is a constant c depending only on the coefficients of

the first equation of system (3) such that

/(A”lu)2 dx < /(A”luo)zdx
R

R

t
-1 .
+ C/ (1 -+ NetllFoc gy + N2l Footmy ) 2l i oy AT - (11)
0
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Proof Using A = —A” + 1 and the Parseval equality gives rise to

fA'uA’Audx: —/(A’*lu)A’+1udx+/(A'u)zdx.
R R R

Forr € (0,s—1], applying (A"u) A" on both sides of the first equation of system (3), noting
the above equality and integrating the resultant equation with respect to x by parts, we
obtain the equation

1d

roN2 o2
M[/R((A u)? + k(ATu) )dx}
=—/ (A’”u)A”ludx+/ (A’u)zdx
R" R"
+ oz/ (A’u)A’(uq) dx+ B (A’u)A’f(u) dx
R" R"
=11 +12 +13 +I4. (12)
For the terms I; and I, we have
|11| = ||u||?_[}’+1(RYI) (13)
and
L] < 1128017 1 oy (14)

For the terms I3 and I, using Lemma 3.2 gives rise to

3] < ” Au ||L2(R”) H Ar("‘q) HLZ(R")
< cllellrem 260 oo oy 1411 ey

-1
S C”u”zOO(Rn)”uHiIHI(Rn) (15)
and

Mal < || Aut] 2,

Ar[Df(”)] ||L2(R")

= C”Ar””LZ(R”) ”Aﬁlf(”) ||L2(R”)

< cllllgrem (1 + 175 (ony ) 26 st omy

= C(l + ”u”T;}RVl)) ”u”?{wl(]gn)' (16)
It follows from (12)-(16) that

5 /R (A7) + k(A7) ] / [(ATu0)? + k(A" uoy)?] dx

R

t
q-1 -1 2
<c f (Ut Nl gy + 2 N2
0

which results in (11). O
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Proof of Theorem 2.1 Using Lemma 3.4, for any s > 7, we have

t -1 m-1
”I/l”Hs(Rn) < c||u0||H5(Rn)ef° [1+HMHLDO(R”)HWllL:’O(R”)] dt. (17)

For s > 7, the Sobolev imbedding theorem yields
llatll oo rmy < clluell s (). (18)
Applying the inequalities (17), (18), and Lemma 3.3 completes the proof. O

Proof of Theorem 2.2 For the space dimension # = 1, we write problem (3) in the form

Uy — Kthpy = Uy + a0t + B[f (1)), x€R >0, 19)
u(0,x) = up(x), x€R.
Using [, wu, dx = 0 for any integer j and integration by parts, we have
1
- / u? dx
2 Jr
= / un; dx
R
= / u[kum + Uy + aud + /B[f(u)]x] dx
R
= f[—kuxu,x - ui + au‘”l] dx, (20)
R
which results in
li 2 2 2 g+1 _
(u +kux)dx+ u,dx—o | udx=0, (21)
2dt R R R
from which we obtain
1 £ 1
= /(u2 + ku?) dx + / /[“i —out|dxdt = = /(u% + kug,) dx. (22)
2 Jr o JRr 2 Jr
If g is an odd integer, « <0, and uy € H'(R), we get
||M(t!')||Loo(R) = C”MOHHI(R)' (23)
Using the conclusion of Theorem 2.1, we finish the proof of Theorem 2.2. 0
Proof of Theorem 2.3 For n =1 and g =1, using (22) yields
1 t 1
= /(u2 + ku?) dx + / /[ui —ou*|dxdt = = /(u(z) + kug,) dx. (24)
2 Jr o Jr 2 Jr
Since
/[“ﬁ — o’ ] dx| < (1+ lal) [l }p g (25)
R
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it follows from (24) and (25) that

el gy < Noto 3 e+ (26)
from which we obtain

Nl zoory < lotoll g e, (27)

which together with Theorem 2.1 completes the proof of Theorem 2.3. O
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