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1 Introduction
In this paper, we are concerned with the following three-dimensional generalized MHD
equations:

%—‘t‘+u-Vu—b~Vh+(—A)“u+VP=0,
B v u-Vb-b-Vu+(-A)Pb=0,
V-u=V-b=0,

u(x,0) = up(x), b(x,0) = by(x),

xeR3,t>0, 1)

where u(x,t) denotes the fluid velocity vector field, b is the magnetic field, P = P(x, ) is
the scalar pressure; while uy(x) and by (x) are the given initial velocity and initial magnetic
fields, respectively, in the sense of distributions, with V - uy = Vby = 0; , 8 > 0 are the
parameters. The generalized MHD equations generalize the usual MHD equations by re-
placing the Laplacian —A by a general fractional Laplacian (-=A)%, (<A)f. Asa = B =1,
the generalized MHD equations reduce to the usual MHD equations; when & = 8 =1 and
b =0, the generalized MHD equations reduce to the Navier-Stokes equations. Moreover, it
has similar scaling properties and energy estimate to the Navier-Stokes equations and the
MHD equations. The study of system (1) will improve our understanding of the Navier-
Stokes equations and the MHD equations.

For the 3D generalized MHD equations (1), Wu [1] showed that the system (1) possesses
a global weak solutions corresponding to any L? initial data. Yet, just like the 3D Navier-
Stokes equations and the 3D MHD equations, whether there exists a global smooth so-
lution for the 3D generalized MHD equations (1) or not is an open problem. Recently,
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many authors studied the regularity problem for the 3D generalized MHD equations (1)
intensively. Wu [1, 2] obtained some regularity criteria only relying on the velocity . Zhou
[3] considered the following two cases: 1 <o = 8 < % and1< B8 < % <a< % and estab-
lished the Serrin-type criteria involving velocity u. Wu [4] obtained the classical Beal-
Kato-Majda criterion for the system (1). By means of the Fourier localization technique

and the Bony paraproduct decomposition, Yuan [5] extended the Serrin-type criterion to

ueli(0,T; B, (R?)), 2)

with 2% 4
q

B=<3.
On the other hand, suggested by the results in [6, 7], one may presume upon that there

1%§2a—l+s,ﬁ<p§oo,—1<s§1,(p,s);/(oo,l)providedthatl§ot:

should have some cancelation properties between the velocity field 4 and the magnetic
field . When « = 8, plus and minus the first equation of (1) and the second one, respec-

tively, the system (1) can be rewritten as

W+ W VW' + (-A)W* + VP =0,
D+ W VW™ +(-A)*W~ + VP =0, )
V.- W=V.W" =0,

W*(x,0) = Wg (%), W~ (x,0) = Wy (%),
where
WE=utb, Woi(x) = uo(x) £ bo(x).

In this paper, we are interested in what kind of confluence the integrability of W* or W~
brings to the weak solution (u, ) of the system (1). Furthermore, we shall make efforts
to establish some new regularity criterion of weak solutions of the system (3) in terms of
W* or W~. When « = 8 =1, He and Wang [8], Gala [9], Dong et al. [10] establish some
regularity criteria in Lorentz spaces, the multiplier space, and the nonhomogeneous Besov
space, respectively.

The purpose of this paper is to deal with the case o = § of the system (3), to establish
certain kind of regularity criteria. The tools we use here are the Littlewood-Paley theory
and the Bony paraproduct decomposition. Before stating our main result, we firstly recall

the definition of weak solutions to the 3D generalized MHD equations (1) as follows.

Definition 1.1 Suppose that ug, by € L2(R3). The vector-valued function (u, b) is called a
weak solution to the system (1) on R® x (0, T), if it satisfies the following properties:

(1) ueL®(0,T;L*(R3) N L0, T; H*(R3)), b € L>(0, T; L>(R?)) N L*(0, T; H# (R?));

(2) V-u=0and V-b =0 in the sense of a distribution;

(3) forany ¢, ¢ € C(R? x [0,T)) with V-¢ =0and V - ¢ = 0, one has

T T
/ / (a—¢+u~V¢>udxdt+/ u0~¢>(x,0)dx:/ / (uA2”¢+b~V¢b)dxdt,
0 R3 ot R3 0 R3
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and

T 9 T
[ (2 vesipasaee [ toestsoras= [ [ oa¥ors-veu dras
0 R3 at R3 0 R3

where A = (—A)%.
The weak solution (W*, W~) to the system (3) can be defined in a similar way as follows.

Definition 1.2 Suppose that W, Wy € L*(R®). The vector-valued function (W*, W~) is
called a weak solution to the system (3) on R? x (0, T), if it satisfies the following proper-
ties:

(1) W+, W~ e L®(0, T;L*(R3) N L*(0, T; H*(R3));

(2) V.- W*=0and V- W~ =0 in the sense of a distribution;

(3) forany ¢, € CP(R? x [0,T)) with V-¢ =0and V - ¢ =0, one has

r d
//(W+._¢+V¢:(W®W*)+W*-A2°‘¢>dxdt
0 R3 Bt
+/ Wy - ¢(x,0)dx =0
R3
and
T — 8(/7 + — — 2
/ / W —+Ve: (W QW)+ W - A | dxdt
0 R3 8L‘
+/ Wy - ox,0)dx =0,
R3

where A = (—A)%.

From the above two definitions as regards weak solutions, the systems (1) and (3) are
equivalent. It is easy to see that (W*, W) also verifies the system (3) in the sense of dis-
tribution, provided that (i, b) is a weak solution to the system (1) as o = .

Now our main result can be stated.

Theorem 1.3 Suppose thatl <o = < %, the initial velocity and magnetic field (uo, bo) €
HYR3) and V - ug = V - by = 0 in the sense of distribution. Assume that (u, b) is a weak so-
lution to the system (1) on some interval [0, T] with 0 < T < oo. If W* satisfies the following
condition:

W* e Li(0,T; B}, (R?)), (4)

with 27"‘ + 137 <20 —-1+s, ﬁ <p <00, -1<s=<1,(p,s)#(c0,1). Then the weak solution

(u, b) remains smooth on R® x (0, T].

Remark 1.4 It should be mentioned that our condition (4) on W* does not seem compa-
rable with (2) on « at least there is no inclusion between them.
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Remark 1.5 Our result here improves the recent result obtained by Dong et al. [10] as
a = B =1 except that s = 1. However, the method of [10] cannot also be applied to the case
s =11in this paper. We shall consider this problem in the future.

Notation Throughout the paper, C stands for generic constant. We use the notation
A < Bto denote the relation A < CB, and the notation A = B to denote the relations A < B
and B < A. For convenience, given a Banach space X, we denote its norm by || - ||x. If there
is no ambiguity, we omit the domain of function spaces.

This paper is structured as follows. In Section 2, we introduce the Littlewood-Paley de-
composition and the Bony paradifferential calculus. In Section 3, we give the proof of
Theorem 1.3 by means of the Littlewood-Paley theory and the Bony paradifferential cal-
culus.

2 The Littlewood-Paley theory
In this section, we will provides the Littlewood-Paley theory and the related facts.

Let S(R3) be the Schwarz functions of rapidly decreasing functions. Given f € S(R3),
its Fourier transformation Ff = f is defined by

F&) =@y f

e ™5 f(x) dx.
R3

Take two nonnegative radial functions X,% € S(R®) supported respectively in B =
(£ €eR% 1| <35} and C = (£ € R?, 2 <|&| < §} such that

XE)+Y y(27E) =1, teR. (5)

j=0

Let #= F'¢ and i = F'X. The frequency localization operator is defined by
Af =y (27D)f = 23/'/ h(2y)f(x-y)dy, j=0,
R3

Sf=X@27D)f= > Af=27 /R B(@)f (- ) dy,

—1<k<j-1

ALf =Sof, Aif =0 forj<-2.

Formally, A; is a frequency projection to the annulus {|§| ~ 2/}, and §; is a frequency
projection to the ball {|£| < 2/}. The above dyadic decomposition has a nice quasi-
orthogonality, with the choice of X and v/; namely, for any f,g € S(R?), we have the fol-
lowing properties:

AAF=0, li-jl=2,
o (6)
Ai(SiafAjg) =0, |i—jl=5.

Details of the Littlewood-Paley decomposition theory can be found in [11, 12].
Let s € R, the homogeneous Sobolev space is defined by

H*(R?) = {f € S'(R?); If s < +00},
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where

oo

VI = Y27 I AF 113

j=-1

and the set S'(R?) of temperate distributions is the dual set of S for the usual pairing.

When dealing with our problems, we will use some paradifferential calculus [12, 13]. It
is a nice way to define a generalized product between temperate distributions, which is
continuous in fractional Sobolev spaces, and which yet does not make any sense for the
usual product. Let f, g be two temperate distributions. We denote

Trg = Z AfAg= ZS;_lfA;g, R(f,g) = Z AfAg. )

i<j j li~jl<2

At least, we have the following the Bony decomposition:

Jg = Tyg + Tof + R(f,g), (8)

where the paraproduct T is a bilinear continuous operator. For simplicity, we denote

Trg = Trg + R(f,g).
We now introduce the inhomogeneous Besov spaces.

Definition 2.1 Lets € R, 1 < p,q < co. The inhomogeneous Besov space B;,q(RB) is de-
fined by

B, (R%) = {f € S'(R*); IIf I, < o0},
where

o] isq q 1
Qo2 2°AS )4, for g < oo,

Iflls;, = ,
v sup;>_1 2°[ Ayf ll v, for g = co.

The following lemmas will be useful in the proof of our main result.

Lemma 2.2 (Bernstein Inequality, [13]) Let 1 < p < q. Assume that f € LP(R3), then there
exists a constant C independent of f, j such that

suppf C [£: |~ 2} — IlflleCZ_j‘allﬂS‘llp 19%F1 s

=]

suppf C {£: 18152} = [0, < 2D .

Lemma 2.3 (Embedding Results, [14])
(1) Letl<p<o00,1<q,q <00,ands>s; >0.Assume that either s > s; or s = s, and
q<qi. Then B;,q(RS) — B, (R3).

(2 Ifl<p<pi<ocoands=s+ 3(1% - pil), then B;,q(RB) < B 4(R3).
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3 Proof of Theorem 1.3 %3 e
242 (20-1
This section is devoted to the proof of Theorem 1.3. Since B’ (R3) —

22 _(9g-1)
B, (R3) by Lemma 2.3, we only need to prove that Theorem 1.3 holds in the case
p = oo, that is, to prove that if W* € B (R®) satisfies 27"‘ < 2a —1 +s, then the weak

solution (i, b) to the system (1) is regular on R? x (0, T].
Now, we denote uy = Agu, O = A6, Py = AyP, and take y = % Then we have s =

27"‘ — (2a — 1). Applying the operator A to both sides of (3), we get

IWE B
Fral A(W™ - VW) + (=A)* W + VP =0,
)
AWy _ _
— A(WH- VW) + (A)* Wy + VP =0.

Then multiplying the first and the second equation of (9) by W", W, respectively, and by
Lemma 2.2, we obtain for k > 0

1d
W 2 e Wi 2 = (- VW), W),
(10)
1d
Wi I e Wi |2 = (W YW, W),

Denote Ok (£) = (W (£)]12, + | Wk‘(t)Hiz)% . Adding the two equations in (10), we have

%%@i(t) + 2% O(t) = —(Ar(W™ - VW), W) = (A (W - VW), W), (11)

Note that
(w—.vw*w*)=0, (W'-VW ,W)=0.

Then (11) can be rewritten as

d
5 7 OO+ 2% @%(t) = ([W, Al ) VW, W)+ ([WH, A ] VW™, Wy)

L]+11, 12)
where the commutator operator [A, B] = AB — BA. By the Bony decomposition (8), the

term I can be rewritten as
1= ([T AW W) + (T (W) W)
~ (Ak(Tow (W)), W) - {Ac(R((W7) 0:w)), wy
Eh+DL+ 1+
From the definition of Ay, we have
(T Al W*

= 3 [Sea(w) adawg
[k-k'|<4
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= D0 [Sea((W)) Aedi Wy = Ac(Sea (W) )a:w)]
|k—k'|<4

= ) 2% /R RIS ) [Sea (W) @) = Sea (W) ()]0 W () dy

k—k'| <4

1 .
= Y o /1; i /0 ¥ VS (W) (x - ty) draih(28y) Wi (x - y) dy.
[k=k'|<4

Then by the Minkowski inequality, we get

LIS Wil 22 1VSeaw Wi
k' <4

Lo

S Y > Wl W W)
K <k'=2 |k-k'|<4
S Y 3 X Reen W,

k" <k'-2 |k—k'|<4

’ 2o
S; Z 2k 2k(2a—1— v )®k®k’
k' <k=2

W+

S .
BOO,OC

For the term I,

T (W) = 35 (AW )&, (W) + Y0 &, (axaw)a, (w-)

j li-'1<1
zz< S ap(Adw)
joo-1ss-2

+ (A (AR W) + A (A3 W) + A,'H(Aka,'W*))) A (W)
-3 X ar(anw)a(wy

joo-1g5j+
= Y Sea(AdW ) Ap (W),

K'>k-2

where j is replaced by k' in the last equality. Noticing that Sy, A W* = Ay W for k' > k,

then by Lemma 2.2 and the Minkowski inequality, we have

bl=| Y (2 i W Ap (W), W)
K >k-2
< S st ae(w ), wE)
|k=k'|<2
o3 e (), 7]
k'>k-2

SIWEle D0 19SeaW | IWell o + 251 Witl e Do Wi N W
|k —k|<2 K>k-2

2
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7 o(1-1 1-1
S Y X A Peewi, + Y 2P v
Boc,oo Bsoo,oc
k" <k'-2 |k-k'|<2 k' >k-2

2k/oz(1—l) 2 + Zka(l—l) 2
S D eR|wr|, o+ Yo 2 e
kK <k-2 k'>k-2

W s
Using the support of the Fourier transformation of the term T,y +(W ™)/, we get

ATy (W) = Ak(z Sk/l(a,»W*)Ak/(W‘)i)
- A () ().

|k—k'| <4

By the Minkowski inequality and Lemma 2.2, we have

IS D [ Ak(Sea(@W ) (W) )2 | W |2
kK| <4

SIWele 220 1VSaw™ || Wi
k-k'|<4

S Z Z 22k//a(l_%)®k®k/

k' <k'-2 |k-k'|<4

< Y e
k' <k-2

12

W+

S
Boo,co

S
Boo,0

With the incompressibility condition V - & = 0, we have

A;(R((W)i,85W+)=Ak< 3 Ak/(W)iAk//(aiW"))

kK| <1

=Y A(ae (W) ap (W)

K K" =k=2;1k' k" | <1

= Z al‘Ak(Ak/(Wi)iAkHW*—)’
K k" >k=2;|k'—k" | <1

then by Lemma 2.2, we get
Hal S 20 Wi e 22 IWR L2 I Wil
K>k-2
<Y POV Wy

k'>k=2

Combining the above estimates for -1, we have

] 5 Z 2k,2k(2a_1_27a)®k®k’ w ”B%OOO n Z 22](’0[(1—%)@% H W
K <k-2 ’ K<k2

+ Z 22/(0((1—%)@%/ || W
k' >k=2

” S
Boo,co

H S ‘
Bo,00
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For the second term II of (12), by similar arguments to the ones used to derive (13) one

can get

sy Ve w
k' <k-2

.

LY e e 0w,

k' <k-2
’ 2a
i Z 2k2k (2a7177)®k®k, H w . (14)
K =k=2 '
Inserting (13) and (14) into (12) one infers that
1d
——OXt) + 22k @2 (¢
57 (6 ©(2)
’ 1 1
S Y el + 3 P W,
kK <k-2 k' >k-2
+ Z 2k/2k(2a—1—27a)®k®k/ W+ .
K <k-2 =
’ 2u
vy 2RI e e | W, (15)
K >k=2 '

The proof of Theorem 1.3 in the rest of this section is divided into two cases.
Casel: s € [0,1). Take o € (0, é), thenl-oa > 0. Let

t
o) & ksup 2k @ (t), () & ksup 22’“"(‘”1)/ @i(r)dr.
>-1 >-1 0

Multiplying (15) with 2%%¢ and integrating with respect to ¢, we have

t
22/«70{@]2((t) _ 22k(7a®]2((0) + 22kot((7+1)/ @lz((f)df
0

t
koo n2k a(l-1) 2 +
5/ Y wleeeiep|wr |, de
0 k' <k-2
t
1
+/ Z p2koankall=3) g2 | yyr+ g At
00,00
0 pr>k—2
t
, %
+ / D ook e 00 W dr
00,00
0 <k
t
/ 2
+/ Z 22kaa2k2k Qa-1-% )®k®k’ wH ”BS dt
0 p=k2 '

£ Al + Ag + Ag + A;L. (16)

Page9of 13
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By Lemma 2.2 and the Holder inequality, we have

dr

S
BOO,OO

Al — / Z 2/((70(@ 2k (T+1)Dt® ) v 2(k/7k)(2*%) “ W+
0 k<k—2

2 2-2
5/ (sup 2’“’"‘®k> 4 (sup 2""‘(”“)@;() Twr,
0 “k=-1 k>-1

s dt
o0
1

< </ | W*(ﬂHZ;o,wz(r)df) o),

Az_/ Z 2kaa® 2k r7+1a® ) 201/< k) 0'+1—— ||W+
0 pzk-2

dr

t 2 _2
< [[ (s 2w0) (sup 2o ) F e, _ae
0 00,00

kK'>-1 k'>-1

< (/Otnvmr)

1
» wz(r)dr) "o (),

As = / Z (2karx ®k) %—1 (zk’aa ®k/) (Zk(a+1)a® )2—_ 2(1(’ Y1-oa) || w . dr
0w <k-2 '
t 2 2-2
5 / (sup gkoa ®k) v (sup 2ka(a+1)®k> 14 ” w+ . dr
0 Mk=-1 k-1 50,00

< ( / | W*(r)\\é&mwz(r)dr)ywl‘i(t),
0 X

and

A4 _ / Z 2k aa® 2/«7& ®k) (2k(a+1)a ®k)2_

0 w=k-2

] 2(k—k’)(1+aa+ 27"‘—200 H W+ H . dt

t 2 2-2
< / (sup 2K ““@k/) (sup ke "*1)®k/> 4 || W dr
0 “k'>-1 k>-1 ooee

< (/otn W (r)

Combining the above estimates for A;-A, with (16) and the Young inequality, we have

1
s wzmdr) "ol ().

©*(t) - *(0) + w(t) < C(fo H W*(I)Hj;éomﬁ(r)dr) ’ wl_%(t)

< C/;” w* () ;éo,oo(pz(T)dT + w(t),

which implies that

©*(7)dr.

o) < *(0)+ C f W@
0

S
Boo,c0
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Then the Gronwall inequality gives

(1) < C¢?(0) exp(c f G dr). (17)
0 00,00

Case II: s € (-1,0). Let

t

1

@(t) £ sup 2K=2)0,(8), w(t) £ sup 2% / @iy(r)dr.
k>-1 k>-1 0

Multiplying (15) by 22k"(y‘l)®i(y_l), and integrating with respect to ¢, it follows that

t
22/«1(7/—1)@?’ (t) - 22/«1(;/—1)@?/ 0) + 22kay / @i}/ (t)drt
0

/ Z 92ka(y-1) g y 122k’ 1—7 ®2” W* dr
O k<k-2
+ / Y 2@ Dgel-P@R |y | dr
0 p>k2
t
+ / Y 22t Dok gk 1S g, 0 [ W, dr
0 k<k-2 o
t
_ K _2a
+/ D A RIC A A R CHC Y | Vol R
0 kzk-2
2B, +B, +B; + By. (18)
By Lemma 2.2 and the Holder inequality, we have
/ 1
/ Z 22kay®2y ( ka 1—7>®k)222a(k —k>(1—7>” w ”Bs dr
0 00,00

kK <k-2

t 1-1 1 2
gf (sup 22k°‘7”®iy> 4 (sup 2k0‘(17)®k> | w ||BS dr
0 “M>-1 k>-1 00,00

S ( / || W*<r>||£sm¢2y<r>dr) "W ),

/ Z 22kay @]2()/)1*% (Zk’a(l—%)®k/)222a(k—k’)(1—%) H w ” dt
Bio,00
0 ki>k-2 '

/ l’l
<[ G o) (2 Do) Il o

k'>-1

< (/t||w+(r)

1
3_/ 3 Her )T 0D, 2 ey
0 k<k-2

1
Y
e wzy(r)dr) )

W) e de

S
BOO,OO
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t -1 1 2
5/ (sup 22]“”’@?) 7 (sup 2k0‘(1_7)®k) || W g mdr
0 “k>-1 k>-1

= (/ | W+(f)\\§sm<p2y(r)dr>ywl‘i(t),
; ,

and

l
/ Z 22kozy®2)/ kcx(l—f O 2ko¢ 1—— ®k/
0

K'=k-2
(k=K")(1-a+ %
2 L
! 2’ 2y 17% Ka-1) 2
< <sup 27Oy ) (sup 2 v @k/) H Wl dr
0 “M'>-1 k'>-1 o

s([Iv ol eroa) oo

Inserting the above estimates for B;-B, into (18) and by the Young inequality, we have

0% (1) - 97 (0) + (1) < C( f tH W (o) coZV(r)drywl-%(t)
0 00,00

<c[Iwe

;sowogoz”(r)dr + o(t),

which gives

t
9?7 (1) <™ (0)+ C /0 W@, .0

Again, by the Gronwall inequality, we have

sup ¢* (£) < ¢ (0) eXP<C /o t|| W (z)

te(0,T]
By Lemma 2.3, as s € [0, 1), for some 7 < o, the following embedding holds:
B35 (R?) — B, (R%) = H'(R?).

According to the local existence with the condition [5] n

S5
>3~
— Y <o < é When s € (-1,0), for a € (1, ) one has 1 % — 2a, which infers that

B (R?) < Bl (R®) = H'(R?).

Then for any g > y, if W* € L1(0, T; Bsoo,oo(R?))) with 2"‘ < 2”‘ =2a — 1 +s, by the standard

Picard method [15, 16], we can easily show that the solutlon (u, b) remains smooth at time

t=T.

B dr). (19)

2a, thus o can be taken as
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