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Abstract

We establish existence and multiplicity results for weak solutions of a degenerate
quasilinear elliptic system. By using Ekeland'’s variational principle, the mountain pass
theorem and the saddle point theorem in critical point theory, we obtain the
existence of one or three solutions for an elliptic system with Dirichlet boundary
conditions under some restriction on A. This kind of results was firstly obtained by
Mawhin and Schmitt (Ann. Pol. Math. 51:241-248, 1990) for a semilinear two-point
boundary value problem.
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1 Introduction and main results
In this paper, we consider the following degenerate quasilinear elliptic systems:

V(%) |VulP~2Vu) = ha(@x)|ulP~u + Ab(x)|u|*|v|Pv + F,(x, u,v), x€,
—V(ha(x)|VV|92VV) = Ad(x)[v]|7~2v + Ab(x)|u|* |v|Pu + E, (%, u,v), x€, (1)

ulye =vlpe =0,

where € is a bounded and connected subset of RN (N > 2), A is a nonnegative parameter,
F € CY(Q x R*,R), VF = (F,, F,) denotes the gradient of F with respect to (u,v) € R2.
(f1) There exists a positive constant C; such that, for some 6 € (1,p), T € (1,9),

|Fult,,v)] < Co(1 + [ul® + [y]76-DP),

|Fy (e, v)| < Cr(L+ 7™+ a7V,

for all (i, v) € R? and x € Q.
(H) p>1,g>1, >0, 8 >0, such that

a+l B+1
i -
p q

1.

The degeneracy of this system is considered in the sense that the measurable, nonnega-
tive diffusion coefficients /1, s, are allowed to vanish in Q (as well as at the boundary 92)
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and/or to blow up in Q. The consideration of suitable assumptions on the diffusion coeffi-
cients will be based on [1], where the degenerate scalar equation was studied. We introduce
the function space (N), which consists of functions /: Q C RN — R, such that 1 € L(Q),
WP € LY(Q) and /~* € LY(Q), for some p > 1,5 > max{%[, lﬁ} satisfying ps < N(s + 1).
Then for the weight functions /1, s, we assume the following hypothesis:
(N) There exist functions 1, satisfying condition (N),, for some s,, and m, satisfying
condition (N),, for some s,, such that

(@) < h(x) < ki (%), Wllz(_(x) < hy(x) < ko (), @
1 2

a.e. in , for some constants k; >1 and ky > 1.

The mathematical modeling of various physical processes, ranging from physics to bi-
ology, where spatial heterogeneity has a primary role, is reduced to nonlinear evolution
equations with variable diffusion or dispersion. Note that problem (1) is closely related
(see [1]) to the following system:

—V(hi (o, u, V)| VulP2Vu) = f(A,x,u,v, Vi, Vv), x€Q,
—V(hy (e, u, V)| VV|T2VY) = g(A, 2,1, v, Vi, V), x € Q,
ulaa =vlsa =0.

This system has successfully dealt with a variety of physical phenomena, such as the heat
propagation in heterogeneous materials, the transport of electron temperature in a con-
fined plasma, the propagation of varying amplitude waves in a nonlinear medium, the elec-
tromagnetic phenomena in nonhomogeneous superconductors, the dynamics of Joseph-
son functions, and the spread of microorganisms. For more details as regards this type of
system, see [2—4] and the references therein.

An example of the physical motivation of the assumptions (N), (N), may be found in
[3]. These assumptions are related to the modeling of reaction diffusion processes in com-
posite materials occupying a bounded domain €2, which at some points behave as perfect
insulators. When at some points the medium is perfectly insulating, it is natural to assume
that /11 (x) and/or /1,(x) vanish in 2. For more information, we refer the interesting reader
to [4] and the references therein.

For the perturbed problem, Mawhin and Schmitt [5] first considered the two-point
boundary value problem

—u" = u=f(x,u) + h(x), u(0) = u(m) = 0. (3)

Under the assumption that f is bounded and satisfies a sign condition, if the parameter A
is sufficiently close to A; from left, problem (3) has at least three solutions, if ; < A < Ay,
problem (3) has at least one solution, where A;, A, are the first, second eigenvalues of
the corresponding linear problem. Ma et al. [6] considered the boundary value problem
Au + hu + f(x,u) = h(x) defined on a bounded open set 2 C RY, no matter whether the
boundary conditions are Dirichlet or Neumann conditions, as the parameter A approaches
A1 from left, there exist three solutions. Moreover, the existence of three solutions was
obtained for the quasilinear problem in bounded domains as the parameter A approaches
A1 from left in [7, 8], these results were extended to the perturbed p-Laplacian equation
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in RN, Especially, the existence of three solutions has been extended to cooperative elliptic
systems in [9]. Motivated by the above idea, we have the goal in this paper of extending
these results to some degenerate quasilinear elliptic systems with the Dirichlet boundary
conditions.

Next, we recall the basic results of the following eigenvalue problem (for details see [2]):

V(I (%)|VulP~2Vu) = ha(x)|ulP2u + Ab(x)|u|*|v|Pv, xeQ,
—V(hy(x)|VV|T72VV) = Ad(x)|v]972v + Ab(x)|u|*|v|Pyu, xe€, (4)
Ulae =vlsa =0,

where /11, h, satisfy (N), and the coefficient functions 4, d, and b satisfy conditions (A), (D),
and (B), respectively (the conditions (A), (D), (B) see Section 2). Zographopoulos proved
the theorem below.

Theorem 1.1 Let Q be a bounded domain of RN (N > 2). Assume that hypotheses (H) and
(N) are satisfied and the coefficient functions a, d and b satisfy conditions (A), (D) and (B),
respectively. Denote by L the set

1 1
L= {(u,v)eZ:&/a(x)|u|1"a,’x+/3+ /d(x)|v|qu+f b(x)|u|°‘|v|ﬂuvdx=1},
p Jo q Ja Q

where Z = Dé’p (2,h) x Dé’q(Q,hz) (we will determine in Section 2 what Z means). Then
the system (4) admits a positive principal eigenvalue )i, satisfying

1
A1 = inf {&/hl(x)|Vu|pdx+
ey p Ja

(u,v)

B+1

/ hz(x)|VV|qu}. (5)
Q

The associated normalized eigenfunction ¢, = (11, v1) belongs to Z and each component is
nonnegative. In addition,
(i) the set of all eigenfunctions corresponding to the principal eigenvalue 1y forms a
one-dimensional manifold E, C Z, which is defined by

E1 = {(clul,cf/qvl) i ER}

(i) Aq is the only eigenvalue of (4) to which corresponds a componentwise nonnegative
eigenfunction.

(iii) Aq is isolated in the following sense: there exists n > 0, such that the interval
(0,11 + n) does not contain any other eigenvalue than X;.

Now we are ready to state our main results. For the related definitions we refer to Sec-
tion 2.

Theorem 1.2 Let the hypotheses of Theorem 1.1 and (f1) be satisfied. In addition,

lim F(x,t¢;) = +00 (6)

|¢]—o00

uniformly in x € Q. Then, for A < 7 sufficiently close to Ay, the system (1) has at least three
solutions, where A1 > 0 is the first eigenvalue of the system (4).
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Theorem 1.3 Let the hypotheses of Theorem 1.1 and (f1) be satisfied. In addition,

1 1
lim (—Fu(x, u,v) + —F,(x,u,v) — F(x,u, V)) =00 (7)
[(wy)| =00 \ p q

uniformly in x € Q. Then for L € (A1, 1), the system (1) has at least one solution (we will

determine in Section 3 what \, mean).

2 Space and operator setting

Let i1(x) be a nonnegative weight function in Q which satisfies condition (N),. We consider
the weighted Sobolev space DE’P (€2, 1) to be defined as the closure of C§°(€2) with respect
to the norm

1/p
14l b g = ( / 1) Val? dx) .
Q

The space Dé’p (€2, /) is a reflexive Banach space. For a discussion of the space setting we
refer to [1] and the references therein. Let

Nps
N(s+1)—ps’

*

ps =

Lemma 2.1 [1] Assume that Q2 is a bounded domain in RN and the weight h satisfies (N) -
Then the following embeddings hold.:

1) D;’p(Q,h) < [F(Q) continuously for 1 < p¥ <N,

(1) D(l)’p(Q,h) — L"(2) compactly for any r € [1, p?).

In the sequel we denote by p* and g* the quantities p;*p and q;‘q, respectively, where s, and
s4 are induced by condition (N), recall that /1, /1, satisfy (N). The assumptions concerning
the coefficient functions of systems (1) and systems (4) are the following.

*

i
(A) a e Lr»(2) and either there exists 2} C Q of positive Lebesgue measure, i.e.,
[27] > 0, such that a(x) > 0, for all ¥ € 2}, neither a(x) =0, in Q.

(D) de qu—*ﬁ (R2) and either there exists 2} C € of positive Lebesgue measure, ie.,
|2 > 0, such that d(x) > 0, for all x € 7, neither d(x) =0, in Q.
(B) b(x)>0,a.e.inQ,b£0and b e L?(Q), where w = (1 - D;thl - %)’1.
The space setting for our problem is the product space Z = Dé’p (2, 1) x D(l)’q(Q, hy)
equipped with the norm

llzll = z=(u,v) € Z

”u”D})"”(Q,hl) + ” V”D(l)'q(ﬂ,hz)’
Observe that inequalities (2) in condition (N) imply that the functional spaces D(l)’p (2,l17) x
DyY(,hy) and D (R2,1m1) x Dy(S2, m15) are equivalent. Next, let us introduce the func-
tionals 1,] : Z — R in the following way:

1 1
I(u,v) = ars hi(x)|VulP dx + p+
b Ja

/ hy(x)| V|1 dx,
Q

](u,v):a—-”/a(x)|u|pdx+ M/d(x)|v|qu+/ b(x)|u|* |v|P uv dx.
p Ja q Ja Q
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It is a standard procedure (see [10], Lemma 2.1) to prove the following properties of the

functionals.

Lemma 2.2 The functionals I, ] are well defined. Moreover, I is continuous and ] is com-
pact.

Notation For simplicity we use the symbol || - ||, for the norm || - ) and || - ||, for

”D(l)‘p(ﬂ,hl

the norm || - ||D(1),qm’h2).

3 Proof of theorems
Let @, : Z — R be the functional defined by

qDA (u’ V) = 1(”1 V) - )\](u) V) - N(I/l, V)r V(M, V) €z,
where

N(u,v):[QF(x,u,v)dx.

Since the potential F has sublinear growth, by a standard argument, it follows that &, €
CY(Z,R). In addition, (u,v) € Z is a weak solution of systems (1) if and only if (&, v) is a
critical point of ®;.

By (5) we can deduce that

I(u,v) > MJ(u,v), Y(u,v)eZ (8)

Let V =span{¢y} and W = {z € Z: (J'(¢1),2z) = 0}, we have from the simplicity of A;, Z =
V @ W. Then, since A, is also isolated, we have

Ay = (uir)lefw{l(u, v):J(u,v) = 1},

which satisfies A; < A,. In addition,
I(u,v) > X J(u,v), Y(u,v)eW. 9)

On the other hand, from the condition (f1) and by Young’s inequality, for every fixed
(10, vo) € R?, it follows that

’F(x’ Uo, VO)‘

1
f (Fu(x, ruo, rvo)ug + Fy(x, i, rvo)vo) dr + F(x,0,0)
0

1
< / (|Fulr, ruso, rvo) | lo| + | Ey (%, ruao, rvo) |Ivol) dr + | F(x,0,0)|
0

1
0.6-1 0-1)/6 -1
§C1/(|M0|+|M0|V +1rvo " g | + [vo| + [volTr
0

+ruo|" VT |vo|) dr + |F(x,0,0)]
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1 6 1 T
<|F(x,0,0)| + Ci luol + ol + §|M0| + ;|u0|

0 . T
0-1)/6 0(r-1)/t
+—v +—_— v
9+r(9—1)| ol o] r+9(r—1)|u0| | 0|)

), (10)

< Ca(Juol + [vol + luol® + [vol" + |F(x,0,0)

where C, is a positive constant independent to (u, V), therefore, from Lemma 2.1, we
have

‘/ F(x,u,v)dx §/|F(x,u,v)|dx
Q Q

< C2/(|u|+ v+ ul? + |v|’)dx+C2/ |F(x,0,0)| dx
Q Q
< Co(llaelln + Il + Null + IVIIf<) + Ca

< Ca(llullny + Vllny + el + I1VIIE,) + C ()

for all (u,v) € Z, where Cy = C, fQ |F(x,0,0)| dx and Cj is a positive constant.
Next, we will prove Theorem 1.2 by using Ekeland’s variational principle and the moun-
tain pass theorem and Theorem 1.3 by using the saddle point theorem.

Proof of Theorem 1.2 The proof will be divided into four steps.

Step 1. The functional ®; is coercive in Z, @, is bounded from below on W and there
is a constant M, independent of A, such that inf,cyy ©,(z) > M.

For A < A4, from (8) and (11), we get

A
@MWZmO—;ywm+wm)
1

= Cs(lwllm + IVl + ||U||Z1 + ||V||Zz) = Cy, (12)
for all (4, v) € Z, where a; = min{(1 + «)/p, (1 + B)/q} > 0, which shows that ®, is coercive

in Z.
Similarly, from (9) and (11), we obtain

A
b (u,v) > m <1— T)(H”Hil + ||V||ZQ)
2
= Cs(llullp + IVllny + ||u||f,1 +Vll;,) = Ca, (13)

for all (z,v) € W. Hence ®; is coercive in W and @, is bounded from below on W. More-
over, there is a constant M, independent of A, such that inf,cy ©,(z) > M.

Step 2. If the parameter X is sufficiently close to A; from the left, we have t~ < 0 < ¢* such
that @, (tT¢;) < M.

We choose t* > 0 sufficiently large, we get from (6) that N(¢*¢;) > —M + 1, so that

D, (t°1) < (1— %)I(t’“q&l) +M-1
1

< (1= ) (e, + el + -1, ()
1

Page 6 of 10
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where a; = max{(1 + @)/p,(1 + B)/g}. Then for A sufficiently close to A; from the left,
D, (t*¢1) < M. The same conclusion holds for a ¢t~ < 0.
Step 3. If A < Aj, the functional @, satisfies the (P.S.) condition. In addition, let

Ot ={ze€Z:z=+t¢, +&, witht>0and & € W},

®, satisfies (P.S.). e+ and (P.S.).o- for all c < M.
On one hand, if (,, v,) be a (P.S.) sequence of ®;, that is,

qDA(Mm Vn) —CcE R’ || qD;(unr Vn)i

as n — 00. From Step 1 and (15), (i, v,,) must be bounded in Z, that is, there is K > 0 such
that

lnlln + Ivalln, =K (16)
for all n € N. Thus, there is a subsequence of (u,, v,), without any loss of generality still
denoted by (u,,v,), and (4, v) € Z such that (u,,v,) = (&, v) weakly in Z, (u,,,v,) = (&, V)
strongly in L7 (€2) x L1(R2). Consequently, from (15) and (16), one has

nli)rgo(CD/k(u,,, V), (U, — 0)) =0. (17)

From the condition (f1), Holder’s inequality, Lemma 2.1, and (16), it follows that

/ oyt vi) i — w) x| < Gy / (Lt (ol 4 ) ity = o]
Q Q
_ 0-1)/0
< Cu(lluall 35" + 1vall 1™ Y ot — 1] o
+ GV 1y, — |
_ 60-1)/6
< CS(leaall 7 + 1vall; ™" Nt — el o
+ GV |1,y — |
-0 (18)

as n — 00, where S is the embedding constant. Combining (17), (18), and Lemma 2.2, we
get

Jlim /Q ()| Vit [P~V 14, (Vs — Vi) dix = 0.
Similarly, we also obtain

nlingo /;2 ()| VulP 2V u(Vu, - Vu)dx = 0,
hence, we conclude that

lim [ m)(IVuul? >V, — |Vl V) (Vu, — Vu)dx = 0.
n— o0 Q
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Therefore, using a well-known lemma, see for instance [11, Lemma 3.1] or [12, Lemma 4.1],
we get u, — u in Dé’p(Q,hl) as n — oo. Similarly, we get v, — v in Dé’q(Q,hz) as 1 — 0o,
that is, (#,, v,) has a convergent subsequence.

On the other hand, let {z,} C ©* satisfy ®,(z,) - ¢ <M and ®(z,) - 0 as n — o0.
Since @, is coercive and the potential F satisfies the condition (fl), there is z € Z such
that z, — z strongly in Z. If z € d©* = W, from the second conclusion of Step 1, we get
®, (z,) — ¢ > M, which is impossible. Hence z € ®* and ®, satisfies the (P.S.), e+ condi-
tion. Similarly we see that (P.S.).e- holds for all ¢ < M.

Step 4. Three solutions are obtained.

If 1 < A is sufficiently close A;, from Step 1 and Step 2, we get —oo < infg+ @, < M,
which implies that @, is bounded below in ®*. Consequently, from Ekeland’s variational
principle, there exists {z,} C ®* such that ®,(z,) — infe+ ®; and P} (z,) — 0 as n — oo.
Since @, satisfies (P.S.), o+ for all ¢ < M, there is z* € ®* such that ®,(z) = infe+ ®;, that
is, the infimum is attained in ®*. A similar conclusion holds in ®~. So ®; has two distinct
critical points, denoted by z* and z™.

To fix ideas, suppose that @, (z7) < ®, (z*), if z* is not an isolated critical point, then ®;

has at least three solutions. Otherwise, putting
W(z) = D, (z +2%) — ;. (2"), e=z -7,
we have ¥ (0) = 0, ¥(e) < 0, and there exist 7 > 0, p > 0 such that ¥(z) > p if ||z|| = 7. Then,

since @ = W' and W also satisfies the (P.S.) condition, from the mountain pass theorem,

the number

¢ = inf max ® t)),
ok A(V( ))

where
M={yecC(0,1,W):y(0)=z"yQ) =2},

is a critical value of ®,. Noting that all paths joining z* to z~ pass through W, we have
¢ > M. Therefore we have obtained a third critical point of ®;. The proof is now complete.
O

Proof of Theorem 1.3 The proof will be divided into two steps.
Step 1 (the (P.S.), condition). Let {z,, = (#,,v,)} C Z be such that there exists ¢ > 0 such
that

|®:.(z4)| <c, VneN. (19)
and there exists a strictly decreasing sequence {¢,}7°; with lim,,_, o, &, = 0 such that

(@) (zn),2)| < eullzll, VzeZ (20)
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We first prove that {z, } is bounded in Z, then by a standard argument, {z,,} has a convergent

subsequence. Suppose by contradiction that ||z, || — 0o, we have

Dy (U, Vi) — <(b;\ <(un» Vi), <ﬂ» ﬁ)>>’
P q

1 1
/ (_Fu(x) Uy, Vn) + _Fv(x’ Uy, Vn) - F(x: Uy, Vn)) dx|.
Q\p q

v

¢+ &nl| (s V)

Letting # tend to infinity, we get

lim <C,
n—0o0

1 1
f <—Fu(x, Up> Vi) + —F, (%, y, vy,) — F(%, un,vn)> dx
Q\»P q

where C is a constant, which contradicts (7). Thus, {z,} is bounded. Since the nonlinearity
F satisfies the conditions (f1), by a standard argument, {z,} has a convergent subsequence.

Step 2 (the saddle point theorem). It is well known that the (P.S.) condition can be re-
placed by the (P.S.). condition in the saddle point theorem of Rabinowitz (see [13, 14]).

Then to conclude that ®; has a critical point it suffices to show that

lim ®;(z) = —oo, lim @, (w) = +o0, (21)
lzl|—o0 [|w||— o0

where z € V = span{¢y} and we W.
For A1 < A < Ay, from (11), we get

D, (tp1) = I(tp1) — M (td1) — N(tgh)

(1 - %)1@@) ~ N(tn)

1

A
<a (1 _ A—l)(nmluzl L ltnil?)

9
+ Ca(lltwlly + vl + el + nllf,) + Ca

Since 6 € (1,p), T € (1,9), the first part of (21) holds.
For A1 < X < A, and for any w € W, from (13), we obtain the second statement of (21).
The proof is now complete. d
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