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Abstract

We investigate the one-dimensional prescribed mean curvature equation with

. oy . !
concave-convex nonlinearities in the form of 7(\/&7)’ =AWP+ud),ux)>0,0<x<T,

u(0) =u(1) =0, where A > 0'is a parameter and p, g satisfy -1 < p < g < +00, and we
obtain new exact results of positive solutions. Our methods are based on a detailed
analysis of time maps.

Keywords: time-map analysis; exact number of solutions; one-dimensional
prescribed mean curvature equation

1 Introduction

Mean curvature equations arise in differential geometry, physics, and other applied sub-
jects. For example, the negative solutions of prescribed mean curvature equations can
describe pendent liquid drops in the equilibrium state (see [1]), or the corneal shape (see
[2]). In recent years, increasing attention has been paid to the study of the prescribed mean
curvature equations by different methods (see [3—31]).

A typical model of the prescribed mean curvature equation is

—div(—2—) = AMf(t,u), teR',ue,

N (L1)

u=0 on 052,

where Q is a bounded domain in RN and f : Q x R* — R* is continuous.

It is well known that a solution u of (1.1) defines a Cartesian surface in RVN*! whose mean
curvature is prescribed by the right-hand side of the equation. Classical existence theo-
rems for this problem (and in particular for the minimal surface problem) are presented
in [15] with references to the original papers by Bombieri, Finn, Miranda, etc. (see e.g. [1,
14, 16] and the references therein). The existence theorems established in most of those
papers are concerned with solutions of the prescribed mean curvature problem as global
minimizers of the corresponding energy functionals. Some papers studied the prescribed
mean curvature problems by using the sub-supersolution method (see [7, 17, 18, 28]), the
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time-map analysis method (see [8, 9, 13, 19, 29-31]) or Mawhin’s continuation theorem
(see [20, 24—26]) and so on.

The one-dimensional version of (1.1) is

/

_(\/1':7)’ =AM(tu), a<t<b, 12)

u(a) = u(b) = 0.

There are some papers considering the exact number of positive solutions of (1.2) in spe-
cial case of f (see [6, 8, 9, 11-13, 19, 28-31]). The study derived from an open problem
proposed by Ambrosetti et al. in [32], which concerned the exact number and the detailed

property of solutions of the semilinear equation

—u”" =AW +u?), u>0in(0,1),

u(0) = u(1) =0,

where 0 < p <1< g < +00. Since then, related problems have been studied by many authors;
see [33-36] and the references cited therein.
Generally, it is difficult to obtain the exact multiplicity results for nonlinear boundary

u

value problems. If the operator —#” is replaced by —( m)’, then the problems will be-

come more complicated. In [6], Habets and Omari considered the nonlinear boundary
value problem of the one-dimensional prescribed mean curvature equation with f(¢, u) =
u”, where p > 0. By using an upper and lower solution method, the authors obtained the
exactness results of positive solutions. In [8], Pan and Xing derived the exact numbers of
positive solutions of (1.2) for the nonlinearities f (¢, ) = 1 + u)? (p > 0), f(¢,u) = * -1, and
f(t,u)=a* (a>0).

However, there are few articles dealing with the case involving negative exponent. We
note that, in particular, Bonheure et al. [28] is the first paper where the problem with
singularities has been considered. In [28], the authors considered a general class of f (¢, )
involving a singularity, and they obtained the result that there exists a positive solution for
a small parameter, and they pointed out (¢, u) = u™, (R—u)™, u?(R—u)~? (where p,q > 0)
as the special case. In [30] and [12], the authors studied global bifurcation diagrams and the
exact multiplicity of positive solutions for the cases f (¢, u) = (1 - u)2 and f (¢, u) = (1 - u)?
(p > 0), respectively.

In [9], Li and Liu examined problem (1.2) for f (¢, u) = u” + u? withO<p<g<lorl<p<
q < +00. Very recently, the authors [19] studied the exact number of solutions of problem
(1.2) for f (¢, u) = u” + u? with 0 < p <1 < g < +00. However, to the best of our knowledge, no
paper has considered the exact number of solutions of problem (1.2) with -1 < p < g < +00
till now. In this paper, we will try to solve it.

Consider the following boundary value problem of the one-dimensional prescribed

mean curvature equation:

(i) = 2 ),

ulx)>0, O<x<l, (1.3)
u(0) = u(1) =0,



http://www.boundaryvalueproblems.com/content/2014/1/193

Feng and Zhang Boundary Value Problems 2014, 2014:193 Page 3 of 16
http://www.boundaryvalueproblems.com/content/2014/1/193

where -1 < p < g < +00 and A > 0 is a parameter. In this paper, a positive solution is a
function u € C[0,1] N C%(0,1) satisfying (1.3).

The rest of this paper is organized as follows. In Section 2, we introduce and analyze the
time map which plays a key role in the paper. The main result will be stated and proved in
Section 3.

2 Time maps

In this section, we will make a detailed analysis of the so-called time map of problem (1.3).
Let u(x) be a solution of problem (1.3). Then it is well known that u(x) takes its maximum

atc= %, u(x) is symmetric with respectto ¢, u'(x) > 0 for 0 <x < cand #'(x) < O forc <x <1.

Hence problem (1.3) is equivalent to the following problem defined on [0, c]:

/

—(F=5)" =1 + u?),

Vi+u?
ulx)>0, O<x<ec, (2.1)
u(0) =u/(c) = 0.
Denote

f(u) =uf +uf, fi(u) =)»(up+uq),

and

up+1 Mq+1
F(u) = +
p+1

) F)L(u):)"(

up+1 uq+1 >

+
qg+1 p+1l g+1

Letv = \/1’:/7 If u(x) is a solution of (2.1) with s = u(c), then (u,v) is a solution of the
following problem defined on [0, c]:

<

U = ——, V = —f, (), u(0) =0, u(c) = s, v(c) = 0.
1-12

Since H(x) = /1 —12(x) — 1 — F; (u(x)) satisfies

dH(x)  -v(x)

dx | /1-12(x)

and H(c) = —F, (s), we see that

(V&) +fi(u@)) =0,

F.(s) - F(u) =1 \/117 (22)
Therefore,
s _ VEs) - EW))[2 - (Fils) - F(w))]
1= (Fa(s) = F(u))
Then
LB Z B w) du = dx. 23)

V(EL$) - )2 ~ (F.(s) - F.(w)]
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Integrating (2.3) from 0 to ¢, it leads to

—(F.(s) = Fo.(u)) 1
T(), du=—. 2.4
%5) = /JFA FoR-Go-Ew] " 2 24

The function T'(A,s) is called the time map of f.
Choosing x = 0 in (2.2), we see that F; (s) <1 and

0<s<al(r) :F,\_l(l). (2.5)

Therefore, if u(x) is a solution of (2.1) with u(%) = s, then s satisfies (2.4) and (2.5). Con-
versely, for a given A, if s satisfies (2.4) and (2.5), then (2.2) together with #(0) = 0 defines a
function u(x) on [0, %] which satisfies u(%) =sand u’(%) =0, and then it is easy to see that
u(x) is a solution of (2.1) with u(%) = 5. So the number of solutions of (2.1) is equal to the
number of s satisfying (2.4) and (2.5). This leads us to investigate the shape of the graph

of T(A,s).
Let X = {(%,s) : A € (0,+00),s € (0,x(A)]}. From (2.4) and (2.5) we see that T is defined
on X by
s 1—(F.(s) — Fi.(u))
T(A,s) = du. 2.6
%9 /0 V(Fi(s) = F(w)[2 - (F.(s) — Fp(u))] ¢ 26

For simplicity, we write

p+1 g+1

£ = £,(5,1) = F5(9) ~ Fist) = x[;ﬁ(l_tpuhh(l_tqﬂ)],

AF = F,(s) — F,.(u), Af = sf,.(s) — uf (u), Af' =szﬂ(s)—u2ﬂ(u)
It follows that

P1-¢
\/7

The following lemmas give the properties of T'(%,s).

T(X,s)=s (2.7)

Lemma 2.1 ([19]) T'(),s) has continuous derivatives up to the second order on X with
respect to s and

PEA-8)(2-8) - AL (1 - 2) + 57 (1 - tq+1)]
(E(2-8)]32

:lfs AF(1 - AF)(2 - AF) - Af

s Jo [AF(2 — AF)]32

1- )\2 sp+11 tp+1 +Sq+1 1= tq+1 2

To(hs) = S/O( £)17[ Eg(z_g;]ﬁ/z ( )]

_ f Mp+2)s (L= 2") + (g + )71 - 7))
0 (E(2-8)]22

1 [°3(1-AF)Af?—(Af' +2Af)AF(2 — AF)

A [AF(2 - AF)]52 du. @9)

Tis)= |

du, (2.8)

dt
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Lemma 2.2 T(A,s) is strictly decreasing on ¥ with respect to A.

Proof By a direct calculation, we have

'-g22-£)-£01-¢)?
T5(%,s) :S/O A _E" dt <0,

which implies that T'(%,s) is strictly decreasing on X with respect to A. 0

Lemma 2.3 ([19]) «(}) is strictly decreasing on (0, +00) with respect to A, and

xlinol+ a(L) = +o0, lim «(A)=0.

A—+00

Lemma 2.4 (1) For fixed Ao >0, T (Ao, a(Ao)) > 0.
(2) For fixed 1o > 0,

0, -l<p<],
lim T(Ao,8) = { %, p=1,
s—>0+

+00, p>1,

+00, —-l<p<l,
—00, p=l1<g<2,
Slﬁir(1)1+ Ts(ho,8)=1<0, p=1,g=2,
=0, p=1149>2,

-00, p>1

(3) Denote w(A) = sup{T'(A,s)|0 <s < a(A)}. Then w(}) is continuous, strictly decreasing

on (0, +00), and

lim w(\) = +00, lim w(A)=0.
A—0+ A—>+00

(4) Let n(\) = T(A,a())). Then n(A) is continuous and
lim T(% a())) = +o0, lim T(A,«(1)) =0.
A—>0* A—+00

Furthermore, if Ts(X,s) > 0, then ' (1) < 0; if Tx(A,s) < 0, then n' (1) < O under the condition
g=<Zt+ \/ﬂ :

(5)If-1<p<0,1<q< +00, then there exists . > 0 such that for fixed 0 < Ay < X,
Ts(ho, (o)) < 0. A A

(6) If -1<p<0,0<q <1, then there exist 0 < A < A < 00 such that for fixed 0 < Ly < X,
T(ho,a(ro)) < O and for fixed Lo > X, Ts(ho,(Ao)) > 0.

(7) Assume that p < q=1. If p > /Wjﬂm — 1~ 0.2585, then for fixed Ay > 0,
Ts(ho, (X)) < 0.
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Proof For fixed A > 0. It is clear that

alo)  F
T (ho,ct(ho)) = / () du> 0.
0

/1-F} ()

On the other hand, by the uniformly convergent of integral a direct calculation, we ob-

tain
1
_ 1-
lim T(ho,s) = lim s % / f_p dt
s—0 s—0 0 AO[}%H(]‘ _ tp+1) + qu(l _ tq+1)](2 _ %—)
0, -1<p<1],
“\am 2=1
+00, p>1.
Ifp#1,

lim T(Ao,s)
s—>0*

1+p 1 E
= lim S-T/O </\0[L(1—t1’+1) + %(14‘1*1)](1—5)(2—5)

s—0% p+ 1

o[(1- ") + 1P (1 tq“)]>

- 3
(s oen)a-o]

1-p +1
1+, 1 )"0 _(1 - )
lim s~ % S L 3
=0 o hoym - )

dt

+00, -l<p<l],

-00, p>1
If p =1, then by the L'Hopital rule we have

lim Ty(Ao,s)
s—0*

i [ ho(1 - g)s7(1 - 1) s
=0 Jo 2B (1 - 2) + S (1 - )] [ho(s(1 - £2) + 57(1 - 4+1))]

-00, l<g«<2,

<0, ¢g=2,
=0, ¢g>2.

So the results (1) and (2) are proved.

The results of (3) can be proved in the same way as in Lemma 3.2 of [9].
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Next to prove that the result (4) holds. By the chain rule of differentiation, we have

oT 0T
T () = — + —a'(A).
(A a(2)) oy * asot()
Since % <0, a’(A) <0, we obtain T’(A,®(1)) < 0 in the case of % > 0.
If % < 0, by the fact that
F, 1
. (u4) Y

a 1 s
Toa) = [ —2 gy | S
a0 - | P | =i

we have
Lo 1 !
T (A, a(X) :/ L R ] ds.
( ) o V1-3s2LAF()
_ 1 _ 1
Let y (M) = 771wy = sy Then

() = _f(F*l(i)) 3 (G ey (32)
REAEG)
__LEIC) S ETGDEETR)
AZ(F?I(%))f(Ffl(%)) .

Let F7'() = v. Since

1 1 q p
20) = FFWEW) = —— 12 + — M 2 1 _ = )y
S W) =fWE) p+1V +q+1V " p+1l g+1

by g < % +./2p+ %, we have f2(v) — f'(v)F(v) > 0. It follows that T"(%,a())) < 0.
Other parts are similar to the proof of Lemma 2.3 in [9]. So we omit them. Next we prove
that the result (5) holds.
1 —
Leta = (;%’{)ﬁ, then there exists A > 0 such that F;(a) = ,/’%2, and F;(u) < 1%2 for

0<uc<a, F5(u) > ,/1%2 for @ < u < a()). For fixed 0 < Ao < A, for simplicity, we denote
a(Ao) by . It follows from (2.8) that

L[ By ) = B, (1) — afs (@) + tfiy (1)
Ts(hor0) = /0 1= (W)p” du (2.10)
Let
G(u) = Fyy(u) - Ffo(u) —atfro (o) + ufy, (u). (2.11)

Then we can see that G(0) = —af;, (@) < 0, G(«) = 0, and
G'(u) = (2 - 3F}, () )fa () + ufy (1)
= o[ (2 - 3F}, (w) (u + u) + pu + qu

= o[ (2+p - 3F; (w)u” + (2 + q - 3F; (u))ul]. (2.12)
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It is obvious that G'(«#) >0 for 0 < u < a.If a < u < «, then u? > ({ll%l‘l’)up, by (2.12) we have

G/(I/l)>)‘-0|:(2 +p—3F)%0(l/l)) (2+q 3F (u))< 1)]141’

>[(p-1)+(q-1)(1;p)]upzo.
qg-1

It follows that G'(«) > 0, Va < u < . Then G(u) < 0, which implies that Ty(1¢, (X)) < 0.
Then the result (5) is proved.
Now we prove that the result (6) holds.
By (2.6) we have

Fls) 1 y 1

0 VY2 -y AEES) - y))

T(A,s) =

(2.13)

Then

Tg(M,s)

B 1 —y f)L(F (FA (s) - ;L(F)Tl(l}}(s)—y))‘fk(s)

“Jo Sy FEENFs () - 9))

. 156 fi(s)
VE©)2-F(6) fi(F1(0)

(2.14)

It follows that

Ty(ha(R))
1oy —f(F - M ﬁ(a(k))d
0o Vy2-y) A(F;l(l—y)) ’

N / B [
- S

/ Fi(at) fllat)afi(a)
Py e

Lol flat)afi(a) gt

- == P (2.15)

If there exists A such that a(}) = (—%)ﬁ , then from the third formula of (2.15) and the fact
that f'(u) <0 for 0 <u < (—’é)ﬁ we have T;(A, (1)) > 0 for A > .

On the other hand, from (2.15), by a simple calculation we can see that lim;_, ¢+ T5(A,
a(A)) < 0. In fact, by the last formula of (2.15), we have

lim Vool flat)af (o) Ui L gl lmfx(ozt)otfx(a)
=0t Jo N1 = £24+2 fk(at) /1 — £24+2 »—0* fz(at)

Page 8 of 16
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where
Silat)af,(a)
=0t f2(at)
i pa® Py qaatt ¢ (ptrt + qtd )bt
= lim
A—>0* (@) + 2(at)P*1 + (at)2a

pott- Dy g1y (pt? ! 4 gt a1
= lim
A0+ 2= 2 4 QoP-atp+d 4 24

qt q+1

Then

1 tq+1

filat)afy (a)
fx (at)

lim

A=0* Jo /1 — £2q+2 / /1 t2‘7+2

It follows that lim;_, o+ T5(}, (1)) < 0. Then there exists A > 0 such that T;(}, (1)) < 0 for
0 <A < A. This proves (6).
Note that t9*! < #*! for 0 < t <1 and Fj(«) = 1, it follows from (2.8) that

Ts ()\Or O[)
at)p+l (at)q+1

/1 ho( + 0T) dt_/lko[af’“(l ) a1
0 0

[1-2(es (at)p*! (at)‘fl*l )2]1/2 [1—a2(le @P*l | (@0l ys13/2
q+

Pl p+l g+l
+1 +1
/ tp+1 /1 (p + 1)[1 )L()( apt)fl + q—jl)] at
a- t2p+2)1/2 0 [1-23( a;ﬁ” + (at:?l“ )2]3/2
A dt
</0 W (P+1)f (1 — ga+)1/2(] 4 1)3i2° (2.16)

The first integral in (2.16) can be estimated as

1 tp+1
/(; (1 _ t2p+2)1/2 dt

1 1
= —/ tdarcsin(#*")
p+1lJo
1
T
= -— in(#*") dt
2piD) pil arcsin(#*)
1 1
<= - tarcsin(¢%) dt
2p+1) p+1
T+2
= . 217
4(p +1) 217)

For the second integral in (2.16), we see that

dt
o (1= ah)li2(] 4 gp+1)3/2

dt
o (1 _ t2)1/2(1 + t)3/2

Page9of 16
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L |
22./0 7(2_1/2)2 dv
_ «/iln(«/i+1)+2

. (2.18)

Here the transformation v = (1 — £)/? has been used. Combining (2.16), (2.17) with (2.18)

we can see if

T+2
p= |——F—— -1,
\/ﬁln(ﬁ +1)+2
then T(Ag,®(Xo)) < 0. This proves (7). O

Remark 2.1 It follows from the proof of (6) that if g > 1 then the conclusion of (6) still
holds.

Remark 2.2 From the proof of [9], one can see that the inequality

q<p—2+,/p2+20p+20

2

, l<p<g<+oo, (2.19)

plays an important role in guaranteeing that 7'(A,«())) is decreasing on A. In (4) of
Lemma 2.4, we replace (2.19) by

<2p+1 9 9
+4/2p+ —,
1= Pty

and the method used to prove that T'(A,«(1)) is decreasing on X is completely different
from that of [9].

Remark 2.3 It follows from the proof of [9] that the inequality

> ( 7 +2 )1/2 1, 0 1 (2.20)
—_— -1, < < <l1, .
p= V2In(v/2 +1) +2 p<4q

guarantees that T;(A,a) < 0. If pand g satisfy p=0,0<g<2;p=1,1<qg<4;-1<p<0,
l<g<+00,and -1 <p < 0,0 <q <1, wecan prove that T} (%, «) < 0 without the inequality
(2.20); see, for example, the proof of (5), (6) in Lemma 2.4.

The proofs of Lemmas 2.5 and 2.6 are similar to those of [37]. So we omit them.

Lemma 2.5 Fors € (0, +00), we have

A S +f6) | s +ast
0<u<s AF () P +s1

Lemma 2.6 Fors < (0, +00), we have

A A sfi(s) _ ps’ +gs”
min —— = —— = N T T, g
0<u<s Af Af u=0 ﬁ(S) sP +s1
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The proof of Lemma 2.7 is similar to Lemma 2.7 in [19]. For convenience of the reader,
we prove it in the following.

Lemma 2.7 Suppose that —% <p<qg<+00.Let

Af Af'
M = sup —f, m = min ji
0<u<s AF O<u=s Af

For fixed ) € (0, +00), we have

M
Tys(Ro,58) + 2—Ts(ko,s) <0, se(0,a(ro)] (2.21)
S

Proof From Lemma 2.5 and Lemma 2.6, we have M —m = 1. We still use the symbols such
as AF, Af, and Af’ when A is replaced by o, so we have

Tu00rs) + LT, (0005)
2s
= /05<3(1 — AF)Af? — (Af' + 2Af) AF(2 — AF)
+ %VIAF(z — AF)[AF(1- AF)(2 - AF) - Aj])
/([AFQ - AP du.
Let

Q=3(1- AF)Af* - (Af' +2Af)AF(2 - AF)

+ %AF@ - AF)[AF(1 - AF)(2 - AF) - Af],

and

_

N \ORPACRESAC)

Then for s € (0, +00), we have

I(s)X = sf;(s) + %f,\(s)

363

By the fact that p > —%, we have I''(s) > 0 for s € (0, +00).
It follows that

|:Sf,\(s) - %F)\(s)j| - [uﬁ(u) - %F)\(u)} >0, O<u<s<oo.

Therefore, for 0 < 1 < s < 00 we have

shHi(s) —ufi(u) 2

Fi(s)— Fa(u) 3
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ie.,
Af 2
= — > —
H="AF”3
Hence
30-AF) Af2 (A Af\ M Af
Q= AF*(2 - AF) SU-aF) AP —f+2—f + = (l—AF)(Z—AF)——f
2-AF AF2 \AF “AF) 2 AF
2 3 2 M
< AF*(2- AF) EM - m+2+3 w+M
—3AF2(2 AF)| 2 M+2 +2M
=2 * 3)H73
3 2
= ZAF}(2 - AF)(n —M)(u - —).
2 3
Since%<u§M, we have Q < 0 and then (2.21) follows. O

3 Main results

In this section, we apply the Lemmas 2.1-2.7 to establish the exact number of solutions for
problem (1.3). We consider the following six cases: p=0,0<g<2;p=1,1<g<4;9=1,
0<p<1;—1<p<q§0;—% §p<0,1<q<+oo,and—é§p<0,0<q§1.Casep:0,

0 < g <2 is treated in the following theorem.

Theorem 3.1 Assume that p =0, 0 < q < 2. Then there exist 0 < A, < A* < +00 such that
(1.3) has exactly one solution for A € (0,)1,) U {L*}, exactly two solutions for X € [Li,\*),
and no solution for ). € (\*, +00).

Proof For fixed Ao > 0, by (2.15) and the fact that f'(x) > 0 we have T;(Ao, @ (%)) < 0. Com-
bining this with Lemma 2.7, for fixed A¢ > 0, T'(Ao,s) has only one critical point so, which
is a maximum point, and T(Ag,s) > 0 for 0 < s < 59, Ts(Ao,5) < O for sy < s < @(Xg). From
p <q <2 and (4) of Lemma 2.4, we know that T'(A,«(})) is strictly decreasing in (0, +00).
Selecting A, > 0 such that T'(A,,a(A,)) = %, we obtain T (A, a())) > % for 0 < A < Ay. Com-
bining this with the fact that lims_,o+ T'(A,s) = 0 and the continuity of T'(%,s) we see that
there is only one s satisfying (2.4) for 0 < A < A,.

Choosing 1* > A, such that maxgs« o) T(A*,5) = %, there is only one s satisfying (2.4)
for A = A* and no s satisfying (2.4) for A > A* by (3) of Lemma 2.4.

When A, < A < A%, by the fact that maxoa) T'(2, ) > % and T(A, (L)) < %, it follows
that there are two s satisfying (2.4). Theorem 3.1 is proved. d

The following theorem deals with the case p=1,1<g <4.

Theorem 3.2 Assume thatp =1,1< g < 4. Then there exist 0 < \, < w2 such that (1.3) has

exactly one solution for A € [\, 2] and no solution for ) € (0,1,) U (72, +00).


http://www.boundaryvalueproblems.com/content/2014/1/193

Feng and Zhang Boundary Value Problems 2014, 2014:193 Page 13 0of 16
http://www.boundaryvalueproblems.com/content/2014/1/193

Proof From (2.8) we see that

1-6)EQ-&)-A[s*(1-2) +sT(1- 1]

<2 “A[P(1-2) + s (1- 7] = )L;_T;]sq*l(l i) <o,
then T5(),s) < 0, it follows that T'(%,s) is decreasing on s.

On the other hand, by (2) of Lemma 2.4, we know lims_,o+ T'(%,s) = 2”7 Then for fixed
2 € (0,+00), Supyc o,y T(2,8) = 2”7, minge(,on)) I'(A,8) = T(A, a(A)).

Fromp =1,1< g <4 and (4) of Lemma 2.4, we know that T'(A, @ (1)) is strictly decreasing
in (0, +00). Selecting XA, > 0 such that T'(A,,x(r,)) = %, we obtain T'(A,a())) > % for 0 <
A < As. Then there is no s satisfying (2.4) for 0 < A < A,.

If supys.q) T(2,8) = %, then A = 72 and there is no s satisfying (2.4) for A > 72. By the
monotone property of T'(A,s) on s we see that there is only one s satisfying (2.4) for 1, <
A < 72. This completes the proof. 0

Case3:q=1,0<p<1

Theorem 3.3 Assume that 0 < p <1, g = 1. Then the following conclusions hold.
(a) Forany >0, (1.3) has at most two solutions.
(b) There exist 0 < A < Ay < +00 such that (1.3) has exactly one solution for 0 < A < A1
and has no solution for A > A,.
(c) If; in addition, p > /WZZHHZ — 1% 0.2585, then there exist 0 < A, < A* < +00
such that (1.3) has exactly one solution for . € (0, A,) U {A*}, exactly two solutions for
A € [Ay, A*), and no solution for A € (A*, +00).

Proof By Lemma 2.7, for %o € (0,+00), T(Ao,s) has at most one maximum point sy €
(0,(Xg)]. If sg = (Xg), then Ts(1g,s) >0 for O <s < a(Xg). In this case there is at most one
s satisfying (2.4) for some XA. If 5o < a(Ao), then Ti(Xo,s) > 0 for 0 < s < s and Ts(ro,s) <0
for so < s < @(Ao). Then there are at most two s satisfying (2.4) for some Aq. It follows that
(1.3) has at most two solutions. This proves (a).

Let Ay > 0 such that maxosy(y) T(X2,5) = % By (3) of Lemma 2.4, we see that there is
no s satisfying (2.4) for A > A,.

On the other hand, by lim, o+ T'(A, (X)) = +00, there exists A; > 0 such that T'(A,x(X)) >
% for 0 < A < A;. Combining this with the proof of (a) we see that there is only one s satis-
fying (2.4) for 0 < A < A;. This gives (b).

Considering (c), from 0 < p <1, g =1, and (4) of Lemma 2.4, we know that T (A, x(%))
is strictly decreasing in (0, +00). Selecting A, > 0 such that T(A,,x(A)) = %, we obtain
T(A, (X)) > % for 0 < A < A,. Then there is only one s satisfying (2.4) for 0 < X < A,.

By (7) of Lemma 2.4, for fixed Ag € (0,+00), T5(Ao, (X)) < 0. Combining this with
Lemma 2.7, T(Ao,s) has only one critical point sy, which is a maximum point, and
Ts(Xo,8) >0 for 0 < s < 89, Tg(ho,s) <0 for sy < s < a(rg).

Choosing A* > A, such that maxose(x) T(A*,s) = %, there is one s satisfying (2.4) for
A = A" and no s satisfying (2.4) for A > A* by (3) of Lemma 2.4.

When A, < A < A%, by the fact that maxo«scaz) (2, 5) > % and T(A, (X)) < %, it follows
that there are two s satisfying (2.4). Theorem 3.3 is proved. O
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Cased: -1<p<q=<0.

Theorem 3.4 Assume that -1 < p < q < 0. Then there exists L, > 0 such that (1.3) has
exactly one solution for 1 € (0, L], and no solution for A € (L, +00).

Proof From Lemma 2.4 we know lim,_, o+ T'(A,s) = O for fixed A > 0. By (2.14) and the fact
that f'(u) < 0 we have Ts(%,s) > 0. Then for fixed A > 0, maxse,a)] (A, 8) = T(A, a(A)).
Combing this with (4) of Lemma 2.4, there exists A, > 0 such that T(A,, (X)) = % and
T(A, (X)) > % for0 <A <A*, T(A, (X)) < % for A > A*. Then (1.3) has exactly one solution
for A € (0, A4], and no solution for A € (A, +00). O

Case5:—% <p<0,1<g<+oo.

Theorem 3.5 Assume that —% <p<0,1<q<+00. Then the following conclusions hold.

(a) Forany X >0, (1.3) has at most two solutions.

(b) There exist 0 < A < Ay < +00 such that (1.3) has exactly one solution for 0 < A < Ay

and has no solution for A > A,.
(c) Furthermore, suppose that q < % +./2p+ % holds. Let ) be defined in the same
way as in (5) of Lemma 2.4.

(i) If A is such that maXxg ;o) T(L,s) < %, then there exist 0 < A, < A* < A < +00
such that (1.3) has exactly one solution for A € (0, A,) U {A*}, exactly two
solutions for A € [Ay, A*), and no solution for . € (\*, +00).

(ii) If A is such that maXxy_ ... () T(%,s) > %

Case L. If T(%, a(A)) < %, then there exist 0 < Ay < A < A* < +00 such that (1.3) has exactly
one solution for ) € (0,1,) U {A*}, exactly two solutions for € [Ay, L], and no solution for
A€ (M*, +00).

Case 2. If T(A, a(R)) > %, then there exist 0 < A < A, < A* < +00 such that (1.3) has exactly
one solution for A € (0, A,) U {A*}, exactly two solutions for A € [y, A*), and no solution for
A€ (A%, +00).

Case 3. If T(A, a(R)) = %, then there exist 0 < A = A, < A* < +00 such that (1.3) has exactly
one solution for \ € (0, A,) U {LA*}, exactly two solutions for A € [Ay, X*), and no solution for
A€ (A% +00).

Proof The proof of (a), (b) is similar to that of Theorem 3.3.

Considering (c)(i), from g < % + ‘/2p+% and (4) of Lemma 2.4, we know that
T(A, (1)) is strictly decreasing in (0, +00). Selecting A, > 0 such that T'(A,, ¢(A,)) = %, we
obtain T(A,x (1)) > % for 0 < A < A,. Then there is only one s satisfying (2.4) for 0 < A < A,.

By (5) of Lemma 2.4, for fixed Ao € (0,A], Ts(Xo,(ro)) < 0. Combining this with
Lemma 2.7, T(Xo,s) has only one critical point sy, which is a maximum point, and
Ts(Xo,8) >0 for 0 < s < 89, Ts(ho,s) <0 for sy < s < a(rg).

If maxg .43 T(A,s) < %, choosing 0 < A* < A such that maxgs.e() T(A%,s) = %, there is
one s satisfying (2.4) for A = A* and no s satisfying (2.4) for A > 1* by (3) of Lemma 2.4. If
mMaXg .4 () T(A,s) = %, then let 1* = A.

When A, < A < A%, by the fact that maxo«scaz) (2, 5) > % and T(A,a())) < %, it follows
that there are two s satisfying (2.4). The proof of (c)(i) is complete.

Next, turning to (c)(ii), since maxg_,a) T(%,s) > %, there exists A* > A such that
MaXpcscerr) 1 (A%, 8) = % and there is no s satisfying (2.4) for » > A*.
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By the fact T(A,, @(Xy)) = %, if T(L, (X)) < %, then we have A > A,; if T(h, () > %, then
we have A < A,; if T(A, () = %, then we have A = A,. The proof of the other conclusions
follows by a similar method to (c)(i). Then the result (c)(ii) follows. O

Remark If we assume that —% <p<0,0<gqg <1, then we have similar results to those of
Theorem 3.5. It is worth to point that A is different from that of Theorem 3.5 in this case.
Then we have Theorem 3.6.

Case6:—%§p<0,0<q§1.

Theorem 3.6 Assume that —% <p<0,0<gq=<1. Then the following conclusions hold.

(a) Forany x>0, (1.3) has at most two solutions.

(b) There exist 0 < A < Ay < +00 such that (1.3) has exactly one solution for 0 < A < Ay

and has no solution for A > A,.
(c) Furthermore, suppose that q < % +./2p+ % holds. Let 4 be defined in the same
way as in (6) of Lemma 2.4.

(i) If): is such that maXo_ ) T(%,s) < %, then there exist 0 < Ay < A* < A < +00
such that (1.3) has exactly one solution for & € (0, 1,) U {1*}, exactly two
solutions for A € [Ay, A*), and no solution for . € (A*, +00).

(ii) If): is such that max,__, ) T(,s) > %

Case 1. IfT()A\,a():)) < %, then there exist 0 < A, < A < A* < +00 such that (1.3) has exactly
one solution for A € (0,1,) U {A*}, exactly two solutions for ) € [, A], and no solution for
A€ (A%, +00).

Case 2. IfT()AL, a(i) > %, then there exist 0 < ). < A, < A* < +00 such that (1.3) has exactly
one solution for A € (0, A,) U {A*}, exactly two solutions for A € [y, A*), and no solution for
A€ (AF +00).

Case 3. IfT(i, a(}) = %, then there exist 0 < ) = A, < A* < +00 such that (1.3) has exactly
one solution for A € (0, A,) U {L*}, exactly two solutions for A € [A, ™), and no solution for
A€ (A%, +00).
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