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Abstract

This paper is devoted to deriving global Carleman estimate for a one-dimensional
linear coupled parabolic system of m equations with bounded variations (BV)
diffusion coefficients. This kind of estimate is a generalization of the scalar result (Le
Rousseau in J. Differ. Equ. 233:417-447, 2007). The key ingredient is to derive a global
Carleman estimate for piecewise-C' diffusion coefficients based on the construction
of a suitable weight function. The Carleman estimate in the case of BV diffusion
coefficients is then obtained using the approach of BV diffusion coefficients by
piecewise-constant coefficients. This Carleman estimate is used to show the
observability inequality which yields the controllability result.
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1 Introduction and notations
In this paper we deal with one-dimensional m coupled parabolic equations with bounded
variations (BV) diffusion coefficients.
Let 2 = (0,1) C R be a one-dimensional bounded domain, and we assume that 7' > 0.
Let us consider the following notations: Q=2 x (0,7), ' ={0,1} and £ =T x (0, 7).
For m > 1 given, we denote by A; = —0,(k;d) the elliptic operator formally defined on
L*(Q),1 <j < m, with the domain of A; given by

D(A) = {ve Hy(Q); kidv e H(Q)}, j=1,...,m.

The diffusion coefficients k; = k;(x) (j = 1,...,m) are assumed to be of BV and satisfy the

following.

Assumption 1.1

0 < Kjmin < kj < Kjmax <00, j=1,...,m.
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Let us introduce the following matrix operator .4 defined by

A 0 -~ 0
Ao 0 A

: 0

0 - 0 A,

The domain of A is given by D(A) := [T, D(A)).
We denote H = (L2(£2))" and let us consider the following linear parabolic system:

9y+Ay=Ly+F inQ,
ty y =Ly Q (11)
¥(x,0) = yo(x) in Q,

where y(-,£) = (-, )h<j=m € D(A) for yo = o jh<jem € H, L = (%, )h<jk=m €
(L°(Q))" and F = (%, D)h<jem € (L*(Q))™ for all £ € (0, T).

Let us observe that, under Assumption 1.1, for each yy € H and F € (L*(Q))™, system
(1.1) admits a unique weak solution y € L2((0, T); (HA(2))") N C([0, T]; H) (see, e.g., [1]).

The main goal of this paper is to prove a global Carleman estimate for the operator 9; + .4
with an interior observation region @ x (0, T), where  is a non-empty open subset of
and such that ; are of class C! on @.

The Carleman estimate for piecewise regular diffusion coefficients is established by
Doubova et al. in [2]. In this work, the authors considered a scalar parabolic equation.
They obtained observability inequality and controllability results by adding assumption
on the monotonicity of the coefficient (i.e., the observability is supported in the region
where the diffusion coefficient is the lowest). To obtain these results, the authors intro-
duced a non-smooth weight function 8, assuming that it satisfies the same transmission
condition as the solution of a parabolic equation. An inverse problem for such a parabolic
equation was studied in [3]. In the same direction, we can also cite the work [4] of Bellas-
soued and Yamamoto which is devoted to determining a source term using the Carleman
estimate established in [2]. In 2007, a new Carleman estimate was established by Ben-
abdallah et al. [5] for the one-dimensional heat equation with a discontinuous diffusion
coeflicient. In this work the authors relaxed the monotonicity assumption on the diffu-
sion coefficient by constructing a specific non-smooth weight function . This function
B satisfies suitable trace properties depending on the jumps of the derivatives of § at the
singular points of the diffusion coefficient. In higher dimensions (# > 2), Le Rousseau and
Robbiano in [6] showed that the monotonicity assumption on the diffusion coefficients
can be relaxed and the observation region can be chosen independently of the jump’s sign
of the diffusion coefficient. In the same way, we cite the work [7] about Carleman estimates
in stratified media. In [8], Le Rousseau generalized the results obtained in [5] for the case
of bounded variations diffusion coefficient (BV). In Le Rousseau’s paper, the author con-
structed a limit weight function as he approached BV coefficient by piecewise-constant
coefficient. However, the relaxation of the monotonicity condition in the case of bounded
variations diffusion coefficient in any dimension # > 2 remains open.

For the first time, a Carleman-type estimate with one observation in parabolic systems
was introduced by Ammar Khodja et al. [9, 10] where the authors used this estimate to
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establish observability inequality and deduce a controllability result by one control force.
We also refer to [11, 12] for this kind of works. In paper [13], Cristofol et al. obtained a new
Carleman-type estimate with one observation acting on a subdomain w of R” (n < 3) for
a2 x 2 reaction-diffusion system. They used this estimate for simultaneous identification
of one parameter and initial conditions. We also cite the article [14], which represents an
improvement of the work [13]. It is about determining two coefficients by observation data
of only one component in a nonlinear 2 x 2 parabolic system. In the same direction, we
can cite the works [15, 16].

If the observation region w is replaced by y C T', the Carleman estimate with (# —1) ob-
servations for a system of m (m > 2) coupled parabolic equations remains an open ques-
tion.

In the same way, we cite the recent work [17] about an inverse problem for a one-
dimensional coupled parabolic system (two equations) with discontinuous conductivities
(assumed to be L*°). The paper [17] is devoted to proving the stability result using the Car-
leman estimate (with the observation of only one component) based on an adequate choice
of weight function which is the same for each equation of a parabolic system. However,
the authors needed additional assumptions on this Carleman weight function, and the
method that was developed is completely different with respect to the approach obtained
in our paper.

Roughly speaking, the aim of our paper is to extend the results obtained in [8] to the
case of m coupled parabolic equations. One of the main difficulties in extending the scalar
result comes from the fact that the weight function 8 has to be chosen the same for each
equation and depends on the jumps of diffusion coefficients. Moreover, since the jump
discontinuities may be located at different points for the diffusion coefficients k; (1 <j <
m), this created an additional difficulty to find our weight function.

The major novelty of our work is to prove a global Carleman estimate (with m observa-
tions) in the case of BV diffusion coefficients k; (1 < j < m) for the operator 9; +.A. In a first
step, we derive a global Carleman estimate (with 7 observations) in the case of piecewise-
C! diffusion coefficient. The main result, in this case, is Lemma 2.1, where we prove the
existence of a suitable weight function for m coupled parabolic equations in the case of
piecewise-C! coefficients. By comparison with [8], the idea in the proof of Lemma 2.1 lies
in the fact that we have used adapted choices (more general) (see formulas (2.7) and (2.8))
for checking the trace property (2.3) in the case of m coupled parabolic equations. These
choices are used later for constructing a function 8 (see formulas (3.2) and (3.3)) in the
case of BV diffusion coefficients. The property (2.3) is needed to relax the condition of the
monotonicity of the diffusion coefficients. In a second step, we follow the method devel-
oped in [8]. Formulas (3.2) and (3.3) yield an explicit expression of an approached weight
function B, that converges to a weight function 8 (see Lemma 3.2). The function 8, allows
us to establish a Carleman-type estimate (with 7 observations) associated to the operator
0; — O (kjs0x) with k;, (1 <j < m) piecewise constants that converge to the BV diffusion
coefficients k; in L°°-norm. At the end, we pass to the limit for each term in the Carleman
estimate that holds for the operator 9; — 0,(kj:9z) as ||k;s — kj|| 100 goes to zero. We then ob-
tain the Carleman estimate for the operator 9; + A with a relaxation of the monotonicity
of BV diffusion coefficients ;.

To our knowledge, the weight Carleman function and its proof in our work has not been
proposed in the literature review.
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The article is organized as follows. In Section 2, we derive a Carleman estimate with m
observations in the case of piecewise-C! diffusion coefficients. In Section 3, we prove a
Carleman estimate with m observations in the case of BV diffusion coefficients. Finally,
Section 4 is devoted to giving important comments and applications of our results on

controllability for some parabolic systems.

2 Global Carleman estimate with ‘m observations’ in the case of piecewise-C'

diffusion coefficients
In this section, we generalize the Carleman estimate obtained in [5] to a parabolic system.
We prove here a global Carleman estimate in the case of piecewise-C! diffusion coefficients
for a system of m coupled parabolic equations with an interior observation region @ x
(0, T), where w is a non-empty open subset of 2. In order to establish this estimate, we
use similar arguments to those in [8] and [5] for constructing a suitable weight function in
a subdomain of R, which allows us to relax the monotonicity on the diffusion coefficients.
The results obtained in this section are then used in the next section (the case of BV
diffusion coefficients).

Leti=1,...,.n—-1landj=1,...,m. Letay,...,a, 1 with O =ag <a; <ay <---<dy <
a, =1.

Wenote: Q; = [a;,a;,1), S ={ay,...,a,1}, Q' = Q\S,Q =Q' x(0,T),and S = S x [0, T].

Let us consider system (1.1) formulated with the transmission conditions (TC) on Sy
(given by the fact that y(-,£) = (;(;, )<j<m € D(A)):

i(a;) =yi(a}), i=1...,n-1,j=1,...,m,
yi(a;) = y;(a;) J (TC)

ki(a;y)oxyi(a;) = ki(af)oxyi(af), i=1,...,n-1,j=1,...,m.

The diffusion coefficients k; (j = 1,...,m) are assumed here to be piecewise-C! such that
kilg, € CY () (i=0,...,n —1) and satisfy Assumption 1.1.
Let us introduce the following set A = A, U A,, where

A= {(ai,kj);a,» is a point of continuity ofkj}, (2.1)

Ay = {(ai, kj); a; is a point of discontinuity ofkj}. (2.2)

Remark 2.1 If (a;, k) € A, the transmission conditions (TC) are then automatically sat-
isfied.

We shall now prove the main result of this section. It concerns the construction of a

suitable weight function.

Lemma 2.1 Let fixed p € {0,...,n — 1} such that (a,,a,.1) € Q. Let wy € w € (a4, ap.1) be
a non-empty open set. Then there exists a function ,E € C(Q) such that

Bla, €CX (), i=0,...,n—1,

E>O in <, E:O onT,

ﬂ/|[ap,ap+1] 7{0 in [apy ap+1] \a)0¢
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Bla, #0, i€{0,....,n—1},i#p,
3.B>0 onthe left-hand side of w,, 3B <0 onthe right-hand side of w,,

and the function B satisfies the following trace properties, VI € {1,...,m} and some o > 0,
Y(ank) e A, (Adk)uw,u) > allul? i=1,..,n-1, (2.3)

with u = (u1, u)", w1, uy € R and the matrices A;(k;) are defined by

i) =, Pl o BBl ) ey,
BakB s Bla)lkBL, + I3 (F L.

where [pla, = p(a}) - p(a;) and B’ = 0.B.
Proof In the case of one equation (m = 1), the proof of the existence of such a function E is
established in [8] and [5]. However, in our case (m coupled equations), the main difficulty

is to find B such that the trace property (2.3) is satisfied for all [ € {1, ..., m}.
Observe that the symmetric matrices A;(k;) are positive definite if and only if

[F],,>0 and det(Ai(k))>0 VIE{L,...,m). (2.4)

Let us consider the following notations:

: k(at
Xi= 0y - D)y nLi=1,..m,

/(ﬂl') kl(ai)
this leads to

B Blah - X)) ki(a;) (B (@) (Y - X;)
Al’(kl)_ NI DT AN2 20 N( D +\\3 2 2 3 :
ki(a;)(B'(a))"(Yiu = Xi) ki (a;)(B'(a}))*(Yiu — Xo)™ + (Y}, = X))

We have

det(Ai(k) = K (a7) (B (a})) " Py, (X0,
where

Py, (X)) = (1-X) (Y7 - X)) - Xi(Yis — X0

Ifﬁ’(ai*) > 0 (respectively, E’(ai*) <0), [E/]ui > 0 is equivalent to X; < 1 (respectively, X; > 1).
Consequently, we have:
For i < p (on the left-hand side of wp): (2.4) <= 0 < X; <1 and Py, (X;) > 0,
viel,...,m). (2.5)
For i > p (on the right-hand side of wp): (2.4) <= X; > 1 and Py, (X;) > 0,

viel,...,m). (2.6)

Page 5 of 19
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We assume here that the coefficients Y;; (/ € {1,...,m}) cannot be smooth simultaneously
at the same point (i.e., Y;;=1= Y,y #1for [ #1' and fixedi € {1,...,n - 1}).
For the first case (i < p), we are going to prove that
1

X = (2.7)
1+ maXlstm“%j -1}

satisfies (2.5).
Wenote L_:={le{l,...,m}Y; <1}, L, :={le{l,...,m};Y;>1} with ¥; = ¥} and X = X.
We have then the following cases:
1. L_ ={. In this case, we have X =

M .
pTrTem—n . Then, for [,I' € {1,...m}, we obtain

Y=Yy =1

Y, Y2 -1 (Yi-Yr)? 2Yi(Yi - Y)Yy -1)
= Py, = + +
"\2y,-1 QY -1)*  (2Y,-1)? (2Y;-1)?

2. L, = . In this case, we have X = min;<j<,,,{Y}} and
V<Y<l = Py(Ys)=Y(1-Y)?+(Yi-Yr)* +2(Y, - Y)Yr(1-Y) > 0.

3. L_#¢¥and L, #{. We distinguish the following cases:
(i leL, (Y1>1)

(@) If X = s 1 T with ' € L_ (Yy <1) and [ #/, then we have X = Yy and
Y, +ty > 2 with Yy <1 < Y; and we obtain
Py, (Yy) =Y (1= Yy)* + (Y= Yo)(Yi + Yy —2Y;Y)) > 0.
(b) If X = with € L, (Yy >1) and [ #/, then we have X = 2Y 5v.—» Which

Lt g 1]
corresponds to the case L_ = /.
(i) leL_ (Y1<1)

(a) If X = +\ w1th I'eL_(Yy <1)and [ #/!. This case is reduced to the case
Yz
L,= @.
(b) fX=—73— - ‘ T with € L, (Yy >1) and [ #/, then we obtain X = %,
T_
L+— <2w1thYl<1<Y1/ and
p Yy _ Y (Yy —1)? . Yy -Y)2Y,Yy - Yy -Y) 50
2Yy -1 QYy-1)* Yy -1)? '
So (2.5) is satisfied for the choice (2.7).
For the second case (i > p), we are going to prove that
X; =1+ max {|Y;; - 1|} (2.8)
1<j<m

satisfies (2.6). We have the following cases:
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1. L_ ={. In this case, we have X = max;<j<,,{Y;}. Then, for /,/' € {1,...m}, we obtain
Y=Yy =1= Py, (Y1) = Y21 = Y)* + (Y1 = Yp)* +2(Y; - Y)Yy (Y - 1) > 0.
2. L, =0. In this case, we have X = 2 — min; <j<,,{Y}}, and

Yr<v <1

=  Py(2-Yy)=0-Y)* (Y} +4(Y - Y0)) + (Vi - ¥p)?
+2(Y, - YA -Y)(2 - Yy) > 0.

3. L_#@and L, # . We distinguish the following cases:
(i) leL, (Yi>1)
(@) fX=1+|Yy-1|with/ e L_ (Yy <1)and [ #/, then we have X =2 — Yy and
Yy +Y; <2 with Yy < Y; <1, thus

Py, (2-Yy) = (1-Y)* Y7 + (Y- Yi)(2- Yy - Y1) (3-2Y7) +2(Y; - Y1) (Yr —1)* > 0.

(b) fX=1+|Yy -1l with/ €L, (Yy >1)and [ +#[, we obtain X = Yy. This case
is reduced to the case L_ = 0.
(i) leL_ (Y;<1)
(@ fX=1+|Yy—1|with/ € L_ (Yy <1)and [ #['. This case is reduced to the

case L, = (.
(b) fX=1+|Yy-1lwith!'eL, (Yy>1)and[#l,wehave X =Y), Yy +Y;>2
with Yy >1> Y}, and

Py, (Yr) = (1= Yp)*(Yj = 2Yr +2Y)) + Yy - 1)(Yr = Y))(Yr + Y1 - 2) > 0.

(Wehaveused Y+ Yy >2=Y,-1>1-Y,>0=(V, -1)’>(1-Y)’ =
Yy -2y =Y} -2Y, = Y, -2Yr+2Y; > Y} > 0.)
Then (2.6) is satisfied for the choice (2.8) and the proof of the lemma is achieved. a

Remark 2.2 The case m =1 corresponds to the choice made in [8].

We now define the function 8 = E + K with E chosen as in the previous lemma and
K= r||,§||oo, r>1.For A >0 and t € (0, T), we define the following weight functions:

AB(x) P _ e B)

“wroy YTy 29)

@(x, 1)

with g = 2;"||B‘||oo (see [18, 19]). Observe that the functions 1 and ¢ are positive.

We introduce

0= {qu(Q);q‘Ql_ €C*(Q,),i=0,...,n—1,

g =0 and g satisfies (TC) for all ¢ € (0, T)},

where Q; = Q; x (0, T).
We set = e*"g, and let us introduce, for fixed [ € {1,...,m}, the following operators:

My = 8, (ki) — 2220 (') kitr + s(dem) v,

MDY = 9 + 2500k B0, 0 + 25320k (B') .
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By applying the scalar Carleman proved in [5, Eq. (1.6)] for the operator 9; — 9,(k;9,) and
q = 1, we obtain the following theorem.

Theorem 2.1 Let fixed | € {1,...,m}. We assume that the diffusion coefficient k; is
piecewise-CH(Q2) and Assumption 1.1 is satisfied. Then there exist Ao = Ao(2, w, || k|| ) > 1,

s0 = So(r0, T) > 0 and a positive constant Cy = Co(2, w, || k;||z00) such that, for any L > Ao
and any s > s, the following estimate holds:

[ ("3 [ + 1M5” 730 [ g

+sk2//e’zm(plaxyl|2dxdt+ssk4//e’zs”<p3|y1|2dxdt
Q Q

<Cy I:ssk4 // e 3y |* dxdt + // e-ZS"}aty, — Bx(klaxyl)yzdxdt} (2.10)
wx(0,T) Q

fory € ®.

Remark 2.3 Carleman estimate (2.10) remains the same if we consider the operator 9; +
0, (k;0,) instead of 9; — 0,(k;0,).

From the above theorem, we have the following result (see [18, 19]).
Proposition 2.1 Let fixed | € {1,...,m}. We assume that the diffusion coefficient k; is
piecewise-C1(Q) and Assumption 1.1 is satisfied. Then there exist o = ho(2, w, || ki||z) > 1,

s0 = So(*0, T) > 0 and a positive constant Cy = Co(2, w, || k|| z00) such that, for any L > Ao
and any s > sy, the following estimate holds:

5’1// e o7 (1a,y|* + |8x(k18xyl)|2) dxdt+sk2// e |3,y dx dt
Q Q
+so24 // e 203 y)|* dxdt
Q
<Cy [s3k4 f/ e 23y ? dxdt + // 6’23”‘8,)/1 - Bx(klaxyl)|2dxdt:| (2.11)
wx(0,T) Q
fory € O.
We consider the following functional:
Ik, ) = 57 / / 2107 (|l? + [, (adyn) ) dedt
Q
+512 / / e |3,y dxdt + s>1* // ey P dxdt, 1=1,...,m.
Q Q

Using the previous proposition, we have the following theorem.

Theorem 2.2 Let j,k =1,...,m and M = Y}, maxi<j<y, IIu/klli<> with aj € L™(Q). We

assume that the diffusion coefficients k; are piecewise-C*(Q) and satisfy Assumption 1.1.


http://www.boundaryvalueproblems.com/content/2014/1/195

Ramoul Boundary Value Problems 2014, 2014:195
http://www.boundaryvalueproblems.com/content/2014/1/195

Then there exist ko = Lo(2, w, ||kjll0) = 1, 81 = s1(ho, T, M) > 0 and a positive constant
C1 = G, w, ||kj|| ) such that, for any A > Ao and any s > s, the following estimate holds:

m m T
Zl(kj,yj) < Clz[sg)ﬁ/ /6_2”7<p3|yj|2 dxdt+// e‘zsnlfj|2dxdtj| (2.12)
j=1 j=1 0 Je Q

Sfor any solution y = (y;)1<j<m of (1.1).

Proof Observing that there exists C; = C5(2, w) such that1 < C, 2—36(/)3, by adding estimates
(2.11) for [ =1,...,m, we obtain

m m T
Zl(kl,yj) <G Z[s%ﬁ/ /e‘25”<p3|y/|2dxdt+ // e‘23'7[]§|2dxdt:|
j=1 0 w Q

j=1
+ng f / e 9%y dx dt (2.13)
=17 7Q

with

T6
C1 = 2mC0 and C3 = C1C2 EM

Choosing then

1

C. 3

SZSIZ<_1> ’
Ao

the last term on the right-hand side of (2.13) can be ‘absorbed’ by the terms in Z;Zl I(kj, y;).
This concludes the proof. d

Remark 2.4

1. Carleman estimate (2.12) remains valid if we consider the boundary observation
y = {0} (respectively y = {1}) instead of the interior observation w. The result is obtained
through a modified form of Lemma 2.1, namely:

Modified Lemma 2.1 There exists a function E € C(Q) such that

Blo, €CY(Q), i=0,...,n-1,
B>0 inQ, B(1)=0 (respectively B(0) = 0),

E’hup,apﬂ] <19 <0 (respectively E’hap 1>0>0)

Ap+1l
and the function B satisfies the following trace properties, V1 € {1,...,m} and some o > 0,
Y(ank) e A, (Adk)u,u) > allul? i=1,...,n-1,

with u = (u1, u)’, u1, Uy € R and the matrices A;(k;) are defined by

Ailk) = | ~ Ba;_ ~ ﬁl(f;z[klﬂ/];‘ug , i=1,..,n-1
B'@)kp'le;  B'@)kpl;, + ki (B)]a;

Page 9 of 19
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2. By inspecting the proof of Theorem 2.10 (see [5, Remark 1.4(5)]), we observe that we
can obtain the same Carleman estimate (2.12) which incorporates estimates of the traces

of yjand dyy;,j=1,...,m.

3 Global Carleman estimate with ‘m observations’ in the case of BV diffusion
coefficients

In this section, we generalize the Carleman estimate given in [8] to a parabolic system us-
ing the results obtained in the previous section. We show that we can prove the global Car-
leman estimate in the case of bounded variations (BV) diffusion coefficients for a system
of m coupled parabolic equations with an interior observation region w x (0, T'), where
o is a non-empty open subset of Q2. We follow the method developed in [8] and many
notations and arguments of the previous paper will be reproduced here.

We consider system (1.1) with diffusion coefficients k; assumed here to be of BV such
that k; are of class C' on @ and satisfy Assumption 1.1.

Our goal is to construct a limit weight function 8 (the same for each equation) using
the approach of BV diffusion coefficients by piecewise-constant coefficients. This process
allows us to derive a Carleman estimate for the operator 9; + A.

Let wy € w € Q2. Without any loss of generality, we suppose that w = (xp,x;) with 0 <
%o < %1 < 1. We denote the total variations of k; on [0,%0] and [x1,1] by V= 7% (k;) and
V= VLK)

Lete > 0. There exist functions k;, > 0, piecewise-constant on (0, xy) U (x;, 1) and smooth

on w, such that for any j = 1,...,m (see [20]),

ki = Kiellzoo () < &, Vol (ki) < Vé,
, (3.1)
Vi) <V and k- Kieller) <e.

We consider the points a; (1 <i < n) in the interval [0,x,] such that (a; k;.) € A.
We note

kje(a;)

kie(a;)

& _
=

In the case where we are on the left-hand side of wg (i < p), we consider the following

choice (see the proof of Lemma 2.1):

1
X¢ = .
Ll maxg<jenmf{| = - 1|}
1<j<m Y’gl

We build the piecewise-constant function ITj as

1
M5 (x) = TI5 (0)] | o Féla.a) (3.2)
xsa; 1
for some fixed IT5(0) > 0. Observe that X} = EEJEZ;; and X] <1, 1<i<mn.
0%

In a similar manner, we consider the points a; (n + 1 <i < n + ©) in the interval [x;,1]
such that (a;, k;.) € A.
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Then, in the case of the right-hand side of w (i > p), we choose

X =1+ max{|ij—1|}.

1<j<m

We construct now the piecewise-constant function I1j as

M) =M [XF, % ¢ @ o) (3.3)

x<aj

for some fixed I1{(1) < 0. Observe that X} = E%EZ;;

Now, we define the functions fo:(x) := [5 [15(y) dy and By (x) := [ 15 (y) dy. Thus we
define a continuous function f; as follows:

and X] >1,n+1<i<n+o.

B"E(x) _ liO,s (x) ?n [0: xO]: (34)
Bre(x) in[x,1],

and we design B to be of class C% on @.

It is easy to see that B. satisfies the conditions listed in Lemma 2.1. Then Carleman
estimate (2.11) remains valid for the operators d; — d(kj,:0x),j = 1,..., m, with the associated
weight functions ¢., n.. Hence, we introduce

Be = Be + K: (3.5)

with K, = r||Eg loo, ¥ >1.For A > 0 and ¢ € (0, T'), we define the following weight functions:

eMPe@ eMPe _ hPe()

ar-o 0T Ty

Pe (x’ t) =

with B, = 27| e [loo-
In this section, we want to pass to the limit in Carleman estimate (2.11). We first need
to control the behavior of the derivative of B, as ¢ goes to zero. This is the object of the

following lemma.

Lemma 3.1 (see [8, Lemma 3.2]) Letj=1,...,m. We assume that the diffusion coefficients
ki € BV(Q) and Assumption 1.1 is satisfied, then there exist &9 > 0, Ko = Ko(Kjmin,&0) > 0
and Ky = Ky(Kjmin,€0) > 0 such that, for all 0 < & < g9 < ming<j<p(Kjmin), vg“’(ng) <
KoIT(0) and V;l(l'[i) < KI5 (1)

Using Helly’s theorem (see [20]), the function ITj (respectively I1{) converges every-
where to the function I (respectively IT;) as & goes to 0. Since the function IT§ (respec-
tively I15) is bounded in L*(0,x,) (respectively in L*(x;,1)) uniformly with respect to
¢, we deduce, by applying the dominated convergence theorem and Lemma 3.1, that the
function B‘oyg (respectively ELS) converges everywhere to the function Bo(x) := f(f ITo(y) dy
(respectively B (x) := [ TT1(y) dy).

Then we can define the function B on Q as follows :

By = | 0@ in (00l (3.6)
ﬁl(x) n [xl’l])
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and B, B. are of a class C2 on @ and satisfy the following properties:
L B converges everywhere to BinC(Q).
2. Bej, converges to B, in C*(@).

3. |BL(x)] = min(8(0), |8 (1)) and |8’ (x)| = min(5"(0), |’ (1))

Hence, we introduce

B=B+K 3.7)

with K = r||5||m, r>1.For A >0and t € (0, T), we define the following weight functions:

PC) P _ MB)

xXt) = —— ) X)) = —————

p(x, 1) (-0 n(x, t) {T—0)
with B = 27/ Bl cc.-

From the above arguments, we obtain the following lemma.

Lemma 3.2 (see [8, Lemma 3.3]) Letj =1,...,m. We assume that k; in BV () is of class C*
in @ and satisfies Assumption 1.1. Let k;. be piecewise-constant on Q \ w and smooth on w
such that (3.1) is satisfied. Then there exists a function B. that satisfies the properties listed
in Lemma 2.1 for the associated coefficients k;.. Furthermore, B and B. are of class C* on

w and satisfy the above properties (1, 2, 3).

Remark 3.1 The results obtained in Lemma 3.2 imply that the constants f, and K, can

now be chosen uniformly with respect to ¢.

Under the same assumptions as in Lemma 3.2 and the properties of 8 and B. defined as

above, we obtain the following proposition.

Proposition 3.1 (see [8, Proposition 3.4]) Let fixed | € {1,...,m}. Then the constant Cy
on the right-hand side of Carleman estimate (2.11) for the operator d; — d,(k;:9,) and the

constants sy and ho can be chosen uniformly with respect to € for 0 < & < €9 < kjmin-
The proof of Proposition (3.1) is established through the following lemmata.

Lemma 3.3 Let fixed [ € {1,...,m}. There exists C > 0 uniform with respect to ¢ < gy <
ki min Such that

Y
25\ Z /0 @e(ai, t)([ﬁé Ky, D e (-, t)]al_ + [klz,s (ﬁ;)s]ai |s)»<pg(ai, OV, (a;, t)|2) dt
-0

T
>Cs A3Z<max |Y —1|}>/ (p?(ai,t)}lﬂg(tlwt)th
0

1<j<m
n-1

+Cskz<max {’Ys —1}})/0 e (@i t)|(kie0x ) (a7 )‘ dt. (3.8)

1<j<m
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Lemma 3.4 Let fixed [ € {1,...,m}. Let o > 0. There exists C, > 0 uniform with respect to

& < &9 < kymin such that
L] + L] + 5] < Co (sAT? +sA°T* + (A + 4%)s*T?)
n-1 T ,
x Z;(f‘}a’fn (1¥5-111) [ o0l (an ol ar

+skaZ(max | —1|})/0 %(ﬂnt)|(klaa 1/’8( )| dt,

1</<m

with
1 &7
I = _58/\;/0 dpe(ai )k B, | Ve o\ dt,
2sk22/ ¢e (@i, e (a O[KE, (B) 0 (,8)],,
n-1_ .7
) /0 0@ @) an Ok 8], |Vl ) dt.

Remark 3.2 The proofs of Lemmata 3.3 and 3.4 can be easily adapted from the proofs of

Lemmata [8, Lemma 3.6] and [8, Lemma 3.5].

Following [8], we are going now pass to the limit for each term in Carleman estimate
(2.12) that holds for the operator 9; — 0,(kj:9y) as ||kj: — kjl| . goes to zero.

We recall the weight functions

AB(x) P _ oMB)

e
o(x,t) = m: n(x,t) = W,

where B is the function defined by (3.7).
Initially, we consider f; € CH([0, T; L%(2)) with £;(0) € H}(R2) and Y0,j» Y0 € HA\(R). Let

us consider y; the weak solution of the system

dy+Ay=Ly+F inQ,
y(x,2) =0 on X, (3.9)
¥(x,0) = yo(x) in ,

and y;, the weak solution of the following system:

3y + Aeye =Ly, + F in Q,
Ye(x,2) =0 on X, (3.10)
Ye(x, 0) = y0,e () in £,

Page 13 0of 19
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where
A 0 0
0 A,
Ag = > )
: 0
0 ... 0 A

with -Aj,s = _ax(kj,aax) in LZ(Q); Ye = (yj,s)lgjgm, Yo, = (yo,j,a)lgjgm'
We suppose that d,(kjdxyo,) = 0x(kj0xy0,,:) = 1; € Hi(S2). Then we can have the follow-

ing inequality:

m m
21905 =056l 0) = € D 1Ke = KilZ N 2y (311)

j=1 j=1

Lemma 3.5 Let t € [0, T]. We assume that the diffusion coefficients k; satisfy Assump-
tion 1.1. Then there exists a positive constant C such that the solutions to systems (3.9) and
(3.10) satisfy

Y 8 = 33D 2y + 10237 = 0edie 22
j=1

m
<CY ke = kil (172 + 161720)

j=1
and
D U85 8) = 0633 (. 8) 12y + 05895 ) = K043 )12 ]
j=1

m
<CY ke = K12 (122 gy + 1O 120y + 106122 g)-
j=1

Proof Following the same steps given in the proof of Lemma 3.7 in [8], we obtain the

following combination of weak formulations to systems (3.9) and (3.10):

Z /g;[¢1&f()’; _yj,a) + kj,eaxd)]ax(y] _yj,s) dx]
j=1

= Z /Q |:Z ﬂjﬂ(yp _yp,£)¢j + (k/’,s - lg)axy/8x¢,~ dx:|’ ¢j € LZ (0’ T,H(l)(Q))
j=1 p=1

(3.12)
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Taking ¢; = y; — v, and integrating over (0, t), we obtain

1 m
5 Z ”y}(t) Yie ®) ”Lz k]mm )||3ny - axy/',s ”22(@]
=1

1 m
<(Co + T)Z ke = K112 1931172 (5 ¥ T) D llyoj = yojellagy  (3.13)
j=1 j=1
The previous estimate holds through the Young and Gronwall inequalities. O
Observing that

‘//e‘zs"¢3|yj|2dxdt—//e‘zs’“(pfly,ﬂzdxdt‘
Q Q
5//|e’2s"¢)3—e’zs”g<p§||yj,g|2dxdt
Q

+//;e2s”£<p§’|yj—y,»,g||yj+y,»,g|dxdt. (3.14)

We recall that 8, converges everywhere to 8 implies that e and ¢, converge every-
where to 727 and ¢. Then, using Lemma 3.5, the Cauchy-Schwarz inequality and dom-
inated convergence, the left-hand side of (3.14) converges to zero as & goes as zero. We
obtain the same result for the remaining terms in Carleman estimate (2.12).

In conclusion, using density arguments, we obtain the following theorem.

Theorem 3.1 Letj,k=1,...,m and M =y, max;<j<, ||cz,»k||§o with aj € L™(Q). We as-
sume that the diffusion coefficients k; are in BV (Q2) such that k; are of class C' in @ and
satisfy Assumption 1.1. Then there exist Lo = ho(S2, , |kjllz) > 1, 81 = s1(Ao, T, M) > 0 and
a positive constant Cy = C\(, w, ||kj|| 0, M) such that, for any . > Ao and any s > sy, the
following estimate holds:

m

Z[(k,y, <C Z[ / /e‘zs”<p3|yj|2dxdt+//e‘zs"[ﬁ|2dxdt:| (3.15)
w Q

j=1
Sfor any solution y; of (1.1).

Remark 3.3 Carleman estimate (3.15) remains valid if we consider the boundary observa-
tion y = {0} (respectively y = {1}) instead of the interior observation w (see Remark 2.4).
However, in this case, the assumption which corresponds to the fact that the coefficients
k; are of class C! in @ is not needed to obtain (3.15).

4 Comments and applications

We will finalize this paper with some remarks and by establishing some additional results.
1. In the case of piecewise-C! diffusion coefficients, many choices can be considered

instead of choices (2.7) and (2.8) in the proof of Lemma 2.1. As an example, we consider

1

Xz —————— (4.1)
' 2+Zf51|%_,—ll

Page 15 0f 19
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in the case (i < p) and

m
Xi=2+) |Y;;-1| (4.2)
j=1

in the case (i > p).

For the above choices, the situation Y;; = Y;y =1 for [ # [’ and fixed i € {1,...,n — 1}
becomes possible, and thus we can also obtain a global Carleman estimate in the case of
smooth coefficients k; (i.e., k; € C1(2)) that holds for all y; € C*(Q).

2. Choices (2.7) and (2.8) are taken in an optimal way in order to control the behavior of
the function B, (see Lemma (3.1)). For example, choices (4.1) and (4.2) are not appropriate
in the case of BV diffusion coefficients.

3. Using the results (Carleman estimate) obtained in the previous section, we deduce an
observability inequality which yields null controllability. The proofs of such results can be
adapted from the techniques used in [18] (also see the references therein). Consequently,
we only highlight the main points.

Let us consider the following system:

ay+Ay=Ly+Vy, inQ, (4.3)

y(x,0) = yo(x) in Q,

where x,, is the characteristic function of the non-empty set w. The diffusion coefficients
ki (j =1,...,m) are assumed to be BV such that k; are of class C! in @ and satisfy As-
sumption 1.1. We also assume that aj € L>®(Q),1<j,k<m,y9o€ H,1<j<m,and
the controls v; € L*(Q). We have also y(-,t) = (- Oi<j=m € D(A) for all £ € (0, T) and
V = (V)1<j=m € (L2(Q))".

In order to obtain an observability inequality for system (4.3), we will consider the so-

called adjoint problem of the form

-w+Aw=Lw inQ,
w(x,t) =0 on X, (4.4)

wx, T) =wr(x) in&,

where w = (Wj)i1<j<m and wr = (Wr )1<j<m.
Recall M = Y}, max<j< llajll%. Then, using Carleman estimate (3.15) with f; = 0
(j =1,...,m) and classical tools of controllability (see [18]), we obtain the following ob-

servability inequality (with m control forces):

m m T
Y w02y < Cr Y f / |w,|* dx dt (4.5)
j-1 =1 70 e

2
3

1
with Cp = CUr T+ UeMT+M3) 40 C o positive constant.

We then obtain the following result.
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Theorem 4.1 The observability inequality (4.5) yields the null controllability result for
system (4.3). Namely, for every yo € H, v; € L*(Q) such the solution y of (4.3) satisfies

y(-T)=0 inQ,Vj:1<j<m.

4. We give now some results about the Carleman estimate with one observation for
a particular coupled parabolic system. Firstly, we consider the case of a 2 x 2 coupled
parabolic system. It is about obtaining the Carleman estimate with one observation for
system (1.1) in the case m = 2 (noted (1.1) (m = 2)).

Let k; (j = 1,2) be BV diffusion coefficients. Recalling that, as in the previous section,

wo € w € (ay,dps1) € 2 and the weight functions

PC) B _ B

ox,t) = m: n(w,t) = W;

where g is the function defined through Lemma 2.1.
Let us consider the following assumption.

Assumption 4.1 There exists a constant by > 0 such that
ay >by inw x (O, T).
Let 7 € R and we note
_ _ 2
I(t, ki yr) = // e (s0) (10,311 + |05 (kidyy) | ) dx it
Q
+A2 / / e 2 (s@) 3y dx dt
Q
+A4 / / e X (sp)" 3y > dxdt, 1=1,2.
Q

Using the results obtained in the previous section and proceeding as in [14], we obtain

the following shifted Carleman estimate.

Theorem 4.2 (see [14, Theorem 2.2]) Let j, k = 1,2. Let us suppose that ay € L*°(Q). Let
M = |lajk ||l oo We assume that the diffusion coefficients ki, ko € BV () such that ky, k, are
of class C' in @ and satisfy Assumption 1.1. Furthermore, we assume that Assumption 4.1
is satisfied. Then there exist Ay = 1o(2, w, ||Kjl|0) > 1, 89 = $2(ho, T, Mj) > 1 and a positive
constant Cy = Cy(2, w, by, M, || kil oo, T') such that, for any A > Ly and any s > s, and € >0
fixed, the following inequality holds:

ATHU(=3, k1, 31) + 1(0, ks, 72)
T
< C2 |:S4)\4+€/ / e—2sn(p4|y2|2 dx dt
0 w
5o // e o3 AP dxdt + 1 // 6_25'7[fz|2dxdt] (4.6)
Q Q

for any solution (y1, y2) of (1.1) (m = 2).
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We also give an observability inequality for a 2 x 2 parabolic system by one control force
(see [10]). Then we consider system (4.3) with the following changes: V = (0,v;) and

A 0
A =

0 A,
By applying Carleman estimate (4.6) with f; = 0, f; = 0, we obtain the following observ-

ability inequality (with one control force):

m T
||W/(0)||§2 o <€ |wo|? dx dt (4.7)
()
j=1 0 w

with C = C(T,M) >0 and M = ¥"7_, max;<j<y [lajc ]|,
We consider now the case of a cascade system, namely the matrix L in system (4.3) has

the following structure:

an dip a3 tee Aim

day dyy a3 e A2m
L=|0 ax aszs azx--- am
0 0 e Aymm-1 Amm

and V = Dv;, where D =¢; =(1,0,...,0)%.
The Carleman estimate obtained in paper [11] can be easily generalized in the case of

BV diffusion coefficients by using similar arguments to those in the preceding sections.

Assumption 4.2 There exists a constant dj > 0 such that
lagi—1| >do inwx(0,T), k=1,...,m.

We note M = maxs<j<m l|@xk-1lloo. Then, under Assumption 4.2, we also obtain the fol-

lowing observability inequality by one control force for the cascade system (see [11]):

m T
||v|//(0)||i2 o =< e¢ lw1|? dxdt, (4.8)
()
j=1 0 %)

with C a positive constant, depending on 2, w, do, My, T and ||@j || .
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