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1 Introduction
In this paper we deal with the existence and multiplicity of solutions to the following
Kirchhoff-type problems involving the critical growth:

~(a+b [, |Vul? dx) Au - alA@W?)u = @) + Ah(x,u), x€Q,
(1.1)
u=0, x €082,
where @ C RN (N > 3) is an open bounded domain with smooth boundary and A is a
positive parameter. The number 2* = 2N /(N — 2) is the critical exponent according to the
Sobolev embedding.

Much interest has arisen in problems involving critical exponents, starting from the cel-
ebrated paper by Brezis and Nirenberg [1]. For example, Li and Zou [2] obtained infinitely
many solutions with odd nonlinearity. Chen and Li [3] obtained the existence of infinitely
many solutions by using minimax procedure. For more related results, we refer the inter-
ested readers to [4—10] and references therein.

On the one hand, without a[A(?)], (1.1) reduces to the following Dirichlet problem of
Kirchhoff type:

(1.2)

—(a+b [, |Vul?dx)Au=f(xu), x€Q,
ulpe =0,

where @ C RY, problem (1.2) is a generalization of a model introduced by Kirchhoff [11].
More precisely, Kirchhoff proposed a model given by the equation

ul® 02
“ dx> “_o, (1.3)
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where p, po, 4, E, L are constants, which extends the classical D’Alembert’s wave equation,
by considering the effects of the changes in the length of the strings during the vibrations.
Equation (1.2) is related to the stationary analog of problem (1.3). Problem (1.2) received
much attention only after Lions [12] proposed an abstract framework to study the prob-
lem. Some important and interesting results can be found; see for example [13-17]. We
note that results dealing with problem (1.2) with critical nonlinearity are relatively scarce
[18-21].

In [22], by means of a direct variational method, the authors proved the existence and
multiplicity of solutions to a class of p-Kirchhoff-type problem with Dirichlet boundary
data. In [23], the authors showed the existence of infinite solutions to the p-Kirchhoft-
type quasilinear elliptic equation. But they did not give any further information on the
sequence of solutions. Recently, Kajikiya [24] established a critical point theorem related
to the symmetric mountain-pass lemma and applied to a sublinear elliptic equation. How-
ever, there are no such results on Kirchhoff-type problems (1.1).

On the other hand, there are many papers concerned with the following quasilinear
elliptic equations:

—Au+ V(x)u- [A(uz)]u =h(x,u), xeRN. (1.4)

Such equations arise in various branches of mathematical physics and they have been the
subject of extensive study in recent years. In [25], by a change of variables the quasilinear
problem was transformed to a semilinear one and an Orlicz space framework was used
as the working space, and they were able to prove the existence of positive solutions of
(1.4) by the mountain-pass theorem. The same method of a change of variables was used
in [26], but the usual Sobolev space H*(R2) framework was used as the working space and
one studied a different class of nonlinearity. In [27], the existence of both one sign and
nodal ground state-type solutions was established by the Nehari method.

Motivated by the reasons above, the aim of this paper is to show the existence of in-
finitely many soliton solutions of problem (1.1), and there exists a sequence of infinitely
many arbitrarily small soliton solutions converging to zero by using a new version of the
symmetric mountain-pass lemma due to Kajikiya [24].

Note that 2(2*) behaves like a critical exponent for the above equations; see [25]. For the
subcritical case, the existence of solutions for problem (1.4) was studied in [25-28] and
it was left open for the critical exponent case; see [25]. To the best of our knowledge, the
existence of non-trivial radial solutions for (1.4) with A(z) = pu*®)~! was firstly studied by
Moameni [29], where the same Orlicz space as [25] was used. In [30], the authors showed
the existence of multiple solutions for problems (1.1) with 2 =1 and b = 0 by minimax
methods and the Krasnoselski genus theory. For other interesting results see [31, 32].

To the best of our knowledge, the existence and multiplicity of soliton solutions to prob-
lem (1.1) has never been studied by variational methods. As we shall see in the present
paper, problem (1.1) can be viewed as an elliptic equation coupled with a non-local term.
The competing effect of the non-local term with the critical nonlinearity and the lack of
compactness of the embedding of H'(R2) into the space L?(R2) prevent us from using the
variational methods in a standard way. Some new estimates for such a Kirchhoff equation
involving Palais-Smale sequences, which are key points in the application of this kind of
theory, need to be established. We mainly follow the idea of [24, 33]. Let us point out that,
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although the idea was used before for other problems, the adaptation of the procedure to
our problem is not trivial at all; because of the appearance of a non-local term, we must
consider our problem for a suitable space and so we need more delicate estimates.

Our main result in this paper is the following.

Theorem 1.1 Suppose that h(x, u) satisfies the following conditions:

(HY) hx,u) C(Q x R, R), h(x, —u) = —h(x, u) for all u € R;
(H3) limyy— oo IIT = 0 uniformly for x € Q;
h( EA2)

(H3) limy o = 00 uniformly for x € Q.

Then there exists A* > 0 such that for any » € (0,1*), problem (1.1) has a sequence of non-
trivial solutions {u,} and u, — 0 in H(R) as n — oc.

2 Preliminary lemmas

The energy functional corresponding to problem (1.1) is defined as follows:

J(u) = /IVMI dx + — </ V| dx) +a/ lu2|Vu|* dx

- uz(z*)dx—k/H(x,u)dx
o ‘

b S | .
= f/(1+2|u|2)|vbt|2dx+—(/ |Vu|2dx) - /|u|2(2)dx
2 Ja 4\Ja 2(2%) Jg

—A/ H(x, u) dx,
Q

where H(x,s) = fosh(x, 7)drt for (x,5) € RN x R. It should be pointed out that the func-
tional J is not well defined in general, for instance, in H3(<2). To overcome this difficulty,

we employ an argument developed by Colin and Jeanjean [26]. We make the change of
variables v = f}(u), where f is defined by

1
"(t) = — and f(0)=0
S0 s and f0)
on [0, +00) and by f(¢) = —f(-t) on (-o0, 0].
The following result is due to Colin and Jeanjean [26] (see also [34]).

Lemma 2.1 The function f satisfies the following properties:

fo) f is uniquely defined C* and invertible.

fi) If'®)| <1forallteR.

) £
[ (tt)
vt

—last— 0.

) — 2% a5t — o0.

) @) <¢f'(t) <f(t) forallt>0.

) f@®)|<tforallteR.

o) (6] <25 t|? forall t € R.

) The function f 2(t) is strictly convex.

(
(
(
(
(
(
(
(

f7
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(fs) There exists a positive constant C such that

Clt|, t| <1,
PO U
Cltlz, |t|=>1.

(f) There exist positive constants Cy and Cy such that
1t < Cf®)] + Clf O forallt eR.

(fio) @ @) < \%for allt e R.

So after this change of variables, we can write J(u) as

_a 2 b 12 T2 2_ 1 2(2%)
JW) := 2/Q|Vv| dx+4</s;[f(v)| Vv dx) 2(2*)/Q[f(v)| dx

- / H(x,f(v)) dx. (2.1)
Q

Then J(v) is well defined on H}(S2). Standard arguments [35, 36] show that J(v) : H3(Q) —
R is of class C! with

(]’(v),w):af VVdex—/fz(z*)_l(v)f’(v)wdx—)»f h(x,f(v))f’(v)wdx
Q Q Q

b [Vv|? 2VyVw(l + 2f2(v)) — 4| VYA f (0)f (v)w
i) (/Q 1+272(v) dx) (fg [+ 27202 dx)’

for v,w € H}(R).
As in [26], we note that if v is a non-trivial critical point of /, then v is a non-trivial

solution of the problem
—aAv-b f [f/(v)|2|VV|2dx (V) = g(x,v), (2.2)
RN

where

) = (2f Y IV + W) Av + 2f W) ()| Vv?)
and

g v) =f W) (M(x f () + 1077 ).

Therefore, let u = f(v) and since (f71)'(£) = [f'(f1(£))] ™' = V1 + 2£2, we conclude that « is a
non-trivial solution of the problem

—<a + b/ | V|2 dx)Au - a[A(uz)]u = u®®7 4 Ah(x, u).
RN

The auxiliary result of this paper is as follows.

Page 4 of 14
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Theorem 2.1 Suppose that h(x,s) satisfies the following conditions:

(H1) h(x,s) € C(2 x R,R), h(x,—s) = —h(x,s) for all s € R;
(Hz) limyg— o0 MZ‘E% = 0 uniformly for x € Q;

h(x,s)

(Hz) Timy,-or =5

= 00 uniformly for x € Q.

Then there exists A* > 0 such that for any ) € (0,1*), problem (2.2) has a sequence of non-
trivial solutions {v,} and v, — 0 in H}(R) as n — oo.

We recall the second concentration-compactness principle of Lions [37].

Lemma 2.2 Let {v,} C H\(2) be a weakly convergent sequence to v in Hy(S2) such that
[Val* — v and |Vv,|? — w in the sense of measures. Then, for some at most countable
index set I,
i) v=?* + > jer 85V v >0,
(i) w>|Vv)?+ > jer 814 14> 0,
CHITE
where S is the best Sobolev constant, i.e. S = inf{ [, |Vv|*dx : [[v|[3: = 1}, x; € RV, 8y, are

Dirac measures at X; and W, Vj are constants.

Under assumptions (H;) and (H,), we have
h(x,s)s = 0(|S|2(2*)), H(x,s) = o(|s|2(2*)),

which means that, for all ¢ > 0, there exist a(g), b(¢) > 0 such that

|h(x,5)s| < a(e) + els|*®, (2.3)
|H(x,s)| < b(e) + e]s]*®. (2.4)
Hence,
1 2(2%)
H(x,s) — Zh(x, s)s <c(e) +¢ls| , (2.5)

for some ¢(g) > 0.

Lemma 2.3 Assume conditions (Hy) and (Hy) hold. Then for any A > 0, the functional ]
satisfies the local (PS). condition in

1, N 1
ce —oo,—(2 aS)2 - el — |19
2N 4N
in the following sense: if
1 N 1
. —(27aS) T —re| — |IQ
J(v )—>c<2N( aS) C(4NA>| |

and J'(v,) — 0 for some sequence in Hy(S2), then {v,} contains a subsequence converging

strongly in H(Q).
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Proof Let {v,} be a sequence in H}(2) such that

_a 2,0 2oy 200 L 2(2%)
J(vn)-zfnwm dx+4(/gtf(vn)| Vv, dx) 2(2*)/QV(V”)| dx

—A / H(x,f(va)) dx = c + (1), (2.6)
Q

(]/(V,,),w):a/ Vv,,dex—/fz(z*)_l(v,,)f/(v,,)wdx
Q Q

/ [V,
— k/szh(x,f(vn))f (V”)de + b<L 1+ 2f2(Vn) dx)

2V, V(L + 2f2 (V) — 41Vl f (v ) (V) w
8 (/Q [+ 220, dx)

=o)[[vall. 2.7)

Choose w = wy, = /1 + 2f%(v,)f (v,), we have w,, € H},(Q) and

2f%(vy)
[Vw,| = <1+ I +2f2(v,,))|vvn|'

Thus, we can deduce that ||w,|| < c|lv,||. By (2.7) we have

/ 2f2(Vn) *
(] (Vn):wn) = ﬂ]g;(l + m)v"ﬂzdx—/gfz(z )(Vn)dx

Vv, |? 2
" b(/g 1+22(v,) dx) - /Q h(,f (vi))f (v,r) dc
= o(D)[[vull. 08)

By (2.6) and (2.8), we have

e+ oIl = )~ 50w

-2 Vv l 1 2(2%)
T4 /S; 1+22(v,) dx + (4 - 2(2*)>/Qf (vp) dx

_)Lv/QH(x,f(V,,))dx+%Lh(x,f(vn))f(vn)dx

1 . 2
> ﬁfﬂfw >(vn)dx—)\/QH(x,f(vn))dx+Z/Qh(x,f(vn))f(v,,)dx,

= fQ P, dx < /Q (H(x,f(vn)) - ih(x,f(vn))f(vn)) dx+ ¢+ o)Ivall

Then by (2.5), we have

<% _ }Lg> /Qf2<2*)(vn)dx < Ac(e)[€2] + ¢+ o(1)[|vall.
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Setting ¢ = 1/4NA, we get

/ £ W, ) dx < M+ o(1)|[vall, (2.9)
Q

where 0(1) — 0 and M is a some positive number. On the other hand, by (2.4) and (2.6),

we have
2
oIl = Jon) =5 [ (Vi lars Z(/Qtf%vnnﬂwnﬁdx)
ﬁ/[f(vmz(z*)dx—)\/H(x,f(v,,)) dx

a 9 1 2%
=z S lvall* = 2b(e)I 2l - [2(2*) +Ae] / )" dx. (2.10)

Therefore, the inequalities (2.9) and (2.10) imply that {v,} is bounded in H}(2). Then
{f ()} is also bounded in H}(S2). Therefore we can assume that v, — v in Hy(Q), v, — v
a.e. in Q, since f € C*, then f%(v,) — f%(v) a.e. in Q and then f2(v,) — f2(v) in H}(Q).
Thus, there exist measures y and v such that [Vf2(v,)|> = u, f22)(v,) — v. Let
be a singular point of the measures & and v. We define a function ¢(x) € C°(RY)
such that ¢(x) =1 in B(xj,€), ¢(x) = 0 in Q \ B(xj,2¢) and |V¢| < 2/¢ in Q. Let w, =
mf(vn)qﬁ, then {w,} is bounded in H}(2). Obviously, (J'(v,), w,$) — 0, i.e.

—lim lim [ / V31+22w,)f (v) Vv,V dx
Q

e—~>0n—o0

|VVn|2 f(Vn)VVnV¢
b(/sz 1+ 2f%(v,) dx)( Q /1 +2f2(vy,) dx>:|
. . 2f2(vn) |Vl/n|2
= eh_r)%ﬂll)l&{ﬂ/g(l + 122720 2f2(Vn)> Vv, |2¢ dx + b(/Q 12220 2720 dx)
IVv,|*¢ 2(2%)
« ( fg Lot dx> - /Q (6 f (1))f ()b i — /Q w08 dx}. (2.11)

On the other hand, by the Holder inequality and (f;) in Lemma 2.1, we have

0 < lim lim
e—>0n—00

/ V1+2f2(v,)f vy) Vv, Vo dx
Q

< Clim lim / v, Vv, V| dx

e>0n—>o0 Jo

1 1

2 2

< Clim lim [(/ |Vv,,|2dx> </ |v,,V¢>|2dx> }
€e—>0n—00 Q Q

< Clim </ |v | dx) =0. (2.12)
=0 B(xj,2€)

Similarly, we have

. . |VVn|2 fW) Vv, Vo _

3=
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From the inequalities (2.11), (2.12), and (2.13), together with the following facts:
(i)
1 !
SV WAI'0 = 20f 0 If ) 1wl

_2f%(v) 2
= WWVVJ ¢

2m) \ o o
(e T o

(ii) Similar to the proof of (2.12), it follows that

lim lim h(x,f(v,,))f(v,,)qﬁ dx=0.
Q

e—>0n—o0
(iii)

lim lim /{sz(vn)|2¢dx=m and lim lim f2 (v,,)qbdx:v,.
Q

e—~>0n—o0 e—>0n—o00

We get

T 21%(v,) ) Vv, |2
o= o [ (v gty et o [ g )
AVwle N [ ey }
X </s‘2 1+2f2(vy) dx) /Qh(xrf(Vn))f(Vn)¢ dx /Qf (vi)p dx

> lim lim |:g‘/Q¢|Vf2(vn)|2dx—/g;h(x,f(vn))f(vn)(bdx—LfZ(Z*)(Vn)¢dx]

e—>0n—>o0

a
= Eu, - (2.14)

Combining this with Lemma 2.2, we obtain v; > 2~ aSv . This result implies that
N
2

M v=0 or () v> (2 aS)

If the second case v; > (2‘1aS)% holds, for some j € I, then by using the Holder inequality,

Jim (700 =507
|Vv,,|2 1 1 202%)
[ a1+ 220 (z - M) fgf (v ) dx

A/Q xf v,, dx+ &/ (xf(v,,))f(v,,)dx]

we have

(o
1l

v

lim |: f2(2* (v,) dx — A/ (x,f(vn)) dx + %/ h(x,f(vn))f(vn) dx].
Q

n—00

Page 8 of 14
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By using inequality (2.4), we get
. 1,
c= nllfrolo(]("”) - Z(] (Vn)rvn>)

> lim [(% - Ae) [ dx- xc(s)m@

(L ~ 22%) _
= (2N As) nlg&/ﬂf (Vo) dx — Ac(e)|R2].

Since 0 < ¢ <1, it follows that
c= lim (J(v,) — l(]’(v,,),v,,) > L Ae | lim /fz(z*)(vn)¢ dx — Ac(e)|R2].
n— 00 4 —\ 2N n—>o00 Jo

By using /27 (v,) = f2@7(v) in the measure sense and Lemma 2.2(i), we have
. 1,
c= lim | J(va) - ZU (Vi), Vi)

> (% - Ae) nlggo /sz(z*)(v)(p dx + (% - AS) ZSxi(qS)vj —ac(e)|2]

jel

1
> (ﬁ —)\.8) l)l’ —)\.C(S)|Q|

1 N 1
> —(27"aS)? el — )19,
2N 4N

where ¢ = 1/4NA. This is impossible. Consequently, v; = 0 for all j € I and hence

/fz(z*)(v,,)dxﬁ/fz(z*)(v)dx, as 1 — +00.
Q Q

Thus, from the weak lower semicontinuity of the norm and f € C* we have

2 2 2
o(V)||vall = (]/(vn),w,,>:zzfn<1+ %)|an|2dx+b</;%dx)

_ _ 2(2%)
ALh(x,f(vn))f(vn)dx /Qf (v,) dx

2 (v,) MRS
_ alal? AV G 2t b / ———d
ﬂ”V ” +a o 1 +2f2(vn)| v | e Q 1 +2f2(Vn) g

_ _ 2(2%)
)\/Qh(x,f(v,,))f(v,,)dx /Qf (v,) dx

2 2 v 2 2
> allv,—v|? +a|v|?+a ﬂlvwzdamb / A
Q 1+2f2(v) o 1+2f2(v)

_ _ 2(2%)
A/S;h(x,f(v))f(v)dx /;f (v)dx

2
= allvy = v[I” + o)V,

since J'(v) = 0. Thus we prove that {v,} strongly converges to v in H}(€2). O
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3 Existence of a sequence of arbitrarily small solutions
In this section, we prove the existence of infinitely many solutions of (1.1) which tend to
zero. Let X be a Banach space and denote

T :={A C X\ {0}:Ais closed in X and symmetric with respect to the origin}.

For A € X, we define genus y(A) as
y(A) = inf{m eN:Jpe C(A,R"‘ \ {0}, —p(x) = go(—x))}.

If there is no mapping ¢ as above for any m € N, then y(A) = +00. Let X denote the family
of closed symmetric subsets A of X such that 0 ¢ A and y(A) > k. We list some properties
of the genus (see [24, 35]).

Proposition 3.1 Let A and B be closed symmetric subsets of X which do not contain the
origin. Then the following hold.

(1) If there exists an odd continuous mapping from A to B, then y(A) < y(B).

(2) Ifthere is an odd homeomorphism from A to B, then y(A) = y(B).

(3) If y(B) < o0, then y(A\ B) > y(A) - y(B).

(4) Then n-dimensional sphere 8" has a genus of n + 1 by the Borsuk-Ulam theorem.

(5) If A is compact, then y(A) < +00 and there exists § > 0 such that Us(A) € X and

vy (Us(A)) = y (A), where Us(A) = {x € X : |x - Al < 6}.
The following version of the symmetric mountain-pass lemma is due to Kajikiya [24].

Lemma 3.1 Let E be an infinite-dimensional space and J € C'(E,R) and suppose the fol-
lowing conditions hold.

(C1) J(u) is even, bounded from below, J(0) = 0 and J(u) satisfies the local Palais-Smale
condition, i.e. for some ¢ > 0, in the case when every sequence {uy} in E satisfying
limy_, o0 J(uk) = ¢ < € and limg_. o ||J' (ux) || e+ = O has a convergent subsequence.

(Cy) Foreach k € N, there exists an Ay € Xy such that SUP,,ca, J(u) < 0.

Then either (Ry) or (Ry) below holds.

(Ry) There exists a sequence {uy} such that J'(ur) = 0, J(ui) < 0 and {ux} converges to zero.

(Ry) There exist two sequences {ux} and {vi} such that J'(ux) = 0, J(ur) < 0, ur # 0,
limg oo tix = 0, J'(vk) = 0, J(vk) < 0, limg o0 vk = 0, and {vi} converges to a non-zero
limit.

Remark 3.1 From Lemma 3.1 we have a sequence {u} of critical points such that
J(ur) <0, up #0 and limy_, o0 215 = 0.

In order to get infinitely many solutions we need some lemmas. Let ¢ = from (2.4)

_1
2090’
we have

_a 2 b N2 12 2_ 1 2(2%)
J) := 2/{;|Vv| dx+4</s;[f(v)| Vv dx) 2(2*)/Q[f(v)| dx

—A/QH(x,f(v)) dx
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z/|Vv|2dx—(
2 Ja

a 1 2(2%) 1
= — Vvl dx - — dx —Ab| ——— )|
2/Q| v|* dx 2*fgv(v)| x (2(2*»)' |

> Li|v? = La|vII* = Lsa,

v

1 202%)
2 +sk)/9[f(v)| dx — Ab(£)|€|

where Ly, Ly, L3 are some positive constants.
Let Q(¢) = L% — Lyt*" — L3x. Then

J) = Q(Ivl).

Furthermore, there exists A, := %(%)W =212 such that for A € (0,1,), Q(¢) attains its

positive maximum, that is, there exists

2L, (N-2)/4
R =
2%y

such that

e1=Q(R) = max Q(t) > 0.
Therefore, for ey € (0, e;), we may find Ry < R; such that Q(Ry) = eg. Now we define

1, 0 <t =Ry,
_ thzf)LLg,fel
X(t) = thz* ) t> Rll

Coor X(t) € [0:1], RO S t S Rl'

Then it is easy to see x(£) € [0,1] and x(¢) is C*. Let ¢(v) = x(||v||) and consider the per-
turbation of J(v):

._a 2 b 10N I2 o2 ? 1 202%)
Gv) = 2/;2|Vv| dx+4</;2[f(v)’ Vv dx) 2(2*)<p(v)/9[f(v)’ dx
—A(p(v)/H(x,f(V))dx. (3.1)
Q
Then
G(v) = Li|vII* - LagW)|IvI* - Lsx = Q(IIvl),
where Q(t) = L1£2 — Ly x (£)t*" — L3 and

= Q) 0=t=Ry,
Q(t)_ e, t>R;.

From the above arguments, we have the following.

Lemma 3.2 Let G(v) is defined as in (3.1). Then
(i) Ge CHH(R),R) and G is even and bounded from below.
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(i) If G(v) < ey, then Q(||v|]) < eo, consequently, |v|| < Ry and I(v) = G(v).
(iii) There exists 1* such that, for . € (0,A*), G satisfies a local (PS), condition for

c<ep€|0,minge L(2_1615)%—)»c L |22
’ 2N 4N ’

Lemma 3.3 Assume that (Hs) of Theorem 1.1 holds. Then for any k € N, there exists § =
8(k) > 0 such that y({v € H} () : G(v) < =8(k)} \ {0}) > k.

Proof Firstly, by (Hz) of Theorem 1.1, for any fixed v € D%)’Z(Q), v #0, we have
H(x, pv) = M(p)(pv)*> with M(p) - oo as p — 0.

Secondly, given any k € N, let Ey be a k-dimensional subspace of H}(2). Then there exists
a constant oy such that

vl < oxlvl, VveE.

Therefore for any v € E; with ||v|| =1 and p small enough, by (f;) in Lemma 2.1 we have

ap’® 2 bp* 202\
—/ V| dx+—</ V/(pv)| V| dx)
2 Ja 4 \Ug

L 2w,
- 2(2*)§0(PV)/QV(PV)| dx )»go(pv)/QH(x,f(pV))dx
<%

2 bp* AM(p)e(pv)
St P
2 4 o}

- <a N bp* kM(p)fp(pV))pz

G(pv)

2 4 oy
-8(k) <0,

since limy |0 M(p) = +oo. That is,
{veEc: vl = p) € {v e HY(Q): GW) < -3(k)} \ {0).
This completes the proof.
Now we give the proof of Theorem 1.1.
Proof of Theorem 2.1 Recall that

Y= {A € Hé(Q) \ {0}:Aisclosedand A = -A, y(A) > k}

and define

¢k = inf sup G(v).

A€Tk yeA
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By Lemmas 3.2(i) and Lemmas 3.3, we know that —0co < ¢x < 0. Therefore, assumptions
(C1) and (C,) of Lemma 3.1 are satisfied. This means that G has a sequence of solutions
{v.} converging to zero. Hence, Theorem 2.1 follows by Lemma 3.2(ii). O

Proof of Theorem 1.1 This follows from Theorem 2.1, since u,, = f(v,,) # u, =f(vy) if v,y #
vy and f € C*. O
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