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1 Introduction
We will be concerned with the existence and multiplicity of positive solutions of the su-

perlinear singular Neumann boundary value problem in the semi-positone case

) +qx)u =g u), xel=[01], @)
4 (0) =0, W' (1) =0. '
Here the type of perturbations g(x, #) may be singular near u = 0 and g(x, u) is superlinear
near u = +00. From the physical point of view, g(x, %) has an attractive singularity near
u=0if

lim g(x,u) = +co uniformly in x
u—ot

and the superlinearity of g(x, #) means that

lim g(x, u)/u=+oo uniformly in x.
U—+00
By the semi-positone case of (1.1), we mean that g(x, #) may change sign and satisfies

F(x,u) = g(x,u) + M > 0 where M > 0 is a constant.
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It is well known that the existence of positive solutions of boundary value problems has
been studied by many authors in [1-6] and references therein. They mainly considered the
case of p(x) =1 and g(x) = 0. In [7], the authors studied positive solutions of Neumann
boundary problems of second order impulsive differential equations in the positone case,
based on a nonlinear alternative principle of Leray-Schauder type and a well-known fixed
point theorem in cones. This paper attempts to study the existence and multiplicity of
positive solutions of second order superlinear singular Neumann boundary value prob-
lems in the semi-positone case. The techniques we employ here involve a nonlinear result
of Leray-Schauder, the well-known fixed point theorem in cones and the method of up-
per and lower solutions. We prove that problem (1.1) has at least two different positive
solutions. Moreover, we do not take the restrictions p(x) =1 or g(x) = 0.

Throughout this paper, we assume that the perturbed part g(x, i) satisfies the following
hypotheses:

(Hi) glx,u) € C(I x R, R*), p(x) € C'(I), q(x) € C(I), p(x) > 0, q(x) > 0.
(H2) There exists a constant M > 0 such that F(x,u) = g(x,u) + M > 0 for all x € I and
u € (0,00).

In Section 2, we perform a study of the sign of the Green’s function of the corresponding

linear problems

() +qx)u=hx), =xel, (1.2)
W(0)=0, u(1)=0. '
In detail, we construct the Green’s function G(x,y) and give a sufficient condition to

ensure G(x, y) is positive. This fact is crucial for our arguments. We denote

A= min G(x,9), B= G(x,9), =A/B. 1.3
(x}j};lé?xl (x y) (xg)lz'lxxl (x y) 7 / ( )

We also use w(x) to denote the unique solution of (1.2) with 4(x) = 1, w(x) = fol G(x,y)dy.
In Section 3, we state and prove the main results of this paper.

2 Preliminaries
For the reader’s convenience we introduce some results of Green’s functions. Let Q = I x I,
Q={x»eQ0=x<y<1},Q={xy)€Q0<y<x=<1}

Considering the homogeneous boundary value problem

(2.1)

-(p@u) +q(x)u=0, xel,
u'(0) =0, u'(1)=0,

and let G(x,y) be the Green'’s function of problem (2.1). Then G(x,y) can be written as

m(x)n(y)

» () € Qi
G(x;y) = i m(yc)un(x) !

2.2
» (1Y) € Qy, 22)

where m and # are linearly independent, and m, n and w satisfy the following lemma.
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Lemma 2.1 (7] Suppose that (H;) holds and problem (2.1) has only zero solution, then there
exist two functions m(x) and n(x) satisfying:
(i) m(x) € C*(I,R) is increasing and m(x) >0, x € I
(i) n(x) € C2(I,R) is decreasing and n(x) >0, x € I;
(iii) Lm = —(p(x)m’) + q(x)m = 0, m(0) = 1, m'(0) = 0;
(iv) Ln=-(px)n') +q(x)n=0,n(1) =1,n'(1) = 0;

(V) @ = p(x)(m' (x)n(x) — m(x)n'(x)) is a positive constant.

Lemma 2.2 [7] The Green’s function G(x,y) defined by (2.2) has the following properties:
(i) G(x,y) is continuous in Q;
(i) G(x,y) is symmetrical on Q;
(i) G(x,y) has continuous partial derivatives on Qy, Qy;
(iv) Foreach fixed y € I, G(x,y) satisfies LG(x,y) = 0 for x # y, x € I. Moreover,
GL(0,3) = G,(L,y) = 0 for y € (0,1).
(v) Forx =y, G, has discontinuity point of the first kind, and

/ / 1
Gx(y+ O’y) - Gx(y_ O'y) =

20) y€(0,1).

Lemma 2.3 [8] Suppose that conditions in Lemma 2.1 hold and h : I — R is continuous.

Then the problem

(X)) +qx)u=hx), xe€l, 23)
#(0)=0, u(1)=0, '
has a unique solution, which can be written as
1
u(x) = / G(x, y)h(y) dy. (2.4)
0

Next we state the theorem of fixed points in cones, which will be used in Section 3.

Theorem 2.1 [9] Let X be a Banach space and K (C X) be a cone. Assume that 2, Q, are
open subsets of X with 0 € Q, Q1 C Qy, and let

T:KN(2:\Q2) = K
be a continuous and compact operator such that either
@) NTull = ull, u e KNy and || Tul| < ||lull, u € KN 3Qy; or
(i) || Tull < llull, u € KN 3Ry and || Tull > |ull, u € K N 3L2;.

Then T has a fixed point in K N (Q\Q).

In applications below, we take X = C(/) with the supremum norm || - || and define

K= {ueX:u(x)annd mi}lu(x)onuH}. (2.5)
X€E
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One may readily verify that K is a cone in X. Now suppose that F : I x R — [0,00) is
continuous and define an operator 7 : X — X by

1
(Tu)(x) = /0 G )E (3, u(y)) dy (2.6)

for u € X and x € [0,1].

Lemma 2.4 T is well defined and maps X into K. Moreover, T is continuous and com-

pletely continuous.

3 Main results
In this section we establish the existence and multiplicity of positive solutions to (1.1).
Since we are mainly interested in the attractive-superlinear nonlinearities g(x, %) in the

semi-positone case, we assume that the hypotheses of the following theorem are satisfied.

Theorem 3.1 Suppose that (H;) and (Hy) hold. Furthermore, assume the following:

(Hs) There exist continuous, non-negative functions f(u) and g(u) such that
Foe,u) =g, u) + M < f(u) + h(u) for all (x,u) €I x (0,00),

and f(u) > 0 is non-increasing and h(u)/f (u) is non-decreasing in u € (0, 00).

Mol
o

(Hy) There exists r > =% such that > o]l

- r
flor-Mlw)(+ 13

(Hs) There exists a constant A > M, & > 0 such that
F(x,u) > A, fw)>A  forall (x,u) eI x (0,¢].
Then problem (1.1) has at least one positive solution v e C(I) with 0 < ||[v + Mw|| <.

Before we present the proof of Theorem 3.1, we state and prove some facts.

First, it is easy to see that we can take ¢ > 0 and 7 > 1 such that

A-M
c|lwl| < min{e, —_— }, (3.1)
liqll
1 e
—<min{8,—,co||a)||,or—M||w||}. (3.2)
no M

Lemma 3.1 Suppose that (H;)-(Hs) hold, then a(x) = (M + c)w(x) is a strict lower solution

to the problem

(3.3)

(X)) + qx)u = F,(x,u — Mw(x)), x€l,n>n,
u'(0) =0, u'(1) =0,

where F,(x, u) = F(x, max{u, %}), (x,u) el x R.

Proof It is easy to see that «’(0) = (M + ¢)&/(0) = 0 and &'(1) = (M + ¢)o’(1) = 0.
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1
no

Since a(x) — Mw(x) = co(x) > co|w]| > %, and using (3.1), we have ¢ > a(x) —
Maw(x) = co(x) > % >0.

By assumption (Hs), we have

=

Fu(x,0(x) - Mo(x)) >A,  Vn>ng.
This implies that «(x) is a strict lower solution to (3.3). O

Lemma 3.2 Suppose that (H;)-(Hs) hold. Then the problem

~pWa) +q@)u =fu(u - Mo@)1+ 75), x€l, 5.4)
W(0)=0, #(1)=0, '
has at least one positive solution B,(x) with ||B,| < r.

Proof The existence is proved using the Leray-Schauder alternative principle together
with a truncation technique.
Since (H4) holds, we have

lollf (or - Mlwll) (1 + Ar)/f(r) <7

Consider the family of problems

=—(p(x)u’)’ +qX)u = Afy(u — Mo(x))(1 + ;’E—:;), xel, (3.5)
u'(0)=0, u'(1)=0,
where A € I and f,(u) = f(max{u,1/n}), (x,u) € I X R. f,(4) is non-increasing.
Problem (3.5) is equivalent to the following fixed point problem in C[0,1]

B=1T,B, (3.6)

where T, is defined by
1
7,(89) = [ Gl (BO) - M) (s B0V ) . (37)

We claim that any fixed point 8 of (3.6) for any A € [0,1] must satisfy ||B] # r. Other-
wise, assume that 8 is a solution of (3.6) for some A € [0,1] such that || 8| = . Note that
fu(x,u) > 0. By Lemma 3.1, for all x, 8(x) - Mw(x) > or — M||w|| > 1/n. Hence, for all x,

Bx) —Mw(x) >1/n and Bx) - Mw(x) >or—-M|w|. (3.8)

Then we have, for all x,

1 ()

1 h(r)
< /0 Glx,y)f (B() - Mal(y)) (1 + m) dy

Page 5of 11
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1
< fo Gl y)f (o7 - Mloll) (1 + h()F () dy
< lolf (o7 - Mlwl) (1 + KE)FE)). (3.9)

Therefore,

r=1Bll < lollf (or - Mllwll) (1 + A(r)/f () <.
This is a contradiction and the claim is proved. O

From this claim, the nonlinear alternative of Leray-Schauder guarantees that problem
(3.6) (with A =1) has a fixed point, denoted by 8, in B,, i.e., problem (3.4) has a positive
solution B, with || 8, < r. (In fact, it is easy to see that 8,(x) > 1/n with || 8,|| #r.)

Lemma 3.3 Suppose that (Hy)-(Hs) hold, then B,,(x) is an upper solution of problem (3.3).

Proof By Lemma 3.2 we know that §,(x) is a solution to equation (3.4).
If B,(x) - Mw(x) > %, then

Ey (%, Bu(x) — Mo(x)) = F(x, Ba(x) - Mw(x))

<f(Bax) - Mo(x)) (1 N h(Bu(x) —Mw(x)))

f(Ba(x) - Mw(x))

< fu(Bu(x) - Mo (x)) (1 + ?E—Q) (3.10)

If B, (x) - Mw(x) < %, then

1
Fy(%, Bu(x) - Moo(x)) = F (’ﬁ) =/ (%) (1 +;§; )

h(r)
< fu(Bn(%) - Mw(x)) (1 + %) (3.11)

Since 8,(0) = B,,(1) = 0, we have

—(p(®)B,, (%)) + q(x)Bu(x) = Fu(x, Bu(x) - Mo(x)), x€l,
B,(0)=0, B,(1) =0.

This implies that 8, (x) is an upper solution of problem (3.3). O
Lemma 3.4 Suppose that (H;)-(Hs) hold, then B8,(x) > a(x) (n > ngp).

Proof Letz(x) = a(x)— B,(x), we will prove z(x) < 0. Ifthis is not true for n > ny, there exists
x9 € [0,1] such that z(x¢) = max z(x) > 0, z’(xp) = 0, 2" (%) < 0. Then (p(x0)z(x9)) < 0.
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1

ne = @(x0) - Ma(xo) < cllw| <&, and f,, (1)

Since a(xg) — Mw(xg) = cw(xo) > co||w|| >

is non-increasing, we have

Ju(B(x0) = Ma(xo)) = fu(ax(x0) — Mao(x0))
= f (a(x0) = Ma(xo))

>A (3.12)
and
/ / h(}")
(s o)+ o)t = M+ €= (Boao) - Mots) (1+ 51 )
<M+c —fn(ot(xo) —Ma)(xo)) <1 + @>
B Sf()

§M+C—A<l+%><0. (3.13)
This is a contradiction and completes the proof of Lemma 3.4. O

Proof of Theorem 3.1 To show (1.1) has a positive solution, we will show

(3.14)

(X)) + qx)u = Flx, u(x) - Mw(x)), xe€l,
W(0)=u'(1)=0

has a solution u € C(I), u(x) > Mw(x), x € I.

If this is true, then v(x) = u(x) — Mw(x) is a positive solution of (1.1) since

~(p@)V) + qx)v = —(p@)u (x) — )M (%)) + q(x)u(x) — Mg(x)oo()
= —(p(0)u' () + q(x)ulx) - M
= F(x, u(x) - Mo(x)) - M
= g(x u(x) - Mo(x))

g
g(x, v(x)).

As a result, we will only concentrate our study on (3.14).

By Lemmas 3.1-3.4 and the upper and lower solutions method, we know that (3.3) has
a solution u, with (M + ¢)w(x) = a(x) < u,(x) < B,(x) < r. Thus we have u,(x) - Mw(x) >
colloll, u,(x) < Ba(x) < 7.

By the fact that u, is a bounded and equi-continuous family on [0, 1], the Arzela-Ascoli
theorem guarantees that {u,,},en, has a subsequence {u,, }ten, which converges uniformly
on [0,1] to a function u# € C[0,1]. Then u satisfies u(x) — Mw(x) > co ||w||, u(x) < r for all x.

Moreover, u,, satisfies the integral equation

1
Uy, (%) = /o G(x,y)F(y, U, (y) — Ma)(y)) dy.

Page 7 of 11


http://www.boundaryvalueproblems.com/content/2014/1/217

Li et al. Boundary Value Problems 2014, 2014:217 Page 8 of 11
http://www.boundaryvalueproblems.com/content/2014/1/217

Letting k — oo, we arrive at

1
() = fo Gl 9)E (3, uly) - Mor(y)) dy,

where the uniform continuity of F(x, u(x) - Mw(x)) on [0,1] X [co ||@]|, 7] is used. Therefore,
u is a positive solution of (3.14).

Finally, it is not difficult to show that ||| < r. Assume otherwise: note that F(x, %) > 0.
By Lemma 2.4, for all x, u(x) > 1/n and r > u(x) — Mw(x) > or — M||w| > 1/n. Hence, for

all x,
ulx) —Mw(x) >1/n and r>u(x) - Mow(x) > or—M|ow]. (3.15)

Then we have for all x,
1
) = [ G F ) - Mo) dy
0

1 - w
< /0 Gl y)f (u(y) - Moo(y)) (1+ M) dy

Fuly) = M)
1
< /0 Gl y)f (o7 - Mlwll) (1 + h()F () dy

< lolf (or - Mllw|) (1 + A()f (). (3.16)
Therefore,
r=llull < llollf (or - Mllwll) (1 + h(r)(f(r).
This is a contradiction and completes the proof of Theorem 3.1. O

Corollary 3.1 Let us consider the following boundary value problem

—(p@) ) +qw)u = wu™ +uf + k(x)), xel,

(3.17)
w(0)=u'(1)=0,
where a >0, B >0 and k : [0,1] — R is continuous, > 0 is chosen such that
ulou - Mlwl)*
< (3.18)

oD oL + 2Hu + u=*F}’
ue(%,oo)

here H = || k||. Then problem (3.17) has a positive solution u € C[0,1].
Proof We will apply Theorem 3.1 with M = uH and
Fu) =fi =pu, b =p( +2H), ) = .

Clearly, (H;)-(Hs) and (Hs) are satisfied.
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Set

T(u) =

u(ou — M) Mo
3 uec , 100 ).
lwl[{1 + 2Hu® + u*+F) o

Since T(M) =0, T(00) = 0, then there exists r € (M, 00) such that

o) ulo =Mo"
r)= su .
i oy ool (L 2H+ 75

ue(

This implies that there exists r € (M, o0) such that u < %, so (Hy) is sat-
isfied.

Since B > 1. Thus all the conditions of Theorem 3.1 are satisfied, so the existence is guar-
anteed. d

Next we will find another positive solution to problem (1.1) by using Theorem 2.1.

Theorem 3.2 Suppose that conditions (Hy)-(Hs) hold. In addition, it is assumed that the

following two conditions are satisfied:

(He) F(x,u) = glx,u) + M > fi(u) + hi(u) for some continuous non-negative functions fi(u)
and hy(u) with the properties that fi(u) > 0 is non-increasing and hy(u)/fi(u) is non-
decreasing.

(H;) There exists R > r such that W < |wl]|.
1 FiloR-Milwl)

Then, besides the solution u constructed in Theorem 3.1, problem (1.1) has another posi-
tive solution v € C[0,1]) with r < ||V + Mw| <R.

Proof To show (1.1) has a positive solution, we will show (3.14) has a solution % € CJ[0,1]
with #(x) > Mw(x) for x € [0,1] and r < ||#|| < R.
Let X = C[0,1] and K be a cone in X defined by (2.5). Let

Q ={ael:|al<r), Q={aeX:|l<R)

and define the operator 7: K N (Qz \ Q,) — K by

1
(TR)x) = / Gl )F(y,ily) ~ Moo(y)) dy, 0=x<1, (3.19)
0

where G(x,y) is as in (2.2).

For each &z € K N (Qr \ 2,)r < ||&z]| < R, we have 0 < or — M||w| < @#(x) — Mw(x) < R.
Since F : [0,1] x [or — M||w||,R] — [0, 00) is continuous, it follows from Lemma 2.4 that
the operator 7': K N (Qr \ 2,) — K is well defined, is continuous and completely contin-
uous.

First we show

I Tl < || forite KNI, (3.20)

Page 9 of 11
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In fact, if # € K N 92, then || %] = r and &(x) > or > M||w|| for x € I. So we have
1
(Ti0) - [ G F(.0) - Moty) dy
0

1 S Mo
= [/ Gty a) - ot 1 B M00) ),

f@(y) - Mao(y))

< /01 G(x,y)f(or—MHa)H){l +%}dy

= a)(x)f(ar—Mlla)H){l +%}
< or— @
< llwllf( M”“’”){“f(r)}

< r=|ul.

This implies || Tu| < ||u#]|, i.e., (3.20) holds.
Next we show

I Tl > |liall  for it € K N dSk. (3.21)

To see this, let # € K N 0, then ||| = R and iz(x) > o R > M||w|| for x € I. As a result,
it follows from (Hg) and (H7) that, for x € I,

1
(Ti)x) = /0 Gl )E(y,ity) - Meo(y)) dy

. 1 S0 — Moo M
_/0 G(x,y)fl(u(y) M 0’)){1+ﬁ(g(y)—Mw0/))}dy

1
= [o Gy )fl(R){l ’ 21((511: - 11\\44||||:)||||)) } @
hl(oR—MllwII)}
FiloR=M]al)
hl(aR—ann)}
AloR=Miol)

= w(x) I(R){l +

> crIlelfl(R){1+

> R=|ul.

Now (3.20), (3.21) and Theorem 2.1 guarantee that T has a fixed point iz € K N (Qg \ £2,)
with 7 < ||u#|| < R. Clearly, this « is a positive solution of (3.14). This completes the proof
of Theorem 3.2. O

Let us consider again example (3.17) in Corollary 3.1 for the superlinear case, i.e., « > 0,
B >1andk:[0,1] — R is continuous, i > 0 is chosen such that (3.18) holds, here H = ||k||.
Then problem (3.17) has a positive solution # € C[0, 1]. Clearly, (H;)-(Hg) are satisfied.
Since B > 1, then (Hy) is satisfied for R large enough because when R — oo,

R Ra+1
= ) —> 0

h(ocR-M|lwll) — B
ahiRL+ F o) ou(l+(oR-Mlw|)*

Page 10 of 11
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Thus all the conditions of Theorem 3.2 are satisfied, so the existence is guaranteed.

Corollary 3.2 Assume that a >0, 8 >1and k :I — R is continuous, p > 0 is chosen such
that (3.18) holds. Take H = ||k||. Then problem (3.17) has at least two different positive
solutions.
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