
Mujaković and Dražić Boundary Value Problems 2014, 2014:226
http://www.boundaryvalueproblems.com/content/2014/1/226

RESEARCH Open Access

3-D flow of a compressible viscous micropolar
fluid with spherical symmetry: uniqueness of
a generalized solution
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Abstract
We consider nonstationary 3-D flow of a compressible viscous heat-conducting
micropolar fluid in the domain that is the subset of R3 bounded with two concentric
spheres that present the solid thermoinsulated walls. In the thermodynamical sense
the fluid is perfect and polytropic. If we assume that the initial density and
temperature are strictly positive and that the initial data are sufficiently smooth
spherically symmetric functions then our problem has a generalized solution for a
sufficiently small time interval. We study the problem in the Lagrangian description
and prove the uniqueness of its generalized solution.
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1 Introduction
The theory of micropolar fluids was introduced by Ahmed Cemal Eringen in  [].
Eringen suggested many possible applications of the micropolar fluid, but from the math-
ematical point of view the theory is still in an early stage of development. The results for
incompressible flow are very well systematized in the book of Lukaszewicz [], but the
theory for compressible flows, especially for flows involving temperature, is still in its be-
ginnings.
In this paper we analyze compressible flow of isotropic, viscous, and heat-conducting

micropolar fluidwhich is in the thermodynamical sense perfect and polytropic. Themodel
for this type of flowwas first considered byMujaković in [] where she developed the one-
dimensional model. In the same work, the local existence and uniqueness of a generalized
solution for homogeneous boundary conditions were proved. In thework [] the existence
of a solution global in time for the described problemwas proved.Mujaković also analyzed
the regularity and stabilization for the model, as well as the Cauchy problem []. In her
recent works, for example [], the problem with non-homogeneous boundary condition
for density, microrotation, and heat flux was analyzed.
Other authors, for example Chen et al. in [] and [] or Easwaran and Majumdar in

[], analyzed different kinds of problems concerning micropolar fluid, as well as in the
three-dimensional case, but without the temperature. Till now the described model of
compressible micropolar fluid (model with temperature) in the three-dimensional case
has been considered just in [] by Dražić and Mujaković in the spherically symmetric
case.
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Spherically symmetric flow for a classical fluid was considered for example in [–],
and []. Uniqueness of the solution for the problems with a classical fluid in the spher-
ically symmetric case was proved in []. For a micropolar fluid in the one-dimensional
case, the uniqueness results are given for example in [] for the Cauchy problem. The
uniqueness problem for the micropolar fluid was also considered in [] but for a fluid
which is not heat-conducting.
In this work we prove the uniqueness of the solution for the problem presented in []

where we proved the local existence of generalized spherically symmetric solution for the
flow of described fluid in the domain to be subset of R bounded with two concentric
spheres that present solid thermoinsulated walls, assuming that the initial density and
temperature are strictly positive and that the initial data are smooth enough spherically
symmetric functions.

2 Statement of the problem and themain result
The motion of -D compressible viscous micropolar heat-conducting fluid which has the
property of spherical symmetry and which is in the thermodynamical sense perfect and
polytropic is described in Lagrangian coordinates by the following system of differential
equations []:
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This system is considered on the set QT = ], [× ],T[, where QT is the domain of our
generalized solution (see []). Here ρ , v, ω, and θ denote, respectively, the mass density,
velocity, microrotation velocity, and temperature of the fluid. R, L, cv, jI are positive con-
stants. From [] (formulas () and ()) it follows that the coefficients of viscosity λ, μ,
coefficients of microviscosity μr , c, cd , and heat conduction coefficient k have the prop-
erties:

μ,μr , cd,k ≥ , λ + μ ≥ , c + cd ≥ .

Equations ()-() are, respectively, local forms of the conservations laws for the mass,
momentum, momentum moment, and energy.
We take the following non-homogeneous initial and boundary conditions:

ρ(x, ) = ρ(x), ()

v(x, ) = v(x), ()

ω(x, ) = ω(x), ()
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θ (x, ) = θ(x), ()

v(, t) = v(, t) = , ()

ω(, t) = ω(, t) = , ()

∂θ

∂x
(, t) =

∂θ

∂x
(, t) =  ()

for x ∈ ], [, t ∈ ],T[. Here ρ, v, ω, and θ are known real functions. We assume that
there exists a constantm ∈ R+ such that

ρ(x)≥ m, θ(x)≥ m for x ∈ ], [. ()

The function r is defined by

r(x, t) = r(x) +
∫ t


v(x, τ )dτ , (x, t) ∈ ], [× ],T[, ()

where

r(x) =
(
a + L

∫ x




ρ(y)

dy
) 


, x ∈ ], [ ()

(a >  is radius of the smaller boundary sphere (see [])).
In this paper we study the uniqueness of a generalized solution which is defined as fol-

lows.

Definition . A generalized solution of the problem ()-() in the domain QT = ], [×
],T[ is a quadruple of functions

(x, t) �→ (ρ, v,ω, θ )(x, t), (x, t) ∈QT , ()

where

ρ ∈ L∞(
,T ;H(], [

)) ∩H(QT ), inf
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ρ > , ()
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,T ;H(], [

)) ∩H(QT )∩ L
(
,T ;H(], [

))
, ()

that satisfy equations ()-() a.e. in QT and conditions ()-() in the sense of traces.

Remark . From the embedding and interpolation theorems (e.g. [] and []) one can
conclude that from () and () follows:

ρ ∈ L∞(
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(
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(
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v,ω, θ ∈ L
(
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)) ∩C
(
[,T],H(], [

))
, ()

v,ω, θ ∈ C(Q̄T ). ()

Let the initial data ()-() have the following smoothness properties:

ρ, θ ∈H(], [
)
, v,ω ∈H


(
], [

)
. ()

http://www.boundaryvalueproblems.com/content/2014/1/226
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Remark . Because of the embeddingHm(], [) ↪→ Ck([, ]), form–k > 
 we conclude

that there existsM ∈ R+, so that

ρ(x),
∣
∣v(x)

∣
∣,

∣
∣ω(x)

∣
∣, θ(x)≤ M, x ∈ [, ]. ()

Assuming condition () and inequalities () we proved in the previous paper [] the
following local existence theorem.

Theorem . There exists small enough T ∈ R+ such that the problem ()-() has a gen-
eralized solution (ρ, v,ω, θ ) in QT = ], [× ],T[, having the property

θ >  in Q̄T . ()

For the function r, defined by () we get

r ∈ L∞(
,T;H(], [

)) ∩H(QT )∩C(Q̄T ), ()

and we easily conclude to the following property:

r ∈ L∞(
,T;C([, ]

))
. ()

Our proof of the uniqueness does not depend on the size of the time existence interval
[,T]. Because of that, hereafter we will take T = T .
The aim of this paper is to prove the following result.

Theorem . Let the initial functions ρ, v, ω, and θ satisfy conditions () and ().
Then the problem ()-() has in the domain QT at most one generalized solution (ρ, v,ω, θ )
with the property ().

As has already been mentioned, the analogous theorems for the one-dimensional case
have been proved in [] and []. In [] was considered the one-dimensional problem
with the same type of boundary and initial conditions as in this article. In [] there is a
proof of the uniqueness theorem for the Cauchy problem of the described fluid in the one-
dimensional case. In the proof of Theorem . we use themethod described in [], where
it has been applied for the one-dimensional case of a classical fluid (problem without the
microrotation variable ω) and also we use some ideas from [] and [].

3 The proof of Theorem 2.2
For the function r defined by ()-() with the properties ()-() the following estimate,
which we use in the proof of the theorem, holds true.

Lemma . The function r satisfies the estimate

r(x, t)≥ a ()

(a >  is the radius of smaller boundary sphere; see []) for each (x, t) ∈QT .
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Proof We have
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Integrating () over the interval ], t[ and using () we get
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With the help of (), from () we conclude that
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for each (x, t) ∈QT . Therefore the function r is increasing function in the variable x. Hence

r(x, t)≥ r(, t) = a, (x, t) ∈ QT . ()
�

Because of simplicity, hereafter we will consider the specific volume u = ρ– instead of
density ρ .
Wewill assumenow that (ui, vi,ωi, θi), i = ,  are two distinct generalized solutions of the

problem ()-() in the domain QT with the properties (), (), ()-(). Each solution
is associated with a function

ri(x, t) = r(x) +
∫ t


vi(x, τ )dτ , i = , . ()

Now we define the functions u = u –u, v = v – v, ω = ω –ω, θ = θ – θ, and r = r – r.
It is easy to see that the function r has the property
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After some calculations it can be shown that (u, v,ω, θ ) satisfy the following system:
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where α = λ+μ
L , β = R

L , γ = c+cd
L , δ = μr , ν = k

L , d = μ

L , and h = cd
L .

From conditions ()-() for the solutions (ui, vi,ωi, θi), i = , , we can easily get the fol-
lowing initial and boundary conditions for the functions u, v, ω, and θ :

u(x, ) = , v(x, ) = , ω(x, ) = , θ (x, ) = , ()

v(, t) = v(, t) = , ω(, t) = ω(, t) = , ()

∂θ

∂x
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∂θ
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for x ∈ ], [, t ∈ ],T[. We also have r(x, ) = .
Hereafter by C we denote a generic positive constant that can have different values at

different places. We also use the notation

‖f ‖ = ‖f ‖L(],[).

The proof of Theorem . is based on getting four inequalities which we use to control
the bounds of the values of the functions u, v, ω, and θ . These inequalities we prove in the
following four lemmas.
In the proofs of the lemmas we often use the following inequalities valid for the function

f vanishing at x =  and x =  or for the function with the first derivative vanishing at some
point x ∈ [, ]:
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It is clear that the velocity and microrotation satisfy the inequalities ()-(), while the
temperature satisfies the inequalities () only.
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Lemma . There exists a constant C >  such that
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Multiplying () by u and integrating over ], [ we obtain the following equality:
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Inserting ()-() into () and integrating over ], t[ we get
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Using () for the function v and applying the Gronwall inequality, from () follows
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Proof In the proof of this lemma we use the procedure similar to the proof of Lemma ..
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∂x

dx. ()
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Taking into account (), (), (), (), (), (), (), the inequalities
∣∣
∣∣

∂

∂x
(
rv

)
∣∣
∣∣ ≤ C

(
 +

∣∣
∣∣
∂v
∂x

∣∣
∣∣

)
≤ C

(
 +

∥∥
∥∥
∂v
∂x

∥∥
∥∥

)
, ()

∣
∣∣
∣

∂

∂x
(
r v

)
∣
∣∣
∣ ≤ C

(
|v| +

∣
∣∣
∣
∂v
∂x

∣
∣∣
∣

)
, ‖v‖ ≤ C

∥
∥∥
∥

∂v
∂x

∥
∥∥
∥, ()

and applying Young’s inequality with a parameter ε >  on the right-hand side of () we
obtain the following inequalities:

∣∣
∣∣α

∫ 



r
u

∂r
∂x

v
∂v
∂x

dx
∣∣
∣∣ ≤ C‖v‖

∥∥
∥∥

∂v
∂x

∥∥
∥∥ ≤ ε

∥∥
∥∥

∂v
∂x

∥∥
∥∥



+C‖v‖, ()

∣∣
∣∣α

∫ 



r
u

(
∂r
∂x

)

v dx
∣∣
∣∣ ≤ C‖v‖, ()

∣
∣∣
∣α

∫ 




u

∂r
∂x

(r + r)v
∂

∂x
(
r v

)
dx

∣
∣∣
∣

≤ C
(∫ 



∣∣
∣∣
∂r
∂x

∣∣
∣∣|v|dx +

∫ 



∣∣
∣∣
∂r
∂x

∣∣
∣∣

∣∣
∣∣
∂v
∂x

∣∣
∣∣dx

)

≤ C
(∥∥

∥∥
∂r
∂x

∥∥
∥∥



+ ‖v‖
)
+ ε

∥∥
∥∥

∂v
∂x

∥∥
∥∥



= ε

∥∥
∥∥

∂v
∂x

∥∥
∥∥



+C
(∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ + ‖v‖
)
, ()

∣
∣∣
∣α

∫ 




u

r
∂

∂x
(r + r)v

∂

∂x
(
r v

)
dx

∣
∣∣
∣

≤ C
∫ 


|r|

(
|v| +

∣∣
∣∣
∂v
∂x

∣∣
∣∣

)
dx

≤ C
(‖r‖ + ‖v‖) + ε

∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



= ε

∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



+C
(∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ + ‖v‖
)
, ()

∣∣
∣∣α

∫ 




u

r(r + r)
∂v
∂x

∂

∂x
(
r v

)
dx

∣∣
∣∣

≤ C
∥∥
∥∥
∂v
∂x

∥∥
∥∥

∫ 


|r|

(
|v| +

∣∣
∣∣
∂v
∂x

∣∣
∣∣

)
dx

≤ C
(∥∥

∥∥
∂v
∂x

∥∥
∥∥



‖v‖ + ‖r‖
(
 +

∥∥
∥∥
∂v
∂x

∥∥
∥∥

))
+ ε

∥∥
∥∥

∂v
∂x

∥∥
∥∥



≤ ε

∥∥∥
∥

∂v
∂x

∥∥∥
∥



+C
(∥∥∥

∥
∂v
∂x

∥∥∥
∥



‖v‖ +
(
 +

∥∥∥
∥
∂v
∂x

∥∥∥
∥

)∫ t



∥∥∥
∥

∂v
∂x

∥∥∥
∥



dτ

)
, ()

∣
∣∣∣α

∫ 



u
uu

∂

∂x
(
rv

) ∂

∂x
(
r v

)
dx

∣
∣∣∣

≤ C
(
 +

∥∥
∥∥
∂v
∂x

∥∥
∥∥

)∫ 


|u|

(
|v| +

∣∣
∣∣
∂v
∂x

∣∣
∣∣

)
dx

≤ C
(
 +

∥∥∥
∥
∂v
∂x

∥∥∥
∥

)(‖v‖ + ‖u‖) + ε

∥∥∥
∥

∂v
∂x

∥∥∥
∥



, ()

∣
∣∣∣α

∫ 




u

∂

∂x
(
rv

) ∂r
∂x

(r + r)vdx
∣
∣∣∣

≤ C
(
 +

∥∥
∥∥
∂v
∂x

∥∥
∥∥

)∫ 


|v|

∣∣
∣∣
∂r
∂x

∣∣
∣∣dx

http://www.boundaryvalueproblems.com/content/2014/1/226
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≤ C
(∥

∥∥
∥

∂r
∂x

∥
∥∥
∥



+
(
 +

∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)
‖v‖

)

≤ C
(∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ +
(
 +

∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)
‖v‖

)
, ()

∣∣
∣∣α

∫ 




u

∂

∂x
(
rv

)
r

∂

∂x
(r + r)vdx

∣∣
∣∣

≤ C
(
 +

∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)∫ 


|r||v|dx

≤ C
((

 +
∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)
‖v‖ +

∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ

)
, ()

∣∣
∣∣α

∫ 




u

∂

∂x
(
rv

)
r(r + r)

∂v
∂x

dx
∣∣
∣∣

≤ C
(
 +

∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)∫ 


|r|

∣
∣∣
∣
∂v
∂x

∣
∣∣
∣dx

≤ ε

∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



+C
(
 +

∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ , ()

∣
∣∣
∣β

∫ 



θ

u
∂

∂x
(
r v

)
dx

∣
∣∣
∣ ≤ C

∫ 


|θ |

(
|v| +

∣
∣∣
∣
∂v
∂x

∣
∣∣
∣

)
dx ≤ C

(‖θ‖ + ‖v‖) + ε

∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



, ()

∣∣
∣∣β

∫ 



θ

uu
u

∂

∂x
(
r v

)
dx

∣∣
∣∣ ≤ C

∫ 


|u|

(
|v| +

∣∣
∣∣
∂v
∂x

∣∣
∣∣

)
dx

≤ C
(‖u‖ + ‖v‖) + ε

∥∥∥
∥

∂v
∂x

∥∥∥
∥



, ()

∣
∣∣
∣β

∫ 



θ

u
∂r
∂x

(r + r)vdx
∣
∣∣
∣ ≤ C

∫ 



∣
∣∣
∣
∂r
∂x

∣
∣∣
∣|v|dx ≤ C

(
‖v‖ +

∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ

)
, ()

∣
∣∣
∣β

∫ 



θ

u
r

∂

∂x
(r + r)vdx

∣
∣∣
∣ ≤ C

∫ 


|r||v|dx ≤ C

(
‖v‖ +

∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ

)
, ()

∣
∣∣∣β

∫ 



θ

u
r(r + r)

∂v
∂x

dx
∣
∣∣∣ ≤ C

∫ 


|r|

∣
∣∣∣
∂v
∂x

∣
∣∣∣dx ≤ ε

∥
∥∥∥

∂v
∂x

∥
∥∥∥



+C
∫ t



∥
∥∥∥

∂v
∂x

∥
∥∥∥



dτ . ()

Inserting ()-() into (), using () and () and integrating over ], t[ we get

∥
∥v(t)

∥
∥ + ( – ε)

∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ

≤ C
∫ t



[(
 +

∥∥∥
∥
∂v
∂x

(τ )
∥∥∥
∥

)

×
(∥∥u(τ )

∥∥ +
∥∥v(τ )

∥∥ +
∫ τ



∥
∥∥
∥

∂v
∂x

(s)
∥
∥∥
∥



ds
)
+

∥∥θ (τ )
∥∥

]
dτ . ()

Taking into account () and taking ε >  small enough, from () we immediately get

∥
∥v(t)

∥
∥ +

∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ

≤ C
∫ t



[(
 +

∥∥
∥∥
∂v
∂x

(τ )
∥∥
∥∥

)(∥
∥v(τ )

∥
∥ +

∫ τ



∥∥
∥∥

∂v
∂x

(s)
∥∥
∥∥



ds
)
+

∥
∥θ (τ )

∥
∥

]
dτ . ()
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Applying Gronwall’s inequality and property () for the function v, from () we get

∥
∥v(t)

∥
∥ +

∫ t



∥∥
∥∥

∂v
∂x

(τ )
∥∥
∥∥



dτ ≤ C
∫ t



∥
∥θ (τ )

∥
∥ dτ . ()

�

Lemma . We have

∥
∥ω(t)

∥
∥ +

∫ t



∥∥
∥∥
∂ω

∂x
(τ )

∥∥
∥∥



dτ ≤ C
∫ t



∥
∥θ (τ )

∥
∥ dτ ()

for each t ∈ ],T[.

Proof As the functions ω, ω, and ω have the same properties and belong to the same
spaces as the functions v, v, and vweuse the same approach as in Lemma..Multiplying
() by ω and integrating over ], [ we get

jI

d
dt

∥
∥ω(t)

∥
∥ + γ

∫ 



r
u

(
∂ω

∂x

)

dx

= –γ

∫ 



r
u

∂r
∂x

ω
∂ω

∂x
dx – γ

∫ 



r
u

(
∂r
∂x

)

ω dx

– γ

∫ 




u

∂r
∂x

(r + r)ω
∂

∂x
(
rω

)
dx

– γ

∫ 




u

r
∂

∂x
(r + r)ω

∂

∂x
(
rω

)
dx – γ

∫ 




u

r(r + r)
∂ω

∂x
∂

∂x
(
rω

)
dx

+ γ

∫ 



u
uu

∂

∂x
(
rω

) ∂

∂x
(
rω

)
dx – γ

∫ 




u

∂

∂x
(
rω

) ∂r
∂x

(r + r)ωdx

– γ

∫ 




u

∂

∂x
(
rω

)
r

∂

∂x
(r + r)ωdx – γ

∫ 




u

∂

∂x
(
rω

)
r(r + r)

∂ω

∂x
dx

– δ

∫ 


uω dx – δ

∫ 


ωuωdx. ()

Now we use (), (), (), (), (), (), (), (), as well as the inequalities

∣
∣∣
∣

∂

∂x
(
rω

)
∣
∣∣
∣ ≤ C

(
 +

∣
∣∣
∣
∂ω

∂x

∣
∣∣
∣

)
≤ C

(
 +

∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)
, ()

∣∣
∣∣

∂

∂x
(
rω

)
∣∣
∣∣ ≤ C

(
|ω| +

∣∣
∣∣
∂ω

∂x

∣∣
∣∣

)
. ()

We again apply Young’s inequality with a parameter ε >  to the right-hand side of ()
and obtain the following estimates:

∣
∣∣
∣γ

∫ 



r
u

(
∂r
∂x

)

ω dx
∣
∣∣
∣ ≤ C‖ω‖, ()

∣
∣∣∣γ

∫ 



r
u

∂r
∂x

ω
∂ω

∂x
dx

∣
∣∣∣ ≤ ε

∥
∥∥∥
∂ω

∂x

∥
∥∥∥



+C‖ω‖, ()

∣∣
∣∣γ

∫ 




u

∂r
∂x

(r + r)ω
∂

∂x
(
rω

)
dx

∣∣
∣∣
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≤ C
(∫ 



∣
∣∣
∣
∂r
∂x

∣
∣∣
∣|ω|dx +

∫ 



∣
∣∣
∣
∂r
∂x

∣
∣∣
∣

∣
∣∣
∣
∂ω

∂x

∣
∣∣
∣dx

)

≤ C
(∥∥

∥∥
∂r
∂x

∥∥
∥∥



+ ‖ω‖
)
+ ε

∥∥
∥∥
∂ω

∂x

∥∥
∥∥



≤ ε

∥∥
∥∥
∂ω

∂x

∥∥
∥∥



+C
(∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ + ‖ω‖
)
, ()

∣
∣∣
∣γ

∫ 




u

r
∂

∂x
(r + r)ω

∂

∂x
(
rω

)
dx

∣
∣∣
∣

≤ C
∫ 


|r|

(
|ω| +

∣
∣∣
∣
∂ω

∂x

∣
∣∣
∣

)
dx ≤ C

(‖r‖ + ‖ω‖) + ε

∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥



≤ ε

∥
∥∥∥
∂ω

∂x

∥
∥∥∥



+C
(∫ t



∥
∥∥∥

∂v
∂x

∥
∥∥∥



dτ + ‖ω‖
)
, ()

∣∣
∣∣γ

∫ 




u

r(r + r)
∂ω

∂x
∂

∂x
(
rω

)
dx

∣∣
∣∣

≤ C
∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

∫ 


|r|

(
|ω| +

∣
∣∣
∣
∂ω

∂x

∣
∣∣
∣

)
dx

≤ ε

∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥



+C
((

 +
∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ + ‖ω‖
)
, ()

∣∣
∣∣γ

∫ 



u
uu

∂

∂x
(
rω

) ∂

∂x
(
rω

)
dx

∣∣
∣∣

≤ C
(
 +

∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)∫ 


|u|

(
|ω| +

∣
∣∣
∣
∂ω

∂x

∣
∣∣
∣

)
dx

≤ C
((

 +
∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)
‖u‖ + ‖ω‖

)
+ ε

∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥



, ()

∣∣
∣∣γ

∫ 




u

∂

∂x
(
rω

) ∂r
∂x

(r + r)ωdx
∣∣
∣∣

≤ C
(
 +

∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)∫ 


|ω|

∣
∣∣
∣
∂r
∂x

∣
∣∣
∣dx

≤ C
[(

 +
∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ + ‖ω‖
]
, ()

∣∣
∣∣γ

∫ 




u

∂

∂x
(
rω

)
r

∂

∂x
(r + r)ωdx

∣∣
∣∣

≤ C
(
 +

∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)∫ 


|r||ω|dx

≤ C
[(

 +
∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ + ‖ω‖
]
, ()

∣
∣∣
∣γ

∫ 




u

∂

∂x
(
rω

)
r(r + r)

∂ω

∂x
dx

∣
∣∣
∣

≤ C
(
 +

∥∥
∥∥
∂ω

∂x

∥∥
∥∥

)∫ 


|r|

∣∣
∣∣
∂ω

∂x

∣∣
∣∣dx

≤ ε

∥∥
∥∥
∂ω

∂x

∥∥
∥∥



+C
(
 +

∥∥
∥∥
∂ω

∂x

∥∥
∥∥

)∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ , ()
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∣
∣∣
∣δ

∫ 


uω dx

∣
∣∣
∣ ≤ C‖ω‖, ()

∣∣
∣∣δ

∫ 


ωuωdx

∣∣
∣∣ ≤ C

(‖u‖ + ‖ω‖). ()

Using the estimates () for the function u, the estimate () for the function r and the
property () for the function u– , after inserting ()-() into () and integrating over
], t[ we get

∥∥ω(t)
∥∥ + ( – ε)

∫ t



∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥



dτ

≤ C
∫ t



[∥∥ω(τ )
∥∥ +

∫ τ



∥
∥∥∥
∂ω

∂x
(s)

∥
∥∥∥



ds +
(
 +

∥
∥∥∥
∂ω

∂x
(τ )

∥
∥∥∥

)∫ τ



∥
∥∥∥

∂v
∂x

(s)
∥
∥∥∥



ds
]
dτ . ()

We take ε small enough. Applying Gronwall’s inequality to () we get

∥
∥ω(t)

∥
∥ +

∫ t



∥∥
∥∥
∂ω

∂x

∥∥
∥∥



dτ ≤ C
∫ t



(
 +

∥∥
∥∥
∂ω

∂x
(τ )

∥∥
∥∥

)∫ τ



∥∥
∥∥

∂v
∂x

(s)
∥∥
∥∥



dsdτ

≤ C
∫ t



∥∥
∥∥

∂v
∂x

(s)
∥∥
∥∥



ds
∫ t



(
 +

∥∥
∥∥
∂ω

∂x
(τ )

∥∥
∥∥

)
dτ . ()

Now, using the inclusion () for the function ω, from () we conclude that

∥∥ω(t)
∥∥ +

∫ t



∥
∥∥
∥
∂ω

∂x
(τ )

∥
∥∥
∥



dτ ≤ C
∫ t



∥
∥∥
∥

∂v
∂x

(τ )
∥
∥∥
∥



dτ ()

for each t ∈ ],T[. Applying the inequality () to () we immediately get (). �

Lemma . We have

∥∥θ (t)
∥∥ +

∫ t



∥
∥∥
∥
∂θ

∂x
(τ )

∥
∥∥
∥



dτ ≤ C
∫ t



∥∥θ (τ )
∥∥ dτ ()

for each t ∈ ],T[.

Proof Multiplying () by θ , using () and (), after integrating by parts over ], [ we
get

cv


d
dt

∥∥θ (t)
∥∥ + ν

∫ 



r
u

(
∂θ

∂x

)

dx

= –ν

∫ 



r(r + r)(r + r)
u

∂θ

∂x
∂θ

∂x
dx + ν

∫ 



u
uu

r
∂θ

∂x
∂θ

∂x
dx

– α

∫ 



u
uu

[
∂

∂x
(
r v

)]

θ dx

+ α

∫ 




u

[
∂

∂x
(
r v

)
+

∂

∂x
(
rv

)
]

∂

∂x
(
r(r + r)v

)
θ dx

+ α

∫ 




u

[
∂

∂x
(
r v

)
+

∂

∂x
(
rv

)] ∂

∂x
(
rv

)
θ dx
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– β

∫ 




u

∂

∂x
(
r v

)
θ dx + β

∫ 




u

∂

∂x
(
r v

) θ

u
uθ dx

– β

∫ 



θ

u
∂

∂x
(
r(r + r)v

)
θ dx – β

∫ 



θ

u
∂

∂x
(
rv

)
θ dx

+ d
∫ 



(
rv + r(v + v)v

)∂θ

∂x
dx – γ

∫ 



u
uu

[
∂

∂x
(
rω

)
]

θ dx

+ γ

∫ 




u

[
∂

∂x
(
rω

)
+

∂

∂x
(
rω

)] ∂

∂x
(
r(r + r)ω

)
θ dx

+ γ

∫ 




u

[
∂

∂x
(
rω

)
+

∂

∂x
(
rω

)
]

∂

∂x
(
rω

)
θ dx + h

∫ 


rω


∂θ

∂x
dx

+ h
∫ 


rω(ω +ω)

∂θ

∂x
dx + δ

∫ 


(ω +ω)uωθ dx + δ

∫ 


ω
uθ dx. ()

To get the estimates of the integrals on the right-hand side in () we use again the prop-
erties (), (), (), (), (), (), (), () for the functions r v, rv, rω, and rω,
as well as the property () for the functions v and ω. We also use the inequality

∣
∣∣∣
∂θ

∂x

∣
∣∣∣ ≤ C

∥
∥∥∥
∂θ

∂x

∥
∥∥∥ ()

and the result of Lemma .. As we use the same procedure as in previous proofs, we omit
the details and write the final form of the estimates only.We get the following inequalities:

∣∣∣
∣ν

∫ 



r(r + r)(r + r)
u

∂θ

∂x
∂θ

∂x
dx

∣∣∣
∣ ≤ ε

∥∥∥
∥
∂θ

∂x

∥∥∥
∥



+C
∥∥∥
∥
∂θ

∂x

∥∥∥
∥

 ∫ t



∥∥∥
∥

∂v
∂x

∥∥∥
∥



dτ , ()

∣
∣∣
∣ν

∫ 



u
uu

r
∂θ

∂x
∂θ

∂x
dx

∣
∣∣
∣ ≤ ε

∥
∥∥
∥
∂θ

∂x

∥
∥∥
∥



+C
∥
∥∥
∥
∂θ

∂x

∥
∥∥
∥



‖u‖

≤ ε

∥
∥∥
∥
∂θ

∂x

∥
∥∥
∥



+C
∥
∥∥
∥
∂θ

∂x

∥
∥∥
∥

 ∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ , ()

∣
∣∣∣α

∫ 



u
uu

[
∂

∂x
(
r v

)
]

θ dx
∣
∣∣∣ ≤ C

(
 +

∥
∥∥∥
∂v
∂x

∥
∥∥∥

)(‖u‖ + ‖θ‖)

≤ C
(
 +

∥∥
∥∥
∂v
∂x

∥∥
∥∥

)(∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ + ‖θ‖
)
, ()

∣∣∣
∣α

∫ 




u

[
∂

∂x
(
r v

)
+

∂

∂x
(
rv

)] ∂

∂x
(
r(r + r)v

)
θ dx

∣∣∣
∣

≤ C
(
 +

∥
∥∥
∥
∂v
∂x

∥
∥∥
∥



+
∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)(∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ + ‖θ‖
)
, ()

∣∣
∣∣α

∫ 




u

[
∂

∂x
(
r v

)
+

∂

∂x
(
rv

)] ∂

∂x
(
rv

)
θ dx

∣∣
∣∣

≤ C
(
 +

∥∥
∥∥
∂v
∂x

∥∥
∥∥



+
∥∥
∥∥
∂v
∂x

∥∥
∥∥

)
‖θ‖ +C

(
‖v‖ +

∥∥
∥∥

∂v
∂x

∥∥
∥∥

)

≤ C
(
 +

∥∥
∥∥
∂v
∂x

∥∥
∥∥



+
∥∥
∥∥
∂v
∂x

∥∥
∥∥

)
‖θ‖ +C

∥∥
∥∥

∂v
∂x

∥∥
∥∥



, ()
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∣
∣∣
∣β

∫ 




u

∂

∂x
(
r v

)
θ dx

∣
∣∣
∣ ≤ C

(
 +

∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)
‖θ‖, ()

∣∣
∣∣β

∫ 




u

∂

∂x
(
r v

) θ

u
uθ dx

∣∣
∣∣ ≤ C

[(
 +

∥∥
∥∥
∂v
∂x

∥∥
∥∥

)
‖θ‖ +

∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ

]
, ()

∣
∣∣
∣β

∫ 



θ

u
∂

∂x
(
r(r + r)v

)
θ dx

∣
∣∣
∣ ≤ C

[(
 +

∥
∥∥
∥
∂v
∂x

∥
∥∥
∥

)
‖θ‖ +

∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ

]
, ()

∣∣
∣∣β

∫ 



θ

u
∂

∂x
(
rv

)
θ dx

∣∣
∣∣ ≤ C

(
‖θ‖ + ‖v‖ +

∥∥
∥∥

∂v
∂x

∥∥
∥∥

)
≤ C

(
‖θ‖ +

∥∥
∥∥

∂v
∂x

∥∥
∥∥

)
, ()

∣
∣∣
∣d

∫ 



(
rv + r(v + v)v

)∂θ

∂x
dx

∣
∣∣
∣ ≤ ε

∥
∥∥
∥
∂θ

∂x

∥
∥∥
∥



+C
(

‖v‖ +
∫ t



∥
∥∥
∥

∂v
∂x

∥
∥∥
∥



dτ

)

≤ ε

∥∥
∥∥
∂θ

∂x

∥∥
∥∥



+C
(∥∥

∥∥
∂v
∂x

∥∥
∥∥



+
∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ

)
, ()

∣
∣∣
∣γ

∫ 



u
uu

[
∂

∂x
(
rω

)
]

θ dx
∣
∣∣
∣ ≤ C

(
 +

∥
∥∥
∥
∂ω

∂x

∥
∥∥
∥

)(‖u‖ + ‖θ‖)

≤ C
(
 +

∥∥
∥∥
∂ω

∂x

∥∥
∥∥

)(∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ + ‖θ‖
)
, ()

∣
∣∣
∣γ

∫ 




u

[
∂

∂x
(
rω

)
+

∂

∂x
(
rω

)
]

∂

∂x
(
r(r + r)ω

)
θ dx

∣
∣∣
∣

≤ C
(
 +

∥∥
∥∥
∂ω

∂x

∥∥
∥∥



+
∥∥
∥∥
∂ω

∂x

∥∥
∥∥

)(∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ + ‖θ‖
)
, ()

∣∣∣
∣γ

[
∂

∂x
(
rω

)
+

∂

∂x
(
rω

)] ∂

∂x
(
rω

)
θ dx

∣∣∣
∣

≤ C
(
 +

∥
∥∥∥
∂ω

∂x

∥
∥∥∥



+
∥
∥∥∥
∂ω

∂x

∥
∥∥∥

)
‖θ‖ +C

(∥
∥∥∥
∂ω

∂x

∥
∥∥∥



+ ‖ω‖
)

≤ C
(
 +

∥∥∥
∥
∂ω

∂x

∥∥∥
∥



+
∥∥∥
∥
∂ω

∂x

∥∥∥
∥

)
‖θ‖ +C

∥∥∥
∥
∂ω

∂x

∥∥∥
∥



, ()

∣
∣∣∣h

∫ 


rω


∂θ

∂x
dx

∣
∣∣∣ ≤ ε

∥
∥∥∥
∂θ

∂x

∥
∥∥∥



+C
∫ t



∥
∥∥∥

∂v
∂x

∥
∥∥∥



dτ , ()

∣∣∣
∣h

∫ 


rω(ω +ω)

∂θ

∂x
dx

∣∣∣
∣ ≤ ε

∥∥∥
∥
∂θ

∂x

∥∥∥
∥



+C‖ω‖ ≤ ε

∥∥∥
∥
∂θ

∂x

∥∥∥
∥



+C
∥∥∥
∥
∂ω

∂x

∥∥∥
∥



, ()

∣
∣∣∣δ

∫ 


(ω +ω)uωθ dx

∣
∣∣∣ ≤ C

(‖ω‖ + ‖θ‖) ≤ C
(∥

∥∥∥
∂ω

∂x

∥
∥∥∥



+ ‖θ‖
)
, ()

∣∣
∣∣δ

∫ 


ω
uθ dx

∣∣
∣∣ ≤ C

(‖u‖ + ‖θ‖) ≤ C
(∫ t



∥∥
∥∥

∂v
∂x

∥∥
∥∥



dτ + ‖θ‖
)
. ()

Now we will again apply () as well as (). By inserting ()-() into () and inte-
grating over ], t[ we get

‖θ‖ + ( – ε)
∫ t



∥∥
∥∥
∂θ

∂x
(τ )

∥∥
∥∥



dτ

≤ C
∫ t


A(τ )

(∫ τ



∥
∥∥
∥

∂v
∂x

(s)
∥
∥∥
∥



+
∥∥θ (s)

∥∥
)
dτ

+C
(∫ t



∥∥
∥∥
∂ω

∂x
(τ )

∥∥
∥∥



dτ +
∫ t



∥∥
∥∥

∂v
∂x

(τ )
∥∥
∥∥



dτ

)
, ()
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where

A(τ ) =  +
∥
∥∥∥
∂θ

∂x
(τ )

∥
∥∥∥



+
∥
∥∥∥
∂v
∂x

(τ )
∥
∥∥∥



+
∥
∥∥∥
∂v
∂x

(τ )
∥
∥∥∥



+
∥∥
∥∥
∂ω

∂x
(τ )

∥∥
∥∥



+
∥∥
∥∥
∂ω

∂x
(τ )

∥∥
∥∥



. ()

If we choose ε small enough, using the properties (), (), and () we get

‖θ‖ +
∫ t



∥∥
∥∥
∂θ

∂x
(τ )

∥∥
∥∥



dτ

≤ C
∫ t


A(τ )

(∥
∥θ (τ )

∥
∥ +

∫ τ



∥∥
∥∥
∂θ

∂x
(s)

∥∥
∥∥

)
dτ +C

∫ t



∥
∥θ (τ )

∥
∥ dτ . ()

Applying Gronwall’s inequality to () we finally get

∥∥θ (t)
∥∥ +

∫ t



∥
∥∥
∥
∂θ

∂x
(τ )

∥
∥∥
∥



dτ ≤ C
∫ t



∥∥θ (τ )
∥∥ dτ . ()

�

Now we can easily conclude that Theorem . is valid. If we apply Gronwall’s inequality
again to () we immediately get

θ = . ()

Inserting () into (), and () we can conclude that

v = , ω = . ()

Finally, from () we get

u =  ()

and Theorem . is proved.
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