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Abstract

This paper concerns an inverse problem for an integro-differential equation related to
the Basset problem. The inverse problem aims to determine a weakly singular term
from the time trace at a fixed point xy € £2. We use the maximum principle for an
integro-differential operator to derive the uniqueness of the inverse problem.
Additionally, we prove the existence and unigueness of the direct Basset problem
with a general kernel function.
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1 Introduction

Let @ C RY (N = 1,2,3) be a bounded domain with smooth boundary 32 := I". We fur-
ther set Qo7 := Q2 x (0,T), Xor =T x (0,T). Then we consider the following integro-
differential equation [1-3]:

t
Lot [u](x, £) := u(x, £) — Alu](x, £) + / k(t —s)ug(x,s)ds =f(x,t), (%) € Qor (L1)
0
with the initial and boundary conditions:

u(x,0) = up(x), x€9Q,
u(x,t) =g, t), (xt) € Xor-

Here the operator A is uniformly elliptic on €, defined by
9 d
A[M] (x7 t) =7 (a(x) _u(xr t)) ’ (xr t) € QO,T)
0x 0x

with a(x) € C}(Q) satisfying a(x) > ao > 0 for x € Q, the function k with some power sin-
gularity is unknown and has to be determined by the following measurement data at a

fixed point xy € Q:
u(xo,t) = h(t), tel[0,T]. (1.3)
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For the direct problem (1.1) and (1.2), Ashyralyev [1] proved the well-posedness for the
following form of k:

1

_ 12
'i-ow)

k(z)
In this case, (1.1) can be written as a fractional parabolic equation
1
u(x, ) — Au(x, t) + 07 u(x, t) =f(x, t). (1.4)

For details on the fractional derivative, we refer the readers to [4] or [5]. The system (1.1)
and (1.2) is called the Basset problem, which describes a classical problem in fluid dynam-
ics with the unsteady motion of a particle accelerates in a viscous fluid due to the force of
gravity [6]. For the recent results on the Basset problem, we refer the readers to [7-12]. In
Appendix A, we will prove the existence and uniqueness of the direct problem (1.1) and
(1.2) for general k, which extends the results in [1] and [2]. (References [1] and [2] were
concerned the direct Basset problem with the fractional order 1/2, i.e. the problem (1.4)
and (1.2).) For the other models related to the integro-differential equation, we refer the
readers to [13-15].

As for the inverse kernel problems related to the integro-differential equation, in [16—
19] efficient strategies to prove the existence and uniqueness of inverse memory kernel
problems were given. In particular, Colombo and Guidetti [16] showed that a semilinear
integro-differential parabolic inverse problem had a unique solution global in time under
suitable growth conditions for the nonlinearity involved in the evolution equation. Lorenzi
and Rocca [18] studied an inverse two memory kernels problem in a hyperbolic phase-field
model. But the additional measurements used in these papers are imposed on the whole
or the part of 2, which can be expressed in the following integral form:

/ ox)ulx,t)de =g(t), tel0,T],
Q

with a known function ¢. Comparing with these papers, our study only needs the mea-
surements at a fixed point xy. Another difference is that the kernel function discussed in
our current paper has power singularity t™. Finally, our method in discussing the unique-
ness of our inverse problem is different from those inverse memory kernel problems, in
which the methods on the basis of the analytic semigroup theory were used. It is worth
noting that in [20] the Fourier method was applied to prove the existence and uniqueness
of determining a weakly singular kernel in a linear heat conduction model.

For some y € (0,1), we use the notation C, [0, T] to denote the following Banach space:
C,[0,T]:={k | "k € C[0, T]}, endowed with the norm |kl|c, (0,77 = lIt"kllc[o,77- Further-

more, we introduce
K ={keCY0,T]|k(t)>0,K(t)<0,t€(0,T],k € C,[0, T1}. (1.5)
We assume that uy € C*(Q), f € CH(Qy,7) and g; € C*1(Qy, ;) satisfy
Aluol(x) +f(x,0)=0, xeQ,

filx,t) >0, (x, ) € Qo) (1.6)
gt(xr t) >0, (x, t) € EO,T'
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Now we state our main result in this paper.

Theorem 1.1 Let k € K and (1.6) be held. Then the solution (u, k) of the inverse problem
(1.1)-(1.3) is unique.

Remark 1.1 Since k is continuous with power singularity t, we will discuss the unique-
ness of k in the sense of t” ki (t) = t" ky(¢) for all £ € [0, T'], when u(xy, £; k1) = u(xo, t; k2).

2 Proof of Theorem 1.1

In this section, the notations Q, 7, X; r and L. 1 are similar to Qg,7, X¢,7 and Ly 7 in Sec-
tion 1, namely, Q, 7 := Q x (7, T), ;7 =T x (r,T) and L, 7[u] := u,(x,t) — Alu](x,£) +
fot k(t — s)us(x,s) ds in Q;,7. In order to prove Theorem 1.1, we first give the following lem-

mas.

Lemma 2.1 Let k € K and u € C*'(Qy 7). If there exist x; € Q and t; € (0, T] such that u
attains the minimum value at (x1,t) on GO,T, then we have

f l k(t; — s)u,(x1,5)ds <0, 1 €][0,8). (2.1)

Proof Here we borrow the ideas used in dealing with the extremum principle of the Ca-
puto derivative in [21]. Integration by parts yields

ftl k(t1 — $)uy(x1,5) ds
= / kit —s) d[u(x1,5) — ulx, 1) ]

= k(ty - [t ) — e, )] 121 / (ks = 5)).[r1,9) — e )] ds

= lim k(t, =) [(x1,8) — uer, 11) | — k(1 — ) [, T) — (g, 11)]
+ / 1 K (t; —s) [u(xl,s) —u(x, tl)] ds. (2.2)

Since k € K and u; € C(@,,T), we have
lim k(t; — s) [u(xl,s) — u(x1, tl)]
s—>1

M(xlr S) - M(xlﬁ tl)

t -5 =0.
— 0 -s)

=— lintl (t1 =8) k(t1 - )
s—t

Together with k(£) > 0, k'(t) < 0 for ¢ € (0, T] and u(xy, £;) is the minimum value of u# on
Q. 7, we obtain (2.1) from (2.2). This completes the proof of Lemma 2.1. O

Lemma2.2 Lett € [0, T) and u € C*(Q, ;) satisfy L. [ul(x,t) > 0 in Q. . Then we have

minu(x, t) = min u(x, ), (2.3)
ar,T apQr,T

where 0,Q;,1 := Q@x{t=t)UD. 1.
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Proof We first prove (2.3) when L, [u] > 0 in Q7. Assume that (2.3) does not hold.
Then there exist x, € Q and t, € (tr, T] such that u(x;,t,) = min(x,t)e(—zﬂ u(x, t). There-
fore u;(x2,%) < 0 and A[u](xy, £) > 0. Additionally, by Lemma 2.1 we have f:z k(ty —
S)ue(x,8)ds < 0. Thus L, ;[u](xy, ;) < 0, which contradicts with L ;[u](x,£) > 0 in Q; 1.

Next we consider the general case of L. ;[u] > 0 in Q;,7. Let v = u—¢ce™ with some ¢ > 0.
Then we have

t
Log[v]=Los[u]l +ee +¢ / k(t —s)e*ds> 0. (2.4)

According to the proved conclusion, it follows that

min u#(x, £) > minv(x, £) = min v(x,t) > min u(x,t) — e ". (2.5)
ET,T GT,T 8I’QT,T 8pQ'{,T
Letting ¢ — 0, we get the desired conclusion and the proof is complete. O

By using Lemma 2.2, we can prove the following lemma.
Lemma 2.3 Let (1.6) be held and u be the solution of the problem (1.1)-(1.2). Then we have
u(x,£) >0, (x,t) € Qor- (2.6)
Proof By the equation of u and (1.6), we have
ur(x,0) = Aluol(x) +f(x,0) =0, x€Q. (2.7)
Letting v = u, and differentiating the equation in (1.1) with respect to ¢, we find that

LO,L‘ [V] (x’ t) :ﬁ(x’ t)’ (x’ t) € QO,Tr
v(x,0) =0, x € Q, (2.8)
V(x) t) = gt(xx t)x (x: t) € 2:O,Ty

where we have used
(/ k(t — s)u(x, s) ds) =k(t)u:(x,0) + / k(s)us(x, t —s)ds. (2.9)
0 t 0

According to Theorem A.1 in Appendix A, we have v € C*!(Q, 7) under f; € C(Qo,;) and
g € C*(Qo,7). Inaddition, by (1.6) we have Lo, [v](x, £) > 0 in Qo,r and miny,q, . v(x,) > 0.
Then applying Lemma 2.2, we obtain

vix,t) >0, (x,0t) € 60,T~
Now we are ready to prove (2.6). If (2.6) does not hold, then v attains the minimum value

0 on GO,T at (x3,t3) € Qo,7, and we have v,(x3,#3) < 0 and Av(xs,t3) > 0. Additionally, by
Lemma 2.1 we obtain fots k(t3 — s)vi(x3,5) ds < 0. Therefore,

13
0 > velxs, £3) — Av(xs, £3) + / k(ts — s)velxs, s) ds = fi (s, t3). (2.10)
0

This contradicts with f;(x,£) > 0 in Qo 7. The proof of Lemma 2.3 is complete. d
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Now we prove Theorem 1.1.

Proof of Theorem 1.1 Let (u1, k1) and (u3, ky) be two solutions of the inverse problem (1.1)-
(1.3). This implies that # := u; — u; and k= ki — ky satisfy

Lof[i](x,8) = — [y k(t = s)(u2)e(x,5)ds,  (x,8) € Qo1

u(x,0) = 0, x €, (2.11)
I:\l(‘xl t) = 0! (xr t) S EO,T:
and
u(xo, ) =0, tel[0,T]. (2.12)

Here we have used k; as the kernel function in L, and this has no impact on the following
proof. In order to prove the uniqueness of the inverse problem (1.1)-(1.3), it is sufficient to
show that

k=0, tel0,T]. (2.13)

Indeed, if (2.13) holds, then we have /A<(t) =0forte (0,77, ie fot IA<(t — 8)(uz)¢(x,s)ds = 0.
Therefore, by Theorem 1.1, we obtain &(x, ) = 0 for (x,¢t) € 60,T~
We now prove (2.13) by contradiction. We assume that (2.13) does not hold and then set

to = inf{¢ € [0, T] | " k(t) #0}. (2.14)

Since t" ki, t" ky € C[0, T], there exists sufficiently small § > 0 such that "k (£) # t" ko (t)
for ¢t € [ty, o + 8]. Without loss of generality, we can assume that " ky(£) < t" ky(t) for ¢ €
[£0, o + 8]. Next we prove

W, t) =0, (x,) € Qqyy- (2.15)

Obviously, the conclusion is correct for £, = 0. When £, > 0, we consider the direct prob-
lem (1.1) and (1.2) in Qy,. By fot IA<(L‘ — 8)(uz)¢(x,8)ds = 0 in [0,%] and Theorem A.1 we
obtain ||lft||C2,1(60'[0) = 0. Therefore, #t(x, t) = 0 for (x,£) € 60,%.

Now on the basis of (2.11), (2.14), and (2.15), we have

Ly ), £) = = [ k(t = 5)(@2)u(x,5)ds, (%) € Qs
u(x,ty) =0, x €L, (2.16)

il(x, t) = O, (x, t) € Eto,t()JrB'

By Lemma 2.3, we have (u3):(x,t) > 0 for (x,£) € Qq,y+s. Therefore, Ly, [](x,£) > 0 in
Qty,t0+5- Applying Lemma 2.2, we have #(x,£) > 0 in éto,toﬂg. Furthermore, we can obtain

w(x,t) >0, (1) € Qryro+s- (2.17)

Otherwise, there exists (¥4,24) € Qs 1+s such that fi(xs,£4) is the minimum value of #
on éto_toﬂg, Then we have #(x4,24); = 0 and Au(xa, t4) > 0. Additionally, Lemma 2.1 gives
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f;)‘* ki(ts — 8)ii,(x,5) ds < 0 and we find that

2}
0 > i6(x4, ta)s — Aruxa, ts) + / ki (ta — 8)ity(x4,8) ds = Ly [8] (%4, ta),
to

which contradicts with L, ¢ [#](x, £) > 0 in Qy, 4,+s. Thus (2.17) follows. However, by (2.12),
t(xo,t) = 0 for xg € Q2 and ¢ € (¢, fo + J). This is a contradiction. Thus the proof of Theo-
rem 1.1 is complete. d

3 Conclusion

In this paper we study an inverse weakly singular memory kernel problem for an integro-
differential equation related to the Basset problem. In order to determine the weakly sin-
gular term, we only use the measurement data at a fixed point xy € 2, rather than the
usual measurement data on the whole or part of 2 in previous studies of inverse kernel
problems. The uniqueness of our inverse problem is shown by using a maximum princi-
ple related to an integro-differential operator. In addition, the existence and uniqueness of
the direct Basset problem with general kernel function are also given, which extends the
results in [1] and [2].

Appendix A
Here, we study the existence and uniqueness of the following direct problem:

LO,t[u](xr t) :f(x’ t)’ (JC, t) € QO,T,
u(x, 0) = ugy(x), x € Q, (A1)
u(x,t) = glx, 1), (x,2) € o,

We can prove the following.

Theorem A.1 Let k € C,[0,T] with some y € (0,1), up € C*(Q), f e C(GO,T) and g €
C*>Y(Qo,1). Then the direct problem (A.1) has a unique solution u € C*(Q, 1) such that

llull 21 g,
< Cluollca + Wfllegyy) + 18llcaaigy ) Ery (Kl c, o TA = y)E' ), (A.2)

n

where Ey_, (2) is the Mittag-Leffler function defined by Ey_,(z) =Y oo, m

Remark A.1 When k = ﬁt‘“ with 0 < & < 1, the equation of u can be rewritten as

ut(x1 t) _A[M](xr t) + Bf‘u(x, t) :f(x’ t)’ (x: t) € QO,T' (AB)
This is a time fractional parabolic equation to describe the Basset problem [6].
Proof We will use a fixed point argument to prove this theorem. To do this, we set

V, = {V € C2'1(60,T) | v(x,0) = uo(x), x € Q,v(x, t) = gx,£), (x,t) € To,7,

Wl 21y <7}
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with some r > 0, which will be specified below. For given v € V,, we consider

ut(xr t) _A[M](xr t) = G[V](x1 t) +f(xr t)! (x1 t) S QO,T;
u(x,0) = ug(x), x €, (A.4)
u(x, t) = g(x! t)! (x! t) S EO,T:

with G[v](x, ) = - fot k(t—s)v(x,s) ds. The standard result for linear parabolic equation [22]
shows that there exists a unique solution u € Cz’l(ao'T) of the problem (A.4) such that

Il iy < Cllmollce@ + |G +£ | g, + 1€l i)y O<t<T. (A.5)
Therefore, the following mapping:

D:V,— Cz'l(CO,T), Vi u (A.6)
is well defined.

We want to choose T small enough to prove ® is a contraction on V,, which implies that
® has a unique fixed point « in V. By k € C, [0, T, we have

t
Ietle, = J, Ke-IMvicug, &
t
< Clilg om [ (E=5)7 IWlcasy, . (A7)
O ,

Substituting (A.7) into (A.5) yields

lull 21y, < Cllluoll + 1 llcy 1) + 18121y 1) + %llkllcy[o,ﬂﬂ (A.8)
We fix

2r = C(lluoll 2 + W le@o ) * ||g||c2,1(60,T))~ (A.9)
Then we can choose T; to satisfy

el c2nigyy =7 (A.10)

for all T € [0, T1], and from which it follows that ®(V;,) C V,. On the other hand, given
v,V € V., U := ®(1;) — ®(1,) satisfies

Uy(x, 1) — A[U](x, t) = Gni](x,£) = G[v2l(x,8),  (x,2) € Qo1
U(x,0) =0, x €, (A.11)
U(x,t) =0, (x,t) € Zo, 7.

Therefore, applying (A.5) we have

1-y

Ct
Ul c21g, ) < C(||GIn] - Glvel ||C(50’t)) <

1=, Ikl o.r1lvi = vallc2ng,,y — (A12)
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for all ¢ € [0, T]. Then there exists sufficiently small 7, such that

” @ (1) - (v2) ”Cz,l(ao ) <12|n - V2||c2,1(60’T) (A.13)

forall T € [0, T5]. By (A.10) and (A.13), we find that & : V,, — V, is a contraction mapping
for T < min{ T}, T»}. Thus there exists a local unique solution # € C*1(Q,7) of the problem
(A.1) for sufficiently small T

In order to obtain the global existence, it is sufficient to prove that the solution u of the
problem (A.1) satisfies

llatll 21y, ) < 00 (A.14)

for any T Indeed, if (A.14) holds, then we can extend the local solution repeatedly to the
whole interval [0, T'] by the above fixed point arguments. By the estimate of Schauder type
for parabolic equation [23], we find that for any ¢ € [0, T],

el 21 gy, < Cluoll 2 + [Glul + [ o, ) + 181 c210)
= C(lluoll 2@ + Wfllcy, + gl c2ay,)

t
+ Clklg o [ (6=5) Iulcaig, &
0

which implies (A.2) by the weakly singular Gronwall inequalities [24]. Since E;_, (z) is
continuous on [0, 7], (A.14) holds for any T'. This completes the proof of Theorem A.1. [J
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