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Abstract

This paper is concerned with the study of damped wave equation of Kirchhoff type
Ugt — M(”VU(T)H%)AU + U = glu) in € x (0, 00), with initial and Dirichlet boundary
condition, where €2 is a bounded domain of R? having a smooth boundary 9€2.
Under the assumption that g is a function with exponential growth at infinity, we
prove global existence and the decay property as well as blow-up of solutions in finite
time under suitable conditions.
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1 Introduction
Let © be a bounded domain with smooth boundary 9€2, we are concerned with the initial-
boundary value problem

uy — M([Vu(t)3)Au +u, = g(u)  in  x (0,00),
u(0,x) = ugy(x), u(0,%) = up(x), x€%, (1.1)
u(t,x) =0 on 9 x (0,00),

where g is a source term with exponential growth at the infinity to be specified later, M(s)
is a positive C! class function in s > 0. It is said that (1.1) is non-degenerate if there exists
a constant mg > 0 such that M(s) > my for all s > 0. If there exists a point sy > 0 such that
M(sp) = 0, then it is said that (1.1) is degenerate. In the case M(s) = mq > 0, (1.1) is usually
a semilinear wave equation. In this paper, we only consider non-degenerate case.

It is known that Kirchhoft [1] first investigated the following nonlinear vibration of an
elastic string for § =f = 0:

2u  du Eh (L/ou\? 3%
h—— 46— = e ) del—— 4 f; 0<x<Lt>0,
PR % {p0+2L A (ax) x}3x2 +fi O=xsliz

where u = u(x, ) is the lateral displacement at the space coordinate x and the time ¢, p the
mass density, /1 the cross-section area, L the length, E the Young modulus, py the initial
axial tension, § the resistance modulus, and f the external force.
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Recently, Alves and Cavalcanti [2] studied the following problem with nonlinear damp-
ing term:

uy — Au+ h(u) =g(u) in Q x (0,00),
u(0,%) = uo(x), u(0,%) = (%), %€, (1.2)
u(t,x) =0 on 9 x (0,00),

where g is a source term with exponential growth at infinity to be specified later, /() is a
monotone continuous function with polynomial growth at infinity and with no restriction
on the growth rate near the origin. There are few works in the literature dealing with the
exponential source even for wave equation, the work [2] is a recent one in this direction. In
[3] Ma and Soriano studied an evolution equation with exponential term of the following

form:
Uy — diV(|Vu|"_2Vu) - Aup +g(u) =f(t,x) inQ x (0,00),

with initial and Dirichlet boundary condition, where € C R” is a bounded domain with

smooth boundary 9%, n > 2, g(u) grows like e”"" and satisfies the sign condition

g(u)u = 0. More recently, Han and Wang [4] studied the following problem:
Uy — Au—wlAuy + puy =g(u)  in Q x (0, 00), (1.3)

with initial and Dirichlet boundary condition, where 2 C R? is a bounded domain with
smooth boundary 9%, g(u) is just the term considered in [2]. In fact, when g(u) = ||’ %4,
the problem (1.3) was studied by Gazzola and Squassina in [5].

To the author’s knowledge, there are few works in the literature dealing with the expo-
nential source for Kirchhoff equations. When the source term g(u) is a nonlinear function
like +|u|*u for « > 0, the problem (1.1) has been discussed by many authors; see [6—10]
and the references cited therein.

Motivated by there papers, in this study, we concentrate on studying the problem (1.1)
with M(s) > mg > 0 for constant 7. In what follows, we would like to introduce some well-
known theory of elliptic problems. More precisely, defining the functional J(-) : H($2) —
R by

F(u) = ? /Q Vil dx — /Q G(w) dx, (1.4)

where G(u) = fou g(s)ds. The critical points of the functional J are the weak solutions of
the elliptic problem

-moAu=g(u) in<Q,
u(x)=0 onadQ.

Defining the functional I(-) : H}(2) — R by

I(w) = m0||Vu||§ - /Qg(u)u dx. 1.5)
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Related to the functional J, we have the well-known Nehari manifold:

N = {ulu € Hy()\{0} : I(u) = 0}.
If ¢ satisfies some suitable properties, it is possible to prove the functional J satisfies the
hypotheses of the mountain pass theorem due to Ambrosetti and Rabinowitz [11], and the

level

d= inf maxJ(Au)>0
ueHy(@)\(0) #=0

called mountain pass level is a critical level for J. By Theorem 4.2 in [12], the mountain
pass level d can be characterized as

d= uig; J(w). (1.6)

In order to study the problem (1.1), we define some additional functionals. Define

10 = (Vi) - [ G, 17)
L(u) = M(IVull3) | Vul; - / g(uudx, (1.8)
Q

where M(r) = for M(s)ds. Then we can define
W = {ulu eHé(Q) 1(u) > O} U {0}.

Now, as usual setting

E(t) = lHut(t)Hi + 7 (u(2)). (1.9)
2

The remainder of this paper is organized as follows. Section 2 is concerned with some
notation, statement of assumptions and the main results. Sections 3 and 4 are devoted to
the proofs of the main results.

2 Assumptions and main results
To state our results, we need the following assumptions.
(A1) Assume thatg:R — Risa C! function satisfying:
+ For each B > 0, there exists a positive constant Cg such that

e@)] = C,ge“%z, forall ¢ € R. (2.1)

g'(5)
+ Near the origin we have

hm@:

0. 2.2
fim =7 (2.2)

+ The function g(¢)/¢ is increasing in (0, 00).

Page 3 0of 18
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(A2) There exists a positive constant 6 > 2 such that
0<60G(¢)<g(¢)t, forall¢z e R\{0}. (2.3)
A typical example of functions satisfying (Al) is
g@)=c1P2cefkl”, forallz eR,

wherep > 2, C > 0, « € (1,2) arbitrarily chosen. From (2.2), for each ¢ > 0 fixed, there exists
§ > 0 such that

g(0)| <el¢l, forall €[-8,3].

Moreover, from (2.1), for each 8 > 0 and p > 1 fixed, there exists Cg > 0 such that
8(2)| <8771 Cylz P e, forall ¢ € (—o00,—8] U [8, +00).

Hence, for each 8,& > 0 and p > 1 fixed, there exists § and Cg ), > O satisfying

180)| <el¢|+ Cpeplc PP, forall¢ €R, (2.4)

G(o)| < gm2 + Cpapltl?e?, forallz R, 2.5)

where G(¢) = fot g(s)ds.

Remark 2.1 The assumptions (Al) and (A2) have been used in [2]. The condition (2.3) is
the well-known Ambrosetti-Rabinowitz condition, widely used in elliptic problem. Also
as remarked in [2, 12], the mountain pass level d can be characterized by (1.6) provided
(2.1), (2.2), and (2.3) hold.

Throughout this paper we will make use of the Moser-Trudinger inequality found in
(13, 14].

Lemma 2.1 Let Q be a bounded domain in R", n> 2. Forall u € W&"’(Q),
M e LY(Q), foralla >0,

and there exist positive constants C,, and o, such that

llull a,n
wy'(@

n
T
sup ‘/e“‘”'" dx <C,, foralla <ay,
)51 Q

where o, = na),lff(f*l) and w,_1 is the (n — 1)-dimensional surface of unit sphere, specially,

0{2247'[.

Now, we state our main results. First, we consider the problem (1.1) with M(s) = 1 + s?/2
for y > 1. We have the following global existence and decay result.
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Theorem 2.1 Assume that (A1) and (A2) hold, M(s) = 1 + s”'% for y > 1. Then there exists
an open set S in (W N H*(Q)) x Hy (), which contains (0,0), if (uo, u1) € S and the initial
energy E(0) < d, then u(t) € W on [0, 00). Furthermore, suppose that there exists a constant
no € (0,1) such that

7(u(t)) > 1o || Vu(t) ;, fort>0,

then the problem (1.1) has a unique solution u = u(t) satisfying

u € L®(RY; Hy(Q) NH*(Q)) N WH(R; Hy(R2)) N W (R*;L*(R)).
Furthermore, we have the following energy decay estimate:

E(t) < E(0)e™"" on [0,00),
where K is a positive constant.

Secondly, we consider the initial-boundary value problem (1.1) under the following gen-
eral assumption.
(A3) Assume that the sign condition g(s)s < 0 holds for all s € R. M(s) is a positive C*
function on [0, o0), and

M(s) = 1, |M'(s)| <5, fora>0.
Then we can state the global existence and energy decay to the related problem (1.1).

Theorem 2.2 Let (A1) and (A3) hold, then there exists an open set S in (H)(2) N H*(Q2)) x
H}(Q), which contains (0,0) such that if (ug, u1) € S, then the conclusions of Theorem 2.1
hold.

Our final result is concerned with the blow-up phenomenon. First of all we give the
following assumption.
(A4) There exists a positive constant § such that

sg(s) > (2 +49)G(s), forallseR
and
(28 + 1)M(s) — M(s)s > 0, foralls> 0.

Theorem 2.3 Under the assumptions (Al) and (A4), and that either one of the following
conditions is satisfied:

(i) E(0)<o0,

(ii) E(0)=0 and fQ uouy dx > 0,

2

(iii) 0 < E(0) < M and (4.10) holds, where T to be chosen later.
2(T1+D)lluolly

Then the solution u blows up at finite T*. And T* can be estimated by (4.19)-(4.23), respec-
tively, according to the sign of E(0).
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3 Global existence and energy decay
In this section, we will give the solvability in the class of H?(2) N H}(R2) and the energy
decay of the problem (1.1). From now on we denote c or ¢; various positive constants.

3.1 Proof of Theorem 2.1

In this section we take M(s) =1 + s for y >1, and up € W N H*(R) and u; € H}(R). We
employ the Galerkin method to construct a global solution. Let {1;}{°, be a sequence of
eigenvalues for —Aw = Aw in Q and w = 0 on Q. Let w; € H}(2) N H*(Q) be the cor-
responding eigenfunction to X; and take {w;}{%, as a completely orthonormal system in
L*(R2). We construct approximate solutions #,, in the form u,,(t) = > gim()w;, where
gim are determined by the following ordinary differential equations:

(1,0, W) + M1V (O 1) (Vus(t), Vi) + (ur, (£), i)
= (gum@®),w:), i=1,...,m,
U (0) = tom = iy (o, wi)w; — g as m — oo in Hy(2) N H*(Q),

U (0) =y, =Y 1 (u, w))w; — ug as m — oo in Hy(Q).

System (3.1) can easily be solved by Picard’s iteration method, hence it admits a local
solution on some interval [0, T},) with 0 < T,,, < co. Note that u,,(¢) is of C? class. We shall
see that u,,(f) can be extended to [0, c0), which needs some prior estimates for u,,(¢). But
this procedure allows us to employ the energy method for an assumed smooth solution
u(t) to the problem (1.1) (the results should be in fact applied to approximated solutions).

Now, it is easy to see the following energy identity:

E@+AHW@Mﬁ:Hm, (3.2)

as long as the approximated solutions exist. First we discuss the H! a priori estimate.

Lemma 3.1 (H! a priori bounds) Let u(t) be a solution with the initial data uy €
W N HX(Q), w1 € HY(Q), and the initial energy E(0) < d. And the assumptions (Al) and
(A2) hold. Then u(t) € W on [0,00). Furthermore, there exists a constant C = C(||u]l2,
IVitg|2) > O such that

t
w@l,+|vuol<c. [ Juwl;a=c
0

forallt> 0.

Proof Since J(u(t)) < J(u(t)), it follows from the energy identity (3.2) and the initial energy
E(0) < d that

L
%Hut”% +7(u(t)) + / ||ut(s) ||§ ds <E)<d, forallte]l0,T,), (3.3)
0

which implies J(u(t)) < d for all t € [0, T,,). As in [2] arguing by contradiction, we can
obtain u(t) € W on [0, T,,). From this fact and (3.3), we can conclude that

/ <%g(u)u - G(u)) dx < d,
Q
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which together with the Ambrosetti-Rabinowitz condition (2.3) implies

(3.4)

/ G(u(t)) dx < 2d
I 0
Combining (3.3) and (3.4) we obtain

20d

@) + | Vuto)| +2 /0 Jiae(s) > ds < E(0) + /Q G(u) = 22,

for all £ € [0, T},,). At the same time, these estimates imply that the (approximated) solu-
tion u(t) can be extended to the whole interval [0, 00). This concludes the proof of Lem-
ma 3.1. O

Moreover, since 1 € W, we have u(¢) € W for all ¢ > 0 from Lemma 3.1. If 7(x) > 0,
using (2.3), we have

1 - 1 1
E@) > =llucll +J () = = lluell3 + =11 Va3 —/ G(u) dx
2 2 2 o

=

1 1
lluaell3 + —||W||§——/g(u>udx
2 0 Jo

11
ll2ac 113 + (— - —) Va3, (3.5)

NI—= N

=

2 6

for all £ > 0. If # = 0, (3.5) is obvious.

Lemma 3.2 (Energy decay) Under the assumptions imposed on Lemma 3.1, and suppose
that there exists a constant ng € (0,1) such that

Hu®) = no| Vu@®)|s, fort=o. (3.6)

Then we have the energy E(t) satisfies the decay estimates
E(t) < Lye™ " (3.7)
on [0,00), where Iy = E(0), and k is a positive constant.

Proof 1t follows from (1.5) and (1.8) that

1(u(9) = 1(u(®) + | Vu@)]} .

Hence, from Lemma 3.1 and (3.6), we deduce that

(@) = no|Vu@®)|s  1(u®) = | Vu@)])™ on[0,00). (3.8)

Multiplying (1.1) by u; and integrating over [£, ¢ + 1] x €2, we obtain

t+1
/ ||ut(s) ||§ds =E(t)-E(t+1) =D(#)> (3.9)
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Thus, there exist two numbers ; € [¢, ¢ + %] and t, € [t + %, t +1] such that
|ue(8)], <2D(2) (i=1,2). (3.10)

Multiplying (1.1) by # and integrating over [#1,£,] x €2, we obtain

12}

/2wm»m:fﬂmﬁm+wmmmmyﬁMﬂmm»+/(mammm.

i 5] 4]

Combining (3.5), (3.9), (3.10), and E(¢) being nonincreasing, we deduce

5]
/ I(u(s)) ds < D(£)? + . DOE(®)?, (3.11)
5]
where ¢; =5 ﬁ. On the other hand, from (1.7) and (3.8) we obtain
1 1 1 1
1) = = || Vul? VV”—/G de < — 1(u). 3.12
() = 1Vl + 1Vl = | Geodns (5o Y. G1)

Hence, combining (3.11) and (3.12), we get
iy 1 [5) 9 ty 1
/ E(s)ds = 5 / || us(s) ||2 ds + / ](u(s)) ds <cy (D(t)2 + D(t)E(t)?), (3.13)
t1 t1 t
where ¢; = ¢(no, y,c1). Since £y — t; > %, we get

/tz E(s)ds > /tz E(t))ds > %E(tg).

5]

Thus, from energy identity (3.2) and (3.13), we obtain
ty 9 ty t+1 9
E(t) = E(tp) + f ||ut(s) ||2ds < 2/ E(s)ds + / ||ut(s) ||2ds
t t t
< c3(D(®)? + DOE®)?)  on [0,00),
for some constant c3 > 1. Hence, there exists a constant ¢4 > 1 such that
E(t) < caD(t)* = cu(E(t) - E(t +1))  on [0, 00). (3.14)

The application of Nakao’s inequality [15] to (3.14) yields (3.7) with « = log(ca/(ca — 1)).
O

We are now in a position to obtain H? a priori bounds. Set

E.(t) = |V @) | + M(|Vu@)]}) | 2u®) |3,

Iy=E0), L=Vl +|Aul’.

Page 8 of 18
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Lemma 3.3 (H? a priori estimate) Under the assumptions imposed on Lemma 3.2. Sup-
pose u(t) is a local solution on [0, T) such that sup{||Vu,(t)|2, | Au(t)|l2} < K on [0, T) for
some K and T > 0. Then we have the following estimate:

E(t) < + CI)K? + Cy(I))K? + C3(I0)K® = G(lp, 1, K)  on [0,T),
where C;(ly) is a constant depending increasing on Iy and limy,_,o G(Ip, I, K) =1, (i =1,2,3).

Proof Multiplying (1.1) by —Au,(¢) and integrating over €2, we obtain

d
V@l + M Va2 A ] + [
(|72 (Va0 V) | 0 | + (V) Vi) 615

It follows from Holder’s inequality and assumption (2.1) that the second term in the right-
hand side of (3.15) can be estimated as

|(Vg(u(t), Vut(t)))| < /Q|g'(u(t))Vu(t) . Vut(t)| dx

1
6
Scﬁ( /Q oo dx) [Vut@)], |Vl

On the other hand from ||Vu()||3 < % = R?, we deduce from the Moser-Trudinger in-

equality that
2 U 2
sup /66‘3”2 dx=sup /e6ﬂuvu”2(”w”2) dx
IVula<RJ @ IVl <R J@

2 u 2
< sup /66'3R("V”“2) dx < cs,
IVl <k J@

2
W .
Hence, Sobolev’s inequality and the interpolation inequality imply

where ¢s is a positive constant, as long as we choose 8 <

|(Ve(ute), Vie®))]| = Cocd [Vato) |, | Vae0)]
< Cyc? IVul | Val} | Ve 0)]

< cKIE(D), (3.16)

for some positive constant cg, where we have also used (3.5). The first term on the right-
hand side of (3.15) is estimated as

g |Vu@ |} [V 0)], | A} < e KE@®) 7, (317)

for some constant ¢; > 0. Thus, from (3.15), (3.16), and (3.17), we obtain

1d

5 VO + M| vu@ ) | 2u@) 3] + | Vuto)];

3 1 3 y-1
< K3EWD)T + o, KPE(D)T . (3.18)

Page 9 of 18
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Y
Integrating (3.18) over [0, ], noticing E,(0) < I + cgl K?* for some cg > 0, we obtain

y t t _
Ei(t) < I + csK2I? +2¢6K? / E(s)T ds + 2¢,K° / E(s)'T ds
0 0

vl
2

Y 1
< I +csK2I7 +2¢6K 21T +26,K°%],

1 [ y-1 oo -1
+ 206K I exp(—2s ) ds+ 2¢,K31,? ex _Kly )s ds
0 P 7 o p 5
0 0

5 1 y-1
Y 1 8cK2ly  4c KRl
< I+ K27 + 20K IE + 2560700 07( 01)
k(y -
Thus, we complete the proof of Lemma 3.3. O

Let K > 0 and put

H(lo, 1K) = G(lo, 1, K)?,
Sk = {(uo, m1) € WNH*(Q) x Hy(Q)|H(lo, ;,K) < K}

and

S={J s«

K>0

By the same method as considered in [6], we can deduce that S is an open unbounded set,
and if (ug, u1) € S, the solution u(¢) can be continued globally on [0, 00) and (u(£), u.(t)) € S
forall £ > 0.
Uniqueness: Let #(t) and v(£) be two solutions; w(t) = u(t) — v(¢) satisfies
wa = M(|Vu®)|3) 2w + wi(2)
= (| vu@)]5) -M(|Va]5) 2v + () ~g), (3.20)

with w = 0 on [0,00) x 3Q and w(0) = w;(0) = 0 in Q. Taking the L2(£2) inner product on
both sides of (3.20) with w;, we can easily find that

1d
m{nwtn% + M(|Va@) 2| Yw@)])3) + w112
= M (|70 )V ViVl + (M V@) | 3) (|9 )]

+ (g(u) —gv), wy). (3.21)
Using assumption (Al), or more precisely (2.1), we estimate the last term as
/ (g(w) - g))wedx < Cf (3’3|”|2+ + eﬂ“"z) |w(t)w(t)| dx.
Q Q

Since u(t), v(¢) are two solutions, from (3.5), we obtain || Vu(¢)[|3 < 2 d, | Vv(9)|I3 < 2 d.

Repeating a similar procedure as estimating the term (Vg(«), Vu,), after employing the
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Holder and the Moser-Trudinger inequality, yields

/ (g(u) —gW))wrdx < c|| VW[l
Q
On the hand the first and the second term on the right-hand side of (3.21) are bounded by

c|vwoly e vwo],w

2’

respectively. Thus, integrating (3.21) over (0, £), we obtain

HmmemeMsgﬁwwwﬁwwmwﬁwa

which implies w = 0 by Gronwall’s inequality. Thus, we complete the proof of Theorem 2.1.

Remark 3.1 As is well known, the difficult for Kirchhoff equations is proving the approxi-
mate solutions converge to the desired solution. Indeed, we prove the local existence solu-
tion for the problem (1.1) by Picard’s iteration method. To utilize the standard compactness
argument for the limiting procedure, it suffices to derive some a priori estimates for u,,(t)
(see Lemma 3.1 and Lemma 3.3). In this direction, we also mention [6] and [10].

3.2 Proof of Theorem 2.2

In this section, we will give the proof of Theorem 2.2, which is similar to the proof Theo-

rem 2.1. We sketch it as follows.

Proof of Theorem 2.2 For brevity, we take the same notations E(t), E.(t), I(¢), and D(¢) as
in the proof of Theorem 2.1, but since g(s)s < 0 for all £ € R, we can deduce

|u @] + | Va@)| + 2 / t“ut(s) | ds < 2E(¢) < 2E(0) on [0,0) (3.22)
0
and
|Vao)|5 <12), forallt=>o0. (3.23)

Similar to the proof of Lemma 3.2, we have

ty
/ E(s)ds
i
1 (= 2 1 (2 9 ty
=—/ Hut(s)szs+—/ M(HV"‘(S)Hz)dS—/ /G(M(S))dxds
2 Jy 2 Jy W Jo
t £ P
< l/2||uz(s)||§ds+%/2”vu(s)||§ds_/2/ G(uls)) dxds, (3.24)
2 Jy 2 Jy y Ja

where My = max{M(s) : s € [0,2E(0)]}, which is possible since M(s) is continuous and
(3.22). Now, we only need to estimate the term — ft? fQ G(u(s)) dxds. Indeed, from (Al),
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or more precisely (2.5), we have

/ | Guts) dvas

17} 5}
< E/ /|u(s)|2dxds+C,3,5‘/ /|u(s)|zeﬂ”2dxds
2 t Q 51 Q

I , 1/4
<o HVM(S)||2dS+C55 / Hu(s)||2||u(s)||4< /Q e dx) ds.

From (3.22) and the Moser-Trudinger inequality, we have

sup / e’ dx
Va3 <2E(0) /€

IVull3 <2E(0) /2

< sup / 8/SE(O)(IIVMIZ dx <g,
IVul|3 <2E(0) ¥ €

where c is a positive constant, as long as we choose 8 < 575
equality, there exists a constant ¢ such that

_/tZ/ G(u(s)) dxds < c/tz ||Vu(s) ||§ds.
n Ja f

Combining (3.22)-(3.24) and (3.11), we have

ol

/tz E(s)ds < c(D(t)2 + D(t)E(t)

5]

).

7- Hence, by the Sobolev in-

Then, by the same argument of Lemma 3.2 we can obtain the decay estimate

E(¢) < E(0)e™* 1" on [0,00),

where « is a positive constant. Hence, it suffices to show H?(R2) a priori bounds under the
assumption || Vu(t)||3 < K, and ||Au(t)||l, < K on [0, T) for some K >0 and T > 0. Set

L =Vl + M(||Vaso l15) | Ao I3

By the same derivation as Lemma 3.2, using (A3), we deduce

E.(t) <L+ 2/ (|| Vu(s) ” )(Vut (s), Vu(s)) HAu s) ”zds

+ 2/0t|(Vg(u(s)), Vut(s))|ds

t
§IZ+2K3/ E(s) ds+2061(2f E(s)%ds
0
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3 1 2041
8ceK21; 4K3I,°

k(2o +1)
= G(lo, I, K). (3.25)

1
<L +2cK2IF +

Thus, we can prove Theorem 2.2 in the same way as Theorem 2.1. O

Remark 3.2 When M(s) = 1, (1.1) is a wave equation, Alves and Cavalcanti [2] obtain the
general energy decay result. Indeed, Lemma 3.3 (to be precise: (3.44)) in [2] plays an im-
portant role in the proof of energy decay, where the authors used the unique continuation
property of wave equations; see [16] for details and [2, 17, 18] for an application. But in
our case, since M(||V - ||§)A- is nonlinear, we cannot use the unique continuation property
directly.

4 The blow-up in finite time
In this section, we shall discuss the blow-up properties for the problem (1.1). For this pur-

pose, we use the following lemmas.

Lemma 4.1 ([19]) Let § > 0 and B(t) € C*(0, 00) be a nonnegative function satisfying
B(t) — 4(8 + 1)B'(¢) + 4(8 + 1)B(¢) > 0. (4.1)
If
B'(t) > r.B(0) + Ky, (4.2)

then B'(t) > Ky for t > 0, where Ky is a constant, ry = 2(8 +1) —2/(8 + 1)8 is the smaller root
of the equation

P-4 +D)r+4(6 +1)=0.

Lemma 4.2 ([19]) IfJ(¢) is a nonincreasing function on [ty,00), to > 0, and satisfies the

differential inequality

J() = a+ b5, fort=0, (4.3)
where a > 0, b € R, then there exists a finite time T* such that

im0 =0

and the upper bound of T* is estimated, respectively, by the following cases:
i i a * 1 \/%
(i) Ifb<0andJ(t) <min{l, / 5}, then T* <ty + = In T
(if) Ifb =0, then T* < o+ 2.

(iti) Ifb>0, then T* < MT‘;) orT* <ty + 2% %{1— 1 +c](t0)]%}, where ¢ = (s)z%.

We also denote I(x) and E(¢) by (1.8) and (1.9), respectively. Also E'(£) = —||u.() 3.
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Definition 4.1 A solution u(¢) of (1.1) is called a blow-up solution if there exists a finite
time T* such that

lim / lu|? dx = +o0.
t—>T* Jq
For the next lemma, we define
t
K(t) = K(u(®) = |u@]; + / |us)|;ds, ¢=>o0. (4.4)
0
Lemma 4.3 Assume that (Al) and (A4) hold, then we have
t
K"(t) = 4(8 + 1)||us |3 > (—4 — 88)E(0) + (4 + 83) / (|42 (s) ||§ ds. (4.5)
0

Proof From (4.4), we obtain

K'(t) = 2/ uu, dx + Hu(t)”i

Q

and

K"(8) = 2/|ue |13 = 2M (I Vel 3) [ Va3 + 2/ gw)udx.

Q
From the above equation and the energy identity, we obtain
! 2
K" —4(8 + 1) |13 = (=4 — 88)E(0) + (4 + 88) / e () ||, s
0
+ / 2[f(u)u -2+ 48)F(u)] dx
Q
@+ 4)M(|Vu® ) - 2M(| V@) | Vu®) |5}  46)

Therefore from the assumption (A4), we obtain (4.5). O

Now, we consider three different cases on the sign of initial energy E(0).
(1) If E(0) <0, then from (4.5), we have

K'(t) > K'(0) — 4(1 + 28)E(0)t, ¢>0.

Thus, we get K'(£) > ||lug |3 for ¢ > t*, where

K'(0) - 2
t*:max{ (0) = lloll3 0}.

4(1+ 28)E(0)’ 7)

(2) If E(0) = 0, then K”(£) > O for ¢ > 0. Furthermore, if K'(0) > ||luo |3, i.e.
fQ uouy dx > 0. Then we get K'(¢) > ||uo]|3 for £ > 0.
(3) For the case that E(0) > 0, we first note that

t
2/ /uutdxdt: |u@®)]; = lluoll2. (4.8)
0 JQ
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By the Holder inequality and the Young inequality, we have from (4.8)

Ja®)|2 < N + /O Jiats) | s + /O Jiae(s) | . (4.9)

Hence, from (4.8) and (4.9), we obtain

K'(£) < K(t) + llmell3 + /0 t||ut(s) |5 ds + lluo 3.
Then, from the above inequality and (4.5), we obtain

K'(t) - 401+ 8)K'(£) + 4(1 + 8)K(¢) + K1 > 0,
where

Ky = (4 + 88)E(0) + 4(1 + 8) || uo|12.

Set

K

150
a1+s) O

B(t) =K(t) +

Then B(t) satisfies (4.1). From Lemma 4.1, we see that if

K
K'(0) > 1y [K(O) * I i 3)] +luol, (4.10)

then K'(t) > ||u||3 for all £ > 0.
Consequently, we obtain the following lemma.

Lemma 4.4 Assume that (Al) and (A4) hold and that either one of the following conditions
is satisfied:
(i) E(0) <O,
(ii) E(0) =0 and [, uouy dx >0,
(ili) E(0) > 0 and (4.10) holds, then K'(£) > ||u ||3 for t > to, where ty = t* is given by (4.8)
in case (i) and ty = 0 in cases (ii) and (iii).

Next, we will estimate the lifespan of K(¢) and prove Theorem 2.3.
Let

J(@&) = (K(£) + (Ty = B)lluo|2) ™, for £ € [0, T4, (4.11)
where 77 is some certain constant which will be chosen later. Then we get

T(®) = =8J (05 (K'() — 1o 13)
and

(1) = -8] ()5 V(8), (4.12)
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where
V(t) = K"()[K(&) + (Ty = ) lluoll3] = (1 + 8)(K'(8) = lluol13)-

For simplicity, we denote

p=u)’, Q- fo lu@|?ds,  R=|ule)

By (4.9) and the Hoélder inequality, we obtain
t
K'(t) = 2/ u(t)uy(t) dx + ||uo )3 + 2/ / u(s)us(s)dxds
Q 0 Jao
< luoll3 +2(VPR +/QS).
From (4.5), we have
K" (t) > (=4 —88)E(0) + 4(1 + 8)(R + S).

Therefore, from (4.13)-(4.15), and then (4.11), we have

V(t) = [(~4 — 88)E(0) + 4(1 + 8)(R + S)|(K(®) + (T1 — )l uo|I13)

—4(1+8)(VPR + \/QiS)2
= (-4 - SrS)E(O)](t)’fIT +4(L+8)(R + S)(T1 - t)lluo I3
+4(1+8)[(R+ )P+ Q) - (VPR +/QS)*]

> (-4 —88)EQ) (), t>to,

t
b s [ lwolas
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(4.13)

(4.14)

(4.15)

where we have used Schwarz inequality in the last but one term. Therefore from (4.12),

we have

J'(t) < 8(4 + 8OEQ (O, t>to.

(4.16)

Note that by Lemma 4.1, J'(¢) < O for ¢ > £,. Multiplying (4.16) by J'(¢) and integrating it

from ¢, to t, we have

T2 = o+ B0, fort=to,
where

o = 82025 [ (K (to) — lluo13)” — 8E(0)/ (t0) 7]
and

B = 852E(0).

(4.17)

(4.18)
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We observe that

(K'(to) — lluol13)*

a>0 ifandonlyif E(0)< .
Y 8[K(to) + (T1 — to) | o 2]

Then by Lemma 4.2, there exists a finite time 7™ such that lim,_, 7= J(£) = 0 and the upper
bounds of T* are estimated, respectively, according to the sign of E(0). This yields

. 2 ‘ 2 _
tierrl(||u(t)||2+/o /;Zu(s) dxds> = 00.

The upper bounds of T* are estimated as follows by Lemma 4.2.

In case (i),

J(to)

T <ty — .
=07 7e)

(4.19)

Furthermore, if J(£y) < min{1, _/ f‘—ﬂ}, then we have

\/I (4.20)

1 -B
T <to+ In .
V=P 1/%—](to)

In case (ii),

T <gy- 18 T* < 0—@. (4.21)

=7 J'(t) Ja

In case (iii),

. J(t)
T* < Ve (4.22)
or
" 3841 OC -1
T <ty+2 % ﬁ{l_[1+C](t0)]28}’ (4.23)

where ¢ = (5)%, here @ and B are defined in (4.17) and (4.18), respectively. Note that in
case (i), to = £* is given in (4.7), and in case (ii) and case (iii) £o = 0.

Remark 4.1 We observe that the choice of T in (4.11) is feasible under the same condi-

tions as in [9].
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