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1 Introduction

Many people pay close attention to oscillations in suspension bridges after the collapse
of the Tacoma Narrows suspension bridge. In the late 1980s and early 1990s, Lazer and
McKenna [1-3] have studied the suspension bridge model

Uy + kU + clUyny + AU = h(t, x), 1)
where U = U(x,t), 0 <x <L, t > 0 satisfies the boundary conditions
U(O, t) = U(L, t) = Uxx(or t) = uxx(la t) = 0: (2)

¢>0,k>0,d> 0 are constant, U* = max{U,0} and U~ = max{-U, 0}. System (1)-(2) de-
scribes the transverse vibrations of a beam hinged at both ends with length L and external
force h(¢,x). The term dU™* takes into account the fact that the cables’ restoring force exists
only in the situation of stretching. Here kU, represents the damping term.

In this paper, we consider problem (1) with 27 -periodic damping term p(t)
Uy + p() Uy + CUrs + AU = h(t, %), (3)

where A(t,x) = (sinwx/L)f (¢) is the 27 -periodic external force as same as the assumption

in [2]. Looking for a standing-wave solution of (3) and (2), we have

U(t,x) = (sinmx/L)u(t),
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which leads to an equivalent ordinary differential equation
u +p@)u +but —au =f(¢), (4)

in which @ = ¢(w/L)* and b = d + c(r /L)

In the past years, the jumping nonlinearity has been discussed by many authors [1-
9]. However, to our knowledge, there is no result about periodic damping term. In the
early 1990s, Li [10] obtained an ingenious method to discuss the existence and uniqueness
of nonlinear two-point boundary value problems with variable coefficient. Recently, the
second author of this paper extended this method to the periodic situation [11]. In this
paper we refine this method to solve problem (4) and take some numerical simulations to
illustrate the effect of periodic damping term.

The rest of this paper is organized as follows. In Section 2, we briefly state the main
results. In Section 3, we study the properties of the homogeneous equation by a construc-
tive method. In Section 4, we prove our main results by Leray-Schauder degree theory. In

Section 5, we present some numerical experiments. In Section 6, we give the conclusion.

2 Main results
We denote by N a positive integer and y = supy |p(£)]. To study the existence of periodic
solutions of (4), we need the following assumptions:

(Hi1) Dolph-type condition:

2 N +1
Neg Vo opy N+ DY

1 2 <(N +1)%

(Hz) Small periodic damping term condition:

T/ 4a — y? 2
smu</1_y_.

4N 4a

Theorem 1 Let (H;) and (Hy) hold. Then problem (4) has a unique 2 -periodic solution.

The more general form of the suspension bridge model is
u’ +p@)u +b)ut —alt)u =f(¢). (5)
Here b(t) and a(¢) are positive 27 -periodic functions satisfying
d(t):=b(t)—a(t) >0, tel0,27], (6)

where d(t) is the variational coefficient of cables’ restoring force. Denote «; = infr(b(%)),
B = supg (b(®)), o, = infiz(a(t)), B = sup (a(#)). Then

o) < b(t) < B, oy < alt) < B, a1 > oy, B1 > Bo.

To study the existence of periodic solutions of (5), we make the following assumptions:
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(Hs) Dolph-type condition:

2 N +1
a2>N2+yZ, /31<(N+1)2—¥.

(Ha) Small periodic damping term condition:

/4oy —y? 2
Sin72y< 1 y_

4N 4oy’
Theorem 2 Let (Hs) and (Hy) hold. Then problem (5) has a unique 27 -periodic solution.

Remark 1 Problem (4) with (H;) and (Hy) is a particular case of problem (5) with (Hs)
and (Hy). So we shall only give the proof of Theorem 2.

3 Homogeneous equation
The following lemmas will be used in this section.

Lemma 3 (see [12]) Letx € CY([0,4],R), i > 0, with
x(0) =x(h) =0, x(t)>0, te(0,h).

Then
h h h
/ |x(6)x'(8)| dt < — / X% (t) dt,
0 4 0

and the constant % is optimal.

Lemma 4 (see [12]) Letx € C!([a,b),R) a,b € R, a < b, with the boundary value conditions
x(a) =x(b) = 0. Then

b N2 b
/ﬂ 2 dt < (bﬂif) / X2(t) dt.

Consider the periodic boundary value problem

7)

u’ +p)u' + b(t)ut —a(t)u” =0,
u(0) = u(2m), u'(0) =u'(2m).

We will prove the following proposition by similar methods to [11].

Proposition 5 Suppose that p(t), b(t), a(t) are L-integrable 27 -periodic functions satis-
fying (6), (Hs) and (Ha), then (7) has only the trivial 2m -periodic solution u(t) = 0.

Proof We assume that (7) has a nonzero 2 -periodic solution u(t). A contradiction will
be proved in six steps.

Step 1. We will prove that u(¢) has at least one zero in (0, 27). Otherwise, we may we
assume u(t) > 0, ¢ € (0,27). Then we have u” + p(£)u’ + b(£)u* = 0 in (0, 27). Consider the
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following equivalent equation:
L / t
(efto P(S)dsu/) + efto p(s)ds (b(t)u* _ a(t)u’) -0,

where £ € [0,27] is undetermined. By Rolle’s theorem, there exists a ¢; € (0,27) with
u'(ty) =0 =u/(t; + 27). Then

to+2m . th2m
0= / (effo p(s)dsu/)/dt = —/ elo p(s)dsb(t)u” dt <0,
t to

which leads to a contradiction.
Without loss of generality, we assume #(0) = u(27) =0, #'(0) = /(27) = A > 0.
Step 2. We construct two auxiliary equations. Consider the initial value problem

u" +p)u +b(t)ut =0, u(0) =0, u'(0) = A.

The first auxiliary equation is

¢"—y¢' +op=0,  9(0)=0, ¢ (0)=A. ®)
Obviously,
2A 4o — 2
o(t) = e sin vl St 4

is the solution of (8) and

Aoty — Y2
o' (t)=2A Y S an( YN T ,
4oty — 2 2

4a1—y2

where 6 € (0, 5] with sin6 = ot Since
4oy — y?
N<f<\/071§\/E<N+1 9)

holds under the assumptions of (Hs), there is a £ € (0, ) such that

4oy — y?

2

b4 4oy —y?
to+0=m, i.e.,E §%to<n. (10)

Thus, we have

4oy — y? 4oy — y? 4oy — 2
sinlgyto =sinf = L7y > 27V
2 4-0[1 4-0[2

A/ oy —y?

4N

Ay —y? A -y
sin sin .
4N - AN

Since % < < and sint is decreasing in [%, ), we have
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By (Ha), we have
doy — y? 4oy — 2 /4o — y?
sin Lytoz M=V sin M-y , (11)
2 4'051 4N

and 0 < £) < % Therefore
@'(t) >0, () >0, forte(0,t); o(to) > 0, ¢'(to) = 0. (12)
We also consider the initial value problem
Viryy vy =0, Ylto) =),  ¥'(t)=0. (13)
Clearly,

—y(t=tg) 4 —
G0 =2 — " pr)e 5 in<7v “o
Y

2
t— L 0
2o, - (t—to) + )

is the solution of (13), where 6 is the same as the previous one, and

20 —ylt-tg) 4oy — y?
L o) T sin Y TV (h g,

Vo —y? 2

Hence there exists a t; € (0, 27) with # — ¢y € (0, 7), such that

\/4(11 -

)/2
5 (1—to) +0 =7. (14)

MGOES

Then ¥ (¢;) = 0. From (10) and (14), it follows that

4aq — 2 T 4oy — y2
VIO TV n, e, L < YNV o (15)
4 2 4

By (11) and (15), we have

40[1—)/2 40[1—)/2 + sin 7'[\/4(11—)/2

sin ————¢; =sinf =
4 4oy 4N

Since sint is decreasing on [7, ), we have 0 < #; < , and

¥ (t) <0, ¥(t) >0, forte (ty,t); ¥(t) =0, ¥'(t) < 0.

Step 3. We will prove that u(¢) has a zero pointin (0, t;]. Assume, on the contrary, u(t) > 0
for t € (0, t].

Let y = ¢'(£)u(t) — o(£)u/(¢t) on [0, ty]. Since ¢'(t) > 0, (t) > 0, u(t) >0 on £ € (0, o], we
have

Y = @"(Out) + ¢ Ou'(t) — ¢’ O)u' () — p()u” (¢)
= (v¢/'(t) — a19(0))u(t) — (&) (—p ()i (£) - b(E)u(2))
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= (y +p(®)¢' Ou) + (-p)) (¢’ @)u(t) — p(O)u' (1)) + (b(£) — o) p(£)u(2)
> —p(t)y,

which implies
(yehoPO4Y > 0, ¢ e (0,t].
Notice that y(0) = ¢’(0)u(0) — ¢(0)u'(0) = 0, we have
y=¢' Ou)-pt)u'(t) >0, te(0,4] (16)

By (12), we know that /() < 0.
Let z = ¢/ (8)u(t) — ¥ (t)u/(¢) on [ty, t1]. Since ¥ (£y) > 0, ¥/ (¢y) = 0, we have

z(to) = V' (to)u(to) — ¥ (to)u' (o) > 0.

Since ¥'(£) <0, ¥ () > 0, u(t) > 0 on [£y, 1], we have

U (Ou(t) + ' Q' () — ' (0)u' () - Y (Ou"(2)

(~y ' (@) — () u(t) — ¥ () (—p(0)ud' (&) - b(E)u(2))

= (=¥ +p@O) Y Ou(®) + (-p®) (V' Ou(t) - y(Ou'(£)) + (b(t) — ar) Y (O)ul?)
> —p(D)z,

which implies

(2efoP9%) > 0, tety, 4], (17)

z(£) >0, te]tt]
But ¥ (t;) = 0 and ¥'(t1) < 0 imply that
z(t) = ¥'(t)u(t) — ¥ (t)u'(t) <0,

which is a contradiction to u#(£) > 0 on (0, #;]. Therefore u(¢) has at least one zero in (0, ;]
with f; < 5.

Step 4. We will prove that u(t) has at least 2N + 2 zeros on [0, 277]. Let u(t!) be the first
zero point in (0, ;] such that u(¢!) = 0, #/(¢}) = B < 0. We claim that there must exist a zero
point in (¢}, 27]. Otherwise, we consider u” + p(t)u’ — a(t)u~ = 0. With a similar argument
to Step 3, we have a £, such that there must be a zero in (£}, ;] and £, — ! < Al/ Step by step,
we find that u(¢) has at least 2N + 2 zeros on [0, 27].

Step 5. We will prove that u(z) has at least 2N + 3 zeros on [0,27]. On the contrary, we

assume u(¢) has exactly 2N + 2 zeros on [0, 27r]. We write them as

0=t"<tl < <N =2,
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Obviously,
W' (¢)#0, i=0,1,...,2N +1.

Without loss of generality, we may assume #’(¢°) > 0. Since
W' (£ (£) <0, i=0,1,...,2N,

we obtain ' (t*N*1) < 0, which contradicts #/(£2N*1) = /(¢°) > 0. Therefore u(t) has at least
2N + 3 zeros on [0,27].

Step 6. Since u(t) has at least 2N + 3 zeros on [0, 2], there are two zeros & and &, with
0 <& & < 377 Integrating u”? from & to &, we have

& &
/ W (t)dt = — f u(t)u (t) dt
£ 3

1 1

= /52 pOu)u' (t)dt + féz b )u(t)u* (t) — a(t)u(t)u (t) dt
&

1 &1

& & &
=/ p(t)u(t)u/(t)dt+/ a(t)uz(t)dt+/ d@)u(t)u” () dt
&

1 &1 &1

& & &
5/& |p(t)u(t)u’(t)|dt+/El a(t)uz(t)almfs1 d(®)u? () dt

& &
< y/gl |u()u (£)| dt + By Ll u*(t) dt.

Assume that there are k zeros in (£, ;) denoted by 7%, k € N. By Lemma 3,

fjwt)u/(t)'dt = /; +f: +...+f:|u(t)u/(t)|dt
1

< ZmaX{ﬁ—Ebfz—Tl,m,é'z—fk}

7 ) &
x(/ +/ +'-~+/ u/z(t)dt>
& 7 23

_ 3
< ﬁ/ 2u’z(t)dt.
4 &

By Lemma 4, we have

& _ &
/ W) dt < E-&) f u*(t) dt.
& ¢

2
1 0 1

Since B + WJ’# < (N +1)?, we have

14 B 9 Ty B
1(52—51)+ P("Ez—&) < AN+ 1) + (N +1) <L

Hence

&
/ u?(t)dt =0,

&1
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which implies #/(¢t) = 0 for ¢ € [£1,&,]. Due to the uniqueness of the solution for the initial
value problem, we get u(t) = 0 for ¢ € [0,2x], a contradiction. a

4 Non-homogeneous equation
In this section, we will give the complete proof of Theorem 2.

4.1 Uniqueness
Proof Let u; and uy be two 27 -periodic solutions of (5). Denote v = u3 — uy, then v is a
solution of the following problem:
V' 4 p) +at)y +d(e) (u] —u3) =0, (18)
where d(t) is defined in (6). Since
v = (w1 —up — |y — M2|)/2 <uf —uy< (|u1 — ] +w —up)/2 =V,
there exists a 0 € (0,1) such that
uj —uy=1-0W" +6(-v").
Then (18) equals
Vi pe) + ((1 —0)b(t) + 961(t))1/+ - (Gb(t) +(1- G)a(t))v_ =0.
Ifo<o <1,
(@ -0)b(2) + 0a(t)) — (0b(2) + (1 - 0)a(t)) = (1 - 26)(b(t) - a(t)) > 0.

Equation (18) satisfies (H3) and (H4). Otherwise, —v as a solution satisfies (H3) and (Hy).
By Proposition 5, we have v = 0. O

4.2 Boundedness
We consider the homotopy equation

u' +oou= A(—p(t)u’ -b@)ut +al)u” +ou +f(t)) = kF(t, u, u/), (19)
where A € [0,1]. Denote by | - || the usual normal in C'[0,27], i.e., |ull = |u| + |u'|. We

assert there exists B > 0 such that every possible periodic solution u(¢) of (19) satisfies
|l#]] < B. If not, there exists Ay — Ag and the solution u;(¢) with ||u|| — oo (kK — 00). Let

Vi = H';ﬁ, we have y; = HZ_EH and y; = IIZ_EH Obviously, ||yl =1 (k =1,2,...). It satisfies the
following problem:
” + - / (&)
Vi + @Yk = hic| =b(0)yg + a@)yy — p(O)yj + ayic + 1l ) (20)

in which we have

@)

lloal

-0 (k— 00).
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Since

() = 9(0) + /0 Y(s) ds,

50 =5k0)+ [ e+ (‘b(s’ﬁ + a9 = PO+ oy + ﬁ?ﬂ)ds’

{yt}; {7} are uniformly bounded and equicontinuous. By the Ascoli lemma, there exists a
continuous function w(t), v(¢), and a subsequence of {k}?2, (denote it again by {k}?2,) such
that

klim yi(£) = w(t), klim 9:(#) =v(¢) uniformly on [0,27].
As a consequence (20) weakly converges to the following equation in L2[0,27]:
w'(t) + op(OW + (Aob(£) + oy — s ko) w" — (02 + Aoa(t) — azho)w™ =0, (21)

which satisfy (H3) and (Ha4). By Proposition 5, we have w(t) = 0 for ¢ € [0,2x], which
contradicts ||w|| = 1. Thus, the possible periodic solution is bounded.

4.3 Existence

Proof Assume ®(t) is the fundamental solution matrix of #” + ayu = 0 with ®(0) = I. Ob-
viously, it is nonresonant by (Hs). Equation (19) can be transformed into the integral equa-

u _ u(0) ! -1 0
(2)0=s0 (10} [ 576, ) ) -

Because u(t) is a 27 -periodic solution of (22), then

tion

u(0)\ o 0
(I-®@2m)) (u/(o)) = ®(27) /0 dL(s) (/\F(S’ u(s)’u/(s))> ds. (23)
Obviously, (I - ®(2x)) is invertible,
u(0) 1 S 0
<u’(0)) = (1 - d>(271)) d>(271)/0 D (s) (AF(S, u(s), u’(s))) ds. (24)

We substitute (24) into (22)

“1@) = o)1 - o2m)) D2 )/2” ®7(s) 0 d
u - - g d 0 $ AE(s, u(s), u'(s)) $

t . 0
+ d>(t)/0 D (s) (AF(S,M(S),L/(S))) ds. (25)

Define an operator

P, : C'[0,27] x C[0,27] — C'[0,27] x C[0,27],

Page9of 13
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such that

U _ -1 2 4 0
P, [(u)] (t) = ®(1)(1 - ®(27)) @ (27) /0 d7Y(s) (AF(S, " u/)) ds

t 9 0
+ CD(t)/O D (s) <AF(s, " u’)) ds. (26)

Since the right-hand side of P, is continuous (non-smooth), it is easy to see that P, is a
completely continuous operator in C'[0,27] x C[0,27]. Denote

Q={ueC'0,27], |lu| <B+1}

and

oo 3[)

Because 0 ¢ 4, (9R2) for A € [0,1], by Leray-Schauder degree theory, we have

deg ((:{) -P |:<Z>:| ,Q,O) = deg(/(u), 22,0)

= deg(ho(u), Q,0)=1+0.

So we conclude that P; has at least one fixed point in €, that is, (5) has a unique solution.

O
5 Numerical experiment
5.1 Example 1
Let us consider
u” +0.1sintu’ + (0.5cos(¢) + 8)u” — (0.5cos(£) + 6)u™ = 0.2sin(2). (27)

By Theorem 2, there is a unique 2 -periodic solution.

In Figure 1, we make a 10-fold Newton iteration to get an approximate solution of (27),
displayed by a blue line. It is obvious that the solution here is locally stable and unique. The
error here is about 1071, The red line in Figure 1 is the approximate solution of (27) with-
out periodic damping term. Our simulation illustrates that the effect of the small periodic
damping term is limited.

In Figure 2, we consider the effect of the cables’ restoring force d(¢). If there is no cables’
restoring force, we have the following system:

u” +0.1sintu’ + (0.5c0s(t) + 6)u = 0.2 sin(?). (28)
The blue line in Figure 2 is the approximate solution of (27) and the red line in Figure 2

is the approximate solution of (28). The latter one is a particular case that can be tackled
by [11].
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0.03

—— Approximate solution with periodic damping term
0.01

—— Approximate solution without periodic damping term

S -0.01

-0.02

-0.03

-0.04

~0.05 | | | ! | |
0 1 2 3 4 5 6

t

Figure 1 The approximate solution of (27) with and without periodic damping term.

0.05

0.03 - —— Approximate solution with cables’ restoring force

——— Approximate solution without cables’ restoring force

0.02

0.01

-0.01

-0.02

-0.03

-0.04

_0.05 I | | I | |

Figure 2 The approximate solution of (27) and (28).

5.2 Example 2
Let us consider

' +0.5sinty’ +15u" —10u™ =1+ 2 cos(?). (29)

By Theorem 1, there is a unique 27 -periodic solution.

The blue line in Figure 3 is the approximate solution of (29). The red line in Figure 3 is the
approximate solution of (29) without periodic damping term. Our simulation illustrates
that the effect of the small periodic damping term is limited. The method we applied is a
10-fold Newton iteration and the error here is about 1071°.

In Figure 4, we consider the effect of the cables’ restoring force d(¢). If there is no cables’

restoring force, we have the following system:

u’ +0.5sinty’ +10u =1+ 2 cos(¢). (30)
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0.25
02 —— Approximate solution with periodic damping term n
——— Approximate solution without periodic damping term

0.15 - -
0.1 -
S 0.05- -
or -
-0.05 -
01+ -

015 1 2 5 7 5 6

Figure 3 The approximate solution of (29) with and without periodic damping term.

—— Approximate solution with cables’ restoring force
——— Approximate solution without cables’ restoring force

Figure 4 The approximate solution of (29) and (30).

The blue line in Figure 4 is the approximate solution of (29) and the red line in Figure 4 is
the approximate solution of (30).

6 Conclusions

Periodic solutions of the suspension bridge model with a periodic damping term have been
studied. After transforming this system into an equivalent ordinary differential equation,
we get the existence and the uniqueness of a periodic solution by the Dolph-type condition
and a small periodic damping term condition. Our constructive method is very adaptable
to this kind of non-smooth problem. Two numerical examples have been presented to
simulate our main results. By the numerical experiment, we know that the effect of the
small periodic damping term is limited. Furthermore, we compare the approximate solu-
tion of our system to the suspension bridge model without the cables’ restoring force, the
latter one is a particular case of [11].
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