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Abstract

In this paper, we study the existence of periodic solutions of second order impulsive
differential equations at resonance with impulsive effects. We prove the existence of
periodic solutions under a generalized Lazer-Leach type condition by using
variational method. The impulses can generate a periodic solution.
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1 Introduction
We are concerned with the periodic boundary value problem of second order impulsive
differential equations at resonance

X' () + m2x(t) + g(x()) = e(t), a.e. tel0,27],
x(0) —x(27) =x'(0) —x'(27) = 0,

x(t') = x(8),

Ax'(t) = x’(tj*) - x’(tj‘) =I(t,x(t), j=12,...,p,

(1.1)

where m € N, g: R — R is a continuous function, e € LY0,27),0 <ty <ty <--- < t, <2,
and /;: [0,27] x R — R is continuous for every j.
When Ax'(tj) = 0, problem (1.1) becomes the well-known periodic boundary value

problem at resonance

x'(t) + mPx(t) + g(x(t)) = e(t), a.e. tel0,27],

1.2)
x(0) —x(27) = +'(0) —&'(27) = 0.
Assume that
lim g(x) = g(+o0) (g)

exist and are finite. Lazer and Leach [1] proved that (1.2) has at least one 27 -periodic
solution provided that the following condition holds:

2[g(+oo) —g(—oo)] #/OZH e(t)sin(mt + 0)dt, V6O €R. (1.3)
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From then on, a series of relevant resonant problems were studied (see [2—5] and the
references cited therein) by some classical tools such as topological degree method, varia-
tional method, etc. Recently, the periodic problem of the second order differential equation
with impulses has been widely studied because of its background in applied sciences (see
[6—18] and the references cited therein). In this paper, we investigate problem (1.1) under
a more general Lazer-Leach type condition. Define

Gx) = /0 gls)ds

and forj=1,2,...,p,

]j(t,x)=/ I(t,s) ds.
0

Throughout this paper, we give the following fundamental assumptions.

(Hy) The limits

lim @ = G(d00)

x—>+o0 X

exist and are finite.
(Hy) There exist continuous, 27 -periodic functions Ki(t), Ky (£), ..., K,(t) such that for j =
1,2,...,p,

I(t,x
lim & )=

[x|—>00 X

Ki(t) uniformly for t € R.

(H3) Foralld e R,
2 p
2[G(+oo) - G(—oo)] 7!/ e(t) sin(mt + 0) dt + ZKj(tj) sin(mt; + 0).
0 P

For the sake of convenience, we decompose (Hs) into the following two conditions.

(H3) Forall6 eR,
2 p
2[G(+oo) - G(—oo)] > / e(t) sin(mt + 0) dt + Z[(,«(t,) sin(mt; + 0).
0 -
j=1
(H3) Forall 0 eR,
2 p
2[G(+oo) - G(—oo)] < / e(t) sin(mt + 0) dt + ZKj(tj) sin(mt; + 0).
0 -
j=1
We now can state the main theorems of this paper.

Theorem 1.1 Assume that conditions (H;), (Hy) and (H}) hold. Then problem (1.1) has at
least one 21 -periodic solution.
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Theorem 1.2 Assume that conditions (H,), (Hy) and (H3) hold. Then problem (1.1) has at
least one 21 -periodic solution.

From Theorem 1.1 and Theorem 1.2, we obtain the following theorem.

Theorem 1.3 Assume that conditions (H;), (Hy) and (Hs) hold. Then problem (1.1) has at
least one 21 -periodic solution.

Moreover, we have the following corollary.
Corollary 1.4 Assume that conditions (Hy) and
(H3) forall 0 eR,

2
2[G(+oo) - G(—oo)] 7’/0 e(t) sin(mt + 0) dt (1.4)

hold. Then problem (1.2) has at least one 21 -periodic solution.

Remark 1.5 It is easy to find a function g(x) such that (g) is not satisfied and (H;) holds.
For example, we can take g(x) = cosx. Hence, Corollary 1.4 improves the related results in
the literature mentioned above. Moreover, since we consider the problem with impulses,

Theorem 1.3 is also a complement of the pioneering works.

Remark 1.6 When condition (Hj) is not satisfied, i.e., there exists 6, € R such that
2
2[G(+00) - G(-o0)] = / e(t) sin(mt + 6y) dt,
0

problem (1.2) may have no solution. For example, we consider the resonant differential
equation

x" + m?x + arctanx = 4 cos mt. 1.5)

Obviously, g(x) = arctanx, e(t) = 4 cosmt and G(+00) = 7, G(-00) = —7. We have

2w
2[G(+oo) - G(—oo)] - /(‘) e(t) sin(mt + 0) dt

2
=271 — 4/ cos mt sin(mt + 0) dt
0

=2m — 47 sinf.

We take 0y € R such that sinfy = % Then (H}) is not satisfied. From now on, we prove
that (1.5) has no 27 -periodic solution by contradiction. Assume that (1.5) has 27 -periodic
solution. Multiplying both sides of (1.5) by cos mt and integrating over [0, 27 ], we get

2 2

21
i
4m = arctanx cos mt dt < / | arctan x cos mt| dt < ) dt=n?,
0 0 0
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which is impossible. Hence, problem (1.2) may have no solution if condition (Hj) is not
satisfied. Now, we give the following boundary value condition:

x(0) —x(27) =x'(0) —x'(27) = 0 (1.6)

and the impulsive condition

Ax,< g ) =37, (17)
m

Clearly, p =1and Ki(;.) = 37. Then

2
2[G(+oo) — G(—oo)] — / e(t) sin(mt + 0) dt — Kq (1) sin (m Nl + 9)
0 m m
=27 —4msinf + 37 sinf
=27 —nwsinf #0 for Ve e R.
Hence, (H;), (Hy) and (Hs) hold. Equivalently, Eq. (1.5) with conditions (1.6) and (1.7) has

at least one 27 -periodic solution. Therefore, the impulses in problem (1.1) can generate a
periodic solution.

The rest of the paper is organized as follows. In Section 2, we shall state some notations,
some necessary definitions and a saddle theorem due to Rabinowitz. In Section 3, we shall
prove Theorem 1.1 and Theorem 1.2.

2 Preliminaries

In the following, we introduce some notations and some necessary definitions.
Define

H ={x e H'(0,27) : x(0) = x(27)},

with the norm

2 %
[lell = (/0 (x%(t) + 5%(2)) dt) .

Consider the functional ¢(x) defined on H by

_l 27 o m_z 2 ) ~ 2
<p(x)_2/0 x2(8) dt - 5 /0 x2(t) dt /0 G(x(t)) dt

2 p
+ /0 e(®)x(t)dt + Y _Ji(t;x(t)). (2.1)

j=1

Similarly as in [18], ¢(x) is continuously differentiable on H, and
2 2w 2w
@' ()v(t) = f X' () (t) dt—m2/ x(t)v(t) dt—/ g(x(t))v(t) dt
0 0 0

21 p
+ / e(®v(t)dt + Y I(t;x(8))v(t) for Yu(t) € H. (2.2)
0

j-1
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Now, we have the following lemma.
Lemma 2.1 Ifx € H is a critical point of ¢, then x is a 21 -periodic solution of Eq. (1.1).

The proof of Lemma 2.1 is similar to Lemma 2.1 in [9], so we omit it.

We say that ¢ satisfies (PS) if every sequence (x,) for which ¢(x,) is bounded in R and
¢'(x,) = 0 (as n — 00) possesses a convergent subsequence.

To prove the main result, we will use the following saddle point theorem due to Rabi-
nowitz [19] (or see [20]).

Theorem 2.2 Let ¢ € C(H,R) and H = H~ ® H*, dim(H") < oo, dim(H") = co. We sup-
pose that:
(a) there exist a bounded neighborhood D of 0 in H™ and a constant o such that
¢lop < a;
(b) there exists a constant B > a such that ¢|g+ > B;
(c) @ satisfies (PS).
Then the functional ¢ has a critical point in H.

3 The proof of the main results
In this section, we first show that the functional ¢ satisfies the Palais-Smale condition.

Lemma 3.1 Assume that conditions (Hy), (Hy) and (Hz) hold. Then ¢ defined by (2.1) sat-
isfies (PS).

Proof Let M > 0 be a constant and {x,} C H be a sequence satisfying

1 2 mz 2 2
’(p(x,,)’ = —/ x’nzdt——/ xﬁdt—f G(x,)dt
2 Jo 2 Jo 0

2 p
+ /0 e(t)xn(t)dt+2]j(tj,xn(tj))

j=1

<M (3.1)
and
Jlim ¢/ ()| = 0. (3.2)
We first prove that {x,} is bounded in H by contradiction. Assume that {x,} is un-
bounded. Let {zx} be an arbitrary sequence bounded in H. It follows from (3.2) that, for
any k e N,
Jim |g'(v)ze| < lim [ ')z = 0.

Thus

lim ¢'(x,)zx =0 uniformly for k € N.
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Hence

n—00

2w o
lim ( /0 (¥, 2, — i) dlt fo (eln)zn — elt)zr) dit
p
+ Zéwn(t»)zk(t,)) 0
j=1

By (H;) and (H,), we have

fim ( /Z” gena— ez Zﬁ’ll,-(t/,xn(t,))Zk(t,))
0

lln (LA

n—00

From (3.3) and (3.4), we obtain

2w /
. X X
hm/ ( Lz —m zk)dt:O.
n=o0 Jo  \ %l [l

Set

Xn

Yn = .
(B

Then we have

2
lim (v, 2 — m*yuzi) dt = 0,

n—00 0

and furthermore,

2
lim [(yy, -9z, — m* (v, —yi)zk] dt=0.

n—00
11— 00

Replacing z in (3.6) by (y, — y;), we get
Jim (Il = yill*> = (m* + 1) |y - 3:113) = 0.

Due to the compact imbedding H < L2(0,27), going to a subsequence,
Yu — yo weaklyin H, Yu— Yo inL*(0,2m).

Therefore,

: 2
Am [ys =il = 0.
11— 00

Furthermore, we have

. 2 _
0 {1y = yill” =0,

11— 00

Page 6 of 16
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which implies that {y,} is a Cauchy sequence in H. Thus, y, — y in H. It follows from

(3.5) and the usual regularity argument for ordinary differential equations (see [21]) that

yo = ki sinmt + ky cos mt, (3.7)
where k7 + k3 = m (Iyoll = 1). (Different subsequences of {y,} correspond to different
ki and k,.)

Write (3.7) as

1

0= V(m? + )

where 6 satisfies sinf =

sin(mt + 6),

ko kq
and cosf = .
K2 +k2 NG

sin(mt + 0), we get, forany n € N,

1

N (m2+1)m

Taking z; =

21
/ (%2} — m*xuzi) dt = 0. (3.8)
0

Thus, it follows from (3.3) and (3.8) that

lim sin(mt + 0) dt

27 1
Tim [ | (et - et0) T

p
1
_2 L(t, %,(8)) ——
j=1 l(t] i (t]))\/(m2+1)7f

By (H;) and (H3), we obtain

sin(mt; + 9)j| =0. (3.9)

) 2 1 .
nll)ngo |:/O (g(xn) - e(t)) (\/ﬁ sin(mt + 60) —yn) dt
14

1
- ;Ii(tpxn(%)) (\/ﬁ

It follows from (3.9) and (3.10) that

sin(mt; + 0) —yn(tj)):| =0. (3.10)

2 p
lim [ /0 (g0sn) — e(0)) it - le(ti’xn(tf))yn(t/)] -0.

n—00
j=1

Hence, replacing zx in (3.3) by y,, we have

2 x/ X,
lim (x’n " mtx, ) dt=0. (3.11)
n—00 Jo [l I (Al

Now, dividing (3.1) by ||x,|, we get

’1/2”( X2 _mzxﬁ)dt_/z” G(x,) — e(t)x, dts Zlefj(tj,xn(t/)) - M
0 0

2 el 11l [ (B ~ el
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Passing to the limits, we have

0 (Gl —e@mn)de 3L TG, (8)

0= lim
=00 [l I n—>00 [l
2 Glx x 2 x
= lim (—n) gt — lim / e(t) - —dt
n—oo Jo Xy [lxull n—o0 Jo (B

Cim if,»(tj,xn(t,)) xa(t)

% () [EA
Noting that 2 — ——L—sin(mt + 6) in H as n — oo and
lxnll (m2+1)m

lim x,(f) =

n—00

+00, Vtel,,
-00, Vtel,

where I, := {t € [0,2x] | sin(mt + 0) > 0}, I_ := {¢ € [0,27] | sin(mt + 6) < 0}, we get from
the Lebesgue domain convergence theorem that

sin*(mt + 0) dt - / G(-00) sin” (mt + 0) dt

1 1
O = G e —_—
/1+ (+00) V(m? + D I, V(m? + D

2 1 - 1
- i 0)dt - Ki(t)————
/0 e(t) T sin(mt + 0) dt ]Xﬂ: i(t) ST

sin(mt; + 0),

2 p
0 = 2[G(+00) - G(~00)] - /0 e(t)sin(mt +0)dt - Y _ Kj(t;) sin(mt; + 0),

j=1

which contradicts (Hs). This implies that the sequence {x,} is bounded. Thus, there exists
X0 € H such that x,, — xo weakly in H. Due to the compact imbedding H < L?(0,27) and
H — C(0,27), going to a subsequence,

Xy — %o in L%(0,27), %, — x9 in C(0,2m).
From (3.3), we obtain
lim (
n— 00
11— 00
p
DI CEAC) —ff(t/:xi(t/)))zk(tj)> =0.
j=1

J

2w 2
/ ((x, = )z}, = m* (o0 — xi)2x) it — / (g(xn) — g:))zic dt
0 0

Replacing zi by x,, — x; in the above equality, we get

}tl—)O(}
1—>00

2w 9 2w
lim (/o ((x, = &))" = m?(x, — x:)*) dt — /0 (g(xn) — g(xi)) (% — ;) dlt

i

(4 (& x(®)) = L (62:(5))) ) (% () - xi(fj))) =0. (312)

~.
I
—

Page 8 of 16
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By (H;) and (H,), we have

2
Tim [ (g(xn) - ) G —x:) dt = O (3.13)
and
p
Tim (55 %(5)) = (5 %:(8))) (%4 (8) — 2:87)) = 0. (3.14)
i— 00 j=1

Thus, it follows from (3.12), (3.13) and (3.14) that

2

lim [(x, - x§)2 —m* (%, —x;)* | dt = 0.
= Jo

Therefore,

. 2
lim ||x, —x;||“ =0,
n— 00
11— 00

which implies x, — x( in H. It shows that ¢ satisfies (PS). O

Remark 3.2 If conditions (H;), (Hy) and (Hf) (or (H3)), ¢ defined by (2.1) still satisfies
(PS).

Now, we can give the proof of Theorem 1.1.
Proof of Theorem 1.1 Denote
H™ =R & span{sint, cost,sin 2¢t,cos 2¢, . . ., sin mt, cos mt}
and
H* = span{sin(m +1)t,cos(m + 1)t,.. }
We first prove that

liminfg(x) = —0co forxe H- (3.15)

flll =00

by contradiction. Assume that there exists a sequence (x,,) C H~ such that ||x,|| — oo (as
n — 00) and there exists a constant c_ satisfying

liminf(x,) > c_. (3.16)
n—00
By (H;), we have

li o G(x,) — e(t)x,
1m _—
n—00 Jo (B

dt=0. (3.17)
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By (Hy), we get
P ](trxn(t))
lim § :167”2’ =0. (3.18)
n—00 Xy
j=1

From (3.16) and the definition of ¢, we obtain

1 21 2 2,2 21 G —el(t [ ti, t:
lim inf —/ ’6"7”’2’6"01;:—/ M‘i”zw >0. (3.19)
n—o0 [ 2 Jg EA 0 [EA (B

j=1

For x € H-, we get that there exist constants ag, as, . .., am, b1, b2, ..., b, such that
m m
x(t) = Z a;j Cos jit + Z b;sinjt.
j=0 j-1
Since fozn sin? jt dt = 02” cos?jtdt forj=1,2,..., we have, forx € H™,

2 2 M 2 M
/ x/zdt:/ Z}Za sin /tdt+/ Z/zbzcos jedt
0 0
2 M 2t Mm
<m? / Zafsinzjtdt+/ Zb/zcoszjtdt
0 0

Jj=1 Jj=1

2r M 2 M
:m2|: Za cos ]tdt+/ Zb2s1n ]tdt:|
0

Hence, forx e H-,
2w
/ (- m’x*) dt < 0. (3.20)
0
The equality in (3.20) holds only for

1
x=———-sin(mt+60), OekR.

v(m?+r

Set y, = Hx 7+ Since dimH™ < 00, going to a subsequence, there exists yo € H~ such that
¥ — ¥o in H and y,, — yo in L*(0,27). Then (3.17), (3.18), (3.19) and (3.20) imply that

sin(mt +60), 6 ecR.

1
0= V(m? + D

By (3.16), we have, for n large enough,

2 W2 02,2 2 _ p (t: t:
l/ xn m xn dt—/ G(xn) e(t)xn dt+ Z[}( ]7xn( 1)) = c_ . (321)
0 0

2 (B (B o Ml el
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It follows from x,, € H~ that

w2 2.0
/ I Z %, (3.22)
0 ll |l

From (3.21) and (3.22), we get, for n large enough,

c 27 G(x,) — e(t)x, 2 i, xa(8))
< 2 7 LT
fo £+

llenll — ll g |

Passing to the limits and using an argument similarly as in the proof of Lemma 3.1, we get

. P
2[G(+00) - G(~00)] < /02 e(t) sin(mt + 0) dt + Zl(j(tj) sin(mt; + 6),

j1

which is a contradiction to (H).
Then (3.15) holds.
Next, we prove that

lim ¢(x)=oc0 forallx e H",
lx[l—o00

and ¢ is bounded on bounded sets.
Because of the compact imbedding of H <> C(0,27) and H < L?(0,2r), there exist
constants »11, m, such that

[Ixlloo < mar|lx|l, llxll2 < malx].
Then by (H;) and (H>), one has that there exist positive constants c,, ¢1, ¢y, ..., ¢, such that

2w 2 2w 2w
’(p(x)| = ‘%/0 x’zdt—m?/o xzdt—/(; [G(x)—e(t)x]dt

p

DI/ O)

j=1

1 5 mZ 5 5 2
< EIIXII + 7m2||x|| + (celxl + |e(®)|Ix]) dt
0

p
£y gl
j=1

2 p

L+m?mi
s——;——mn+mm%+wmmw+;;wmww (3.23)

Hence, ¢ is bounded on the bounded sets of H.
For x € H*, using an argument similar to the case x € H~, we have

ll® = ((m +1)* + 1) |13 (3.24)

Page 11 of 16
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Thus, from (3.23) and (3.24), we obtain

1 27 , 2 27 2w b
o(x) = 5/0 xzdt—m?/o det_fo [G(x)—e(t)x]dt+Z/}(tj,x(tj))

j=1

2m+1 9 P
> —||x —mi| Cs + ||€][1 T+ Ci X\,
> sy 1(g llelly + > ,)n I

j1

which implies

lim ¢(x)=oc0 forallxeH".

llxl| =00

Up to now, the conditions (a) and (b) of Theorem 2.2 are satisfied. According to Re-
mark 3.2, (c) is also satisfied. Hence, by Theorem 2.2, problem (1.1) has at least one solu-
tion. This completes the proof. d

Next, we prove Theorem 1.2 slightly differently from Theorem 1.1.

Proof of Theorem 1.2 Denote

H =R&® span{sin t,cost,sin2t,cos 2t,...,sin(m — 1)t, cos(m — l)t}
and

H* = span{sinmt, cos mt, .. .}.
We first prove that

liminfe(x) = —0co0 forxe H™. (3.25)

Il =00

For x € H-, we get that there exist constants ag, a1, ..., d-1, b1, ba, ..., by such that
m-1 m-1
x(t) = Z @;CoSjt + Z b;sinjt.
j=0 j=1
Since fozn sin? jt dt = 02” cos?jtdtforj=1,2,..., we have, forx € H™,
2T o m—1 o m-1
f x?dt = / Z}za sin? jt dt + / Z:;zb2 cos? jtdt
0 0
27 m-1 27 m-1
(m-1) |: Za sin ]tdt+f szcos }tdt:|
27 m-1 o m—1
=(m-1) |:/ Za cos?jtdt + f be sinzjtdt]
0

j=1 0 =

2
< (m-1) / X% dt.
0
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Hence, forx € H™,
2 2
||x||2=/ (x? +a%)dt < [(m—1)2+1]/ & de = [(m-1)* +1]|Ix(3.
0 0

The equality holds only for

x = ;sin((m—l)t+6), 0 eR.

V((m=-1)2+1)m

Ifx € H™ and ||x|| — oo, then
ll]l2 — oo.

For x € H™, we have

2 2 2w
f (¢? — m*x?) dt < (m —1)? / x*dt — m2/ x*dt = —(2m —1)||x|3.
0 0 0

By (H;) and (H3), we get that there exists a constant ¢y > 0 such that
2 p
’—/ [G(x) — e(t)x] dt + Z]j(tj:x(t/))‘ < collxll.
0 -
j=1
Hence, for x € H-, we obtain

1

27 27 P
o(x) = 5 /0 (2% — m’x?) dt - fo [G(x) - e(t)x] dt + }ZI: Ji(tx(1))

1
= -5 @m- D3 + collxll = —00  as ||x] — oo

Therefore, (3.25) holds.
Next, we prove that

lim ¢(x)=oc0 forallxeH",

llx]| =00

and ¢ is bounded on bounded sets.
Because of the compact imbedding of H < C(0,27) and H < L*(0,27), there exist
constants #1;, m, such that
%lloc < mmllxll, l%ll2 < ma|lxll.

Then, by (H;) and (H;), one has that there exist positive constants cg, ¢1, ¢, ..., ¢, such that

1 2w le 2w 2w
’(p(x)| =13 / x%dt - > / x> dt - / [G(x) - e(t)x] dt
0 0 0
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1 ) m2 ) ) 2
< Sl + el + / (ol + |e()|1x]) dt
0

- 2
p
£y gl
j=1
1+m’m} =, o
< —— 2l + (g + llell) Il + 3 g .

j-1

Hence, ¢ is bounded on the bounded sets of H.

In what follows, we prove that

lim ¢(x)=+o00 forxeH*

llx]| =00

by contradiction. Assume that there exists a sequence (x,,) C H~ such that ||x,| — oo (as

n — 00), and there exists a constant c, satisfying

limsup ¢(x,) <c,.

n—00

By (H;), we have

2 _
fim / Glan) — eV
0

#—>00 (AR

By (Hy), we get

. i Jit %u(8))

#500 £ AR

j=1

From (3.26) and the definition of ¢, we obtain

n—soo | 2 AR [l 112

Forx € H*, we get

21 2
/ X% dt > m? / X2 dt.
0 0

Hence, for x € H*, we have
21
/ (x'2 - mzxz) dt > 0.
0
The equality in (3.30) holds only for

1
X = ——-——sin(mt+06), 6ck.

V(m? + Dm

(3.26)

(3.27)

(3.28)

[EAR

2 L2 2,2 2w _ r (t: t:
hmsup[lf S g | Mmzw]fo, (529
0 0

j=1

(3.30)
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Set y, = ”ﬁ—Z” There exists yo € H* such that y, — yo weakly in H. Due to the compact
imbedding H < L*(0,27n), going to a subsequence, y, — ¥, in L?(0,27). Then (3.27),
(3.28), (3.29) and (3.30) imply that

1

0= V(m? + 1)

By (3.26), we have, for n large enough,

sin(mt +60), 0 eR.

p
1 /2” X2 — m*x? g /27‘[ G(xn) — e(t)x, dt + Z Ji(&,%u(t)) < & (331)
2 Jo [l I 0 [l I = (EA] [l |l
It follows from x,, € H* that
2 2 2.2
/ En T g > 0. (3.32)
0 llx |l

From (3.31) and (3.32), we get, for n large enough,

c, 2T G(x,) — e(t)x, Z L Ji(t, % (t;))
_ - T d E —_—
> /0 T+

lloenll lln o

Passing to the limits and using an argument similarly as in the proof of Lemma 3.1, we get

T 14
2[G(+00) - G(-00)] = /0 2 e(t) sin(mt +6) dt + ) _ Kj(t) sin(mt; +6),

j1

which is a contradiction to (H3). This completes the proof. 0
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