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1 Introduction
In this paper, we are concerned with the existence of the impulsive differential equation
of fractional order

DZ u(t) =f(t,ul®),u'(t), te],
Au(ty) = I(u(ty), ' (t)), k=1,2,...,p,
Au'(te) = e(u(t), ' (), k=1,2,...,p,
u(0)=0, (1) =X o (&),

(1.1)

where “D%_ is the Caputo fractional derivative, 1 < < 2,f:[0,1] x R x R — R is contin-
uous, I, Ji :R xR — R (k=1,2,...,p) are continuous, 0 =ty < t; <ty <+ <Ly <lp =1,
J=10,1,) =]\ {t, t2,..., t,}, 0, € R, & €(0,1),j = 1,2,...,m—2,m,p e N,m>2,p>0,and
Au(ty) = u(tf) — u(ty), where u(¢{) and u(t; ) denote the right and left limit of «(¢) at £ = £
(k=1,2,...,p), respectively. Au'(fx) has a similar meaning for #/(¢). Further, we assume

that
E#b, k=1,2,...,p,i=1,2,...,m—2 1.2)
and
m-2
Y oi=1, (1.3)
j=1
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which implies that the problem (1.1) is at resonance. The problem (1.1) happens to be at
resonance in the sense that the kernel of the linear operator “D, is not less than one-
dimensional under the boundary value conditions.

Fractional calculus is a generalization of the ordinary differentiation and integration.
It has played a significant role in science, engineering, economy, and other fields. Some
books on fractional calculus and fractional differential equations have appeared recently
(see [1-3]), and there are a large number of papers dealing with the fractional differential
equations (see [4—17]) due to their various applications.

Impulsive differential equations have found its importance in realistic mathematical
modeling of the phenomena in both the physical and the social sciences. The boundary
value problem of impulsive differential equation has been investigated extensively in the
literature; see [9, 10, 12, 15, 18, 19] and references therein.

There are some papers considering the fractional impulsive differential equations today.
However, in [9, 15], the authors indicated that the concept of piecewise continuous solu-
tions used in most of the current literature about the impulsive differential equations of
fractional order are not appropriate.

Motivated by the papers [6, 8, 9, 11, 15, 17, 20], in this paper we deal with the problem
(1.1). Based on the new concept of a piecewise continuous solution presented in [9, 15],
we establish some existence results about the problem (1.1). As far as we know, there are
few papers to deal with fractional differential equations with impulses under resonant
conditions.

The rest of the paper is organized as follows. In Section 2, we introduce some notations,
definitions, and preliminary facts that will be used in the remainder of the paper. In Sec-
tion 3, applying the results listed in Section 2, we prove the existence of the solution for
the problem (1.1) by the coincidence degree theory. Then an example is given in Section 4
to demonstrate the application of our results.

2 Preliminaries
First of all, we present the necessary definitions and fundamental facts on the fractional

calculus theory. These can be found in [1, 3].

Definition 2.1 ([1, 3]) The Riemann-Liouville fractional integral of order v > 0 of a func-
tion /: [0,1] — R is given by

I3, h(t) = D3 h(t) = ﬁ /0 (t - )" h(s) ds 21)

provided that the right-hand side is pointwise defined on [0, 1].

Definition 2.2 ([1, 3]) The Riemann-Liouville fractional derivative of order v > 0 of a
continuous function /: [0,1] — R is given by

e L (AN [ g
Dmh(t)_r(n_v)( dt) /0 (t—s)"" " h(s) ds, (2.2)

where n = [v] +1, h € AC”[0,1], provided that the right-hand side is pointwise defined on
[0,1].
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Definition 2.3 ([1, 3]) The Caputo fractional derivative of order v > 0 of a function % :
[0,1] — R is given by

Cryv _ 1 ! _ o\r-v-1g.(n)
Dy b0 = s /0 (¢ — )" 1 (s) ds, (2.3)

where n = [v] +1, h € AC”[0,1], provided that the right-hand side is pointwise defined on
[0,1].

Lemma 2.1 ([16]) Let v > O; then the differential equation
Dy h(t)=0
has solutions h(t) =co + it +cot> + - + ¢t L eR,i=0,1,2,...,n—-L,n=[v] +1.
Lemma 2.2 ([16]) Let v > 0; then
IS+CD(‘;+h(t) =h(t) +co+ 1t + ot + -+ + cygt™
forsomec; €R,i=0,1,2,...,n—1, wheren =[v] + 1.
Lemma 2.3 ([1, 3]) Ifvi,vo,v >0, t € [0,1], and h(t) € L}[0,1], then we have
L2 h(t) = I (), Dy I3 h(t) = h(t). (2.4)

Now let us recall some notations as regards the coincidence degree continuation theo-
rem.
Let X, Z be real Banach spaces. Consider the operation equation

Lu = Nu,

where L : domL C X — Z is a linear operator, N : X — Z is a nonlinear operator. If
dimKerL = codimImL < +00 and ImL is closed in Z, then L is called a Fredholm map-
ping of index zero. If L is a Fredholm mapping of index zero, there exist linear contin-
uous projectors P: X — X and Q: Z — Z such that KerZ = ImP, ImL = KerQ, and X =
Ker L@ KerP, Z = Im L ®Im Q. Then it follows that Lp = L|gom nKerr : dom LNKer P — Im L
is invertible. We denote the inverse of this map by Kp. If Q is an open bounded sub-
set of X, the map N will be called L-compact on Q if QN(Q) is bounded and KpoN =
Kp(I - Q)N : @ — X is compact. For Im Q is isomorphic to Ker L, there exists an isomor-
phism /oy : ImQ — Ker L. Then we shall give the coincidence degree continuation theo-
rem, which is proved in [21].

Theorem 2.1 Let L be a Fredholm operator of index zero and N be L-compact on 2, where
2 is an open bounded subset of X. Suppose that the following conditions are satisfied:
(i) Lx # ANx for each (x,)) € [(dom L \ Ker L) N 9€2] x (0,1);
(i) Nx ¢ ImL for each x € KerL N 9;
(ili) deg(/nrQN|kerr, 2N KerL,0) #0, where Q: Z — Z is a continuous projection as
above with Im L = Ker Q and Jyi : Im Q — Ker L is any isomorphism.
Then the equation Lx = Nx has at least one solution in dom L N Q.
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Set Jo = [0,t1] and Jx = (&, tks1), kK =1,2,...,p. Then we shall introduce some function
spaces in the following:

PC(J,R) = {x |x:] — R,x € C(Jy) and x(t,’(') exists, k = 0,1,2,...,p},
equipped with the norm
llxllo = sup|x(2)]
te]
and
PC'(J,R) = {x | x € PC(J,R),x € C'(J) and &' (£} ) exists,k = 0,1,2,...,p},
equipped with the norm

ll]l; = supl|x(2)| + sup|«/(2)).
te] te]

Obviously, PC(J,R) and PC}(J,R) are Banach spaces.
Define X = PC'(J,R) and Z = PC(J,R) x R% with the norm
2p
”Z”2 = Sup|x(t)| + Z |Zi|) VZ = (x) 219225 )ZZp) € Z¢
te]

i=1

wherex € PC(J,R), (21,22, ...,22) € R?. It is easy to verify that (Z, || - ||2) is a Banach space.

Let
m-2
domL = {x ‘ x€X,“D u(t) e PC(J,R),u(0) = 0,/(1) = Zaju’(éj) ,
j=1

L:domL — Z, u— (CD‘6‘+u(t), Aulty),..., Aulty), Au' (), ..., Au'(8)) (2.5)
and
N:X— Z, u— (f(t,u®),u(t)),Ar1...,Ap,Bi,...,B,), (2.6)

where Ay = L (u(ty), ' (£,)), Bk = Ji(u(t;), /' (£)), k =1,2,...,p.
Then the multi-point boundary value problem can be written

Lu=Nu, uedomlL.

At the end of the section we give a method for determining the compactness of a set
in X.

Lemma 2.4 U is a relatively compact set in X if and only if the following conditions are
satisfied:
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(a) U is uniformly bounded, that is, there exists a constant R > 0, such that for each
uel,|ull; <R
(b) Ve >0, there exists § = 8(g) > 0, such that

lu(t) —uts)| <e, | (t) - ()] <e,
forVt,t € i, k=0,1,2,...,p, |i —ta| <8, Vu e .

Proof Analogous to the proof of the Lemma 2.2 in [17], we can prove the results. Here, we
omit the details. O

3 Main results
In this section, we will establish the existence theorem for the impulsive fractional differ-

ential equation (1.1). In order to prove our main results, we need the following lemmas.

Lemma 3.1 Suppose that g € PC(J,R) and Z:Zl_z o0j = 1. A function u € X is a solution of
the impulsive differential equation of fractional order

D¢ u(t)=g(0), tef,

Au(ty) =ax, k=12,...,p,
Au'(ty)=by, k=1,2,...,p,
u(0)=0,  w@1)=Y" o (),

(3.1)

if and only if
k k k 1 P .
u(t) = ;ai—;biti + (c+ ;b,-)n W/o (t-95)""g(s)ds, te (3.2)
where k=0,1,2,...,p and c € R, and
-2

> b3 o(Xn)

i=1 j=1 ti<g;

1 1 m-2 fj
+ e D |:/(; (1-9)*2g(s) ds - ;oj (/0 (& - 5)*2g(s) ds):| =0. (3.3)

Proof In view of Lemma 2.7 in [9] or Lemma 4.1 in [15], we can get the conclusions by
applying Lemma 2.2 and Lemma 2.3. O

Lemma 3.2 Assume that Z]’ZIZ oj=1and

m—2
1
Ao=—[1- £ 0.
’ F(a)< ,Z_EU'S’ ) ’
Then L is a Fredholm mapping of index zero. Moreover,

KerL={u|u=ct,ce R} CX (3.4)
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and

ImL = {z lz=(g,a1,...,a,,b1,...,b,) € Z and g satisfies the condition (3.3)}

cZ. (3.5)

Proof Taking into account Lemma 2.1 and the definition of L, we can get the result (3.4)
easily. Further, Lemma 3.1 implies (3.5). Now, let us focus on the proofthat L is a Fredholm
mapping of index zero.

Define an auxiliary operator Q; : Z — R as follows:

Qiz = li:b,-—mzzq<2b,->

Jj=1 ti<§j

1 1 m=2 &
"Ta-1 [/0 (1-5)*"2g(s)ds - jzzlo,(/o (& —5)"g(s) ds>j|,

wherez=(g,a1,...,a,,b1,...,b,) € Z. It is obvious that Q, is a continuous linear mapping.
Take the mapping Q: Z — Z defined by

Qz= (%,o,...,o), (3.6)

0
where z=(g,a1,...,ay,b1,...,by) € Zand (0,...,0) € R?. Evidently, Ker Q = ImL and

ImQ = {(c,0,...,0) € Z | c€R,(0,...,0) e R¥},

and Q: Z — Z is a continuous linear projector. In fact, for an arbitrary z € Z, we have

Ql(QZ)=Q1<?\—loz,0,...,0)=?\—1:A0=le

and
2 _ _( Qi(Q2) _ [ Qz ~
QZ—Q(Qz)—< A ,O,...,O)—<AO,O,...,0)—Q2,

that is to say, Q: Z — Z is idempotent.

Letz=2z-Qz+Qz = (I - Q)z+ Qz, where z is an arbitrary element in Z. Since Qz € Im Q
and (I — Q)z € Ker Q, we obtain Z = Im Q + Ker Q. Take zog € ImQ N Ker Q. Then zy can
be written as zg = (co,0,...,0), where ¢y € R, (0,...,0) € R, for z; € Im Q. Thus we have
Q1(z0) = coAg = 0, which implies that ¢y = 0 and zy = . Hence Im Q N Ker Q = {6}, where
we denote 0 the zero element in Z. Thenwe get Z=ImQ® KerQ=ImQ & ImL.

Now, dimKerLZ =1 =dimImQ = codimKer Q = codimIm L < +00, and noting that Im L is
closed in Z, L is a Fredholm mapping of index zero. O

Let P: X — X be defined by

(Pu)(t) =/ (0)t, te),ucX. (3.7)

Page 6 of 14
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Clearly, P: X — X is a linear continuous projector and
ImP={u|u=ct,ce R} =KerL.
Also, proceeding as in the proof of Lemma 3.2, we can show that X = ImP @ KerP =

KerL & KerP.
Consider the mapping Kp : ImL — dom L N Ker P:

k

(I(pz)(t)—Za, thl T / t—s)*g(s)ds, teji

where k=0,1,2,...,pand z=(g,a1,...,4,,b1,...,b,) € ImL.
Note that

(KpL)u = Kp(Lu) =u, Yu e domL NKerP (3.8)
and

(LKp)z = L(Kpz) =z, VzeImL.
Thus, Kp = (Lp) ™}, where Lp = L|gomzrkerp : dom L N Ker P — Im L.

Lemma 3.3 Foreachz=(g,a1,...,a,,by,...,b,) €ImL, we have

Kozl < (14 — 3.9
I pZII1_< +m>llznz- (3.9)

Proof Foreachz=(g,a1,...,a,,b,...,b,) eImLand t € J;, k=0,1,2,...,p, we have

|(Kp2)(t)| =

k P . ) .
;ai_;biti+@/o (£ - 5)* g (s) ds

BRI LA
s sl mx)/o“ s

k k
+> M+ Ibil
i=1 i=1

—sup|g(t)| t +Z|%|+Z|b|
b p
< suplg(®)] + D Ibil + ) lail = |zl
te/ i=1 i=1
and
|(Kpz) (t)] = ’ / (t—s)"g(s)ds <sup|g(t>| mta l_mnznz
Hence,

1
1Kpzll, = sup| (Kp2) (8)] + sup| (Kp2) (8)] < (1 + —) Izl .
te] te] I'(a)
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Lemma3.4 Letf:[0,1] x RxR— Rand Ij,Jy :RxR— R (k=1,2,...,p) are continu-
ous. Then KpgN = Kp(I — Q)N : X — X is completely continuous.

Proof By virtue of Lemma 2.4, we can conclude that the claim of the lemma is true. O

Next, let us list the assumptions that will be used in the rest of the section.

(Hi) f£:10,1] x R x R — R is continuous, and there exist three nonnegative functions
B1, B2, B3 € PC(J,R) such that for all £ € ] and (x,) € R?, we have

[f (t,%,9)| < BL(®)Ix| + B2(B)y] + B (). (3.10)
(Hy) There exist M; >0,N;>0,D;>0(i=1,2,...,2p) such that
[Ic(x, )| < Mi|x| + Nily| + D, Uk, < Mpk|%] + Npkly| + Dpors  (311)

where k=1,2,...,p, V(x,y) € R2.
(Hs)

2p
0< (1 + ﬁ) (m £y (M +Ni)> <1, (3.12)

i=1

where 1y = sup,; |B1(£)| + sup,; | B2()].
(H4) There exists a constant 77 > 0 such that

Qi(Nu) #0, (3.13)

for each u € dom L \ Ker L satisfying |u'(0)| > T1.
(Hs) There exists a positive constant S such that for any ¢ € R, if |¢| > S, then either

cAoQy (N(ct)) <0, (3.14)
or else
cAoQi(N(ct)) > 0. (3.15)

Theorem 3.1 Let Z;ZIZG,» =1, Ao #0,f:[0,]] x RxR—Rand I,y : RxR— R
(k=1,2,...,p) are continuous. Assume that the hypotheses (Hy)-(Hs) all hold. Then the
problem (1.1) has at least one solution in dom L.

Proof The proof consists of four main steps as follows.
(1) Set 2y ={uedomL\ KerL | Lu = ANu, . € [0,1]} and proof of ©; is bounded.
(2) Set €2, ={u € KerL | Nu € ImL} and proof of 2, is bounded.
(3) If (3.14) holds, we set Q3 = {u € KerL | —Au + (1 = A)Jx; QNu = 0, A € [0,1]}; if (3.15)
holds, we set Q3 = {u € KerL | A + (1 — A)Jnp QNu = 0, A € [0,1]}, where
Jn i Im Q — KerL is a linear isomorphism defined as

Jni(c,0,...,0)=ct, (c0,...,0) eImQ,t € [0,1]. (3.16)

Then proof of Q3 is bounded.


http://www.boundaryvalueproblems.com/content/2014/1/

Chen et al. Boundary Value Problems 2014, 2014: Page 9 of 14
http://www.boundaryvalueproblems.com/content/2014/1/

(4) Let 2 be a bounded open set such that Q D U?:l Q; and prove that
deg(]NLQNh{erL: QNKerl, 0) ?’ 0.

Now, let us prove the steps one by one.
Step 1: Take u € €1, then u € domL \ KerL and Lu = ANu, so A #0 and Nu € ImL =
Ker Q C Z. Hence, Q(Nu) = 0, that is, Q;(Nu) = 0. From (H,), we have |u/(0)| < T3.
Again, for u € Q;, we get

| Pull, = su})|Pu(t)| + suF|(Pu)’(t)|

= sup|u'(0)t| + sup\u’(0)| = 2|u’(0)| <2T;. (3.17)
te] te]

In view of (I — P)u € dom L N Ker P, by (3.8) and Lemma 3.3, we have

1
=P, = [0 -Pru, = (14 s ) 2= P,

=11 ! L <(1 ! Ni 3.18
-( +F(a))|| M||2_< +%)” ull: (318)

Combining (3.17) and (3.18), we can obtain

lully = e = Pu+ Pully < | Pully + [ (I - P)uf,

<2T) + (1 + F(loz)> [INu]|,. (3.19)

From (Hj;), for each u € ©;, we have

If (£ u(2), ' (2))| < Bu(®)|u(t)| + Bo(6) |1 (2)| + B3 (2)
< su})lﬁl(t)l u@)] + su})lﬂz(t)l u(@)] + su})lﬂg(t)l

< mllully +n2, (3.20)

where we denote 1, = sup,; |83(?)|.
From (Hy;), for each u € 2;, we get

L (u(t), o (8)) | < MicJu(t) | + Ni|od (8) | + Di

< (My + Ni)llully + Dy (3.21)
and

i (se(ti0), ' (8)) | = M| e(5) |+ Ny | (6) [ + Do

= (Mp+k +Np+k)"u”1 + Dp+k7 (322)

where k =1,2,...,p.
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Combining (3.20), (3.21), and (3.22), we obtain
P p
Nl = suplf (6, u(0),4/0)) | + D _Jiu(ti) o ()| + Do), ()]
te i=1 i=1

2p 2p
< mlluly +ma+ (Z(Mi +Ni)) luelly + > D;

i=1 i=1

2p 2p
= (m + Z(Mi + NJ) flzelly + ZDi + 1. (3.23)

i=1 i=1

Thus, by (Hs), (3.19), and (3.23), we can derive

2Ty + (1+ T () Y7, D; + (1 + 1/T ()
1—(1+1/T(a)(m + X% (M; + N)))

flelly <

which clearly shows that €2; is bounded.

Step 2: Let u € 5, then u € KerL and u = ct, c € R, ¢t €. Since Nu € ImL = Ker Q, we
have Q(Nu) = 0, that is, Q;(N(ct)) = 0. Taking into account (Hs), |c| < S, which implies
that €2, is bounded.

Step 3: Without loss of generality, in the following part of the proof, we assume that
(3.14) holds in (Hs). Then we set Q3 = {u € KerL | —Au + (1 - A)Jx; QNu = 0, A € [0,1]}. For
u € Q3, then we have u = ct, ce R, t € [0,1], and Au = (1 — A)/y, QNu. Thus,

Act=(1- A)Mt.
Ao
Therefore, via (Hs) and (3.14), we have |c| < S, which shows that 23 is bounded.

Step 4: Let Q2 be abounded open set such that 2 D U?Zl Q;. The operator N is L-compact
on 2 due to the fact that QN(2) is bounded and KpoN =Kp(I- Q)N : Q — X is compact
by Lemma 3.4. Then by Step 1 and Step 2, we have

(i) Lu # ANu for each (i, 1) € [(domL \ KerL) N 2] x (0,1);

(if) Nu ¢ ImL for each u € Ker LN 9<2.

Define H(u, 1) = —AIu + (1 — A)Jny QNu, where I is the identity operator in X. According
to the arguments in Step 3, we have

H(u,)) #0, VueKerLNog,
and therefore, via the homotopy property of degree, we obtain

deg(/nz QN |kerz, 2 NKer L, 0) = deg(H(-,0), 2 N KerL,0)
= deg(H(-,1), 2 N KerL,0)
= deg(-1, 2 NKerL,0)
=-1,

which verifies the condition (iii) of Theorem 2.1. Then, applying Theorem 2.1, we conclude
that the problem (1.1) has at least one solution in dom L N Q. The proof is complete. [

Page 10 of 14
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Corollary 3.1 If the conditions (Hs) and (Hy) are replaced by:

(H3)

2p
0< (1 + %) (m Y (M + N,)) <1 (3.24)

i=1

(H:) There exists a constant Ty > 0 such that

Qi(Nu) #0, (3.25)

for each u € domL \ Ker L satisfying |u'(¢)| > T'.

Then the problem (1.1) has at least one solution in dom L.

Theorem 3.2 Let Z;ZIZJ,» =1L0;>0(G=L2,...,m—2),f:[0,1]] x Rx R — Rand I, Ji :
RxR— R (k=1,2,...,p) are continuous. Suppose that (Hy) and the following conditions

are satisfied:

(H3)

3 i
0< <1 + m) (Z(Mi +Ni)> <1 (3.26)

i=1

(He) There exists a constant T3 > 0, such that for any |y| > T, we have
n®Ts <f(t,xy) < () T3, (3.27)

where y\(t), y2(t) € C[0,1] and y,(t) = y1(t) = 0.
(H;) ForV(x,y) €e R, Ji(x,9) > 0,k=1,2,...,p.
(Hg)

m-2

1 &
| (1—s>a-2y1<s)ds—za,( | (s,—s)“-zn(s)ds)w. (3.28)
0 0

j=1
Then the problem (1.1) has at least one solution in dom L.

Proof Inview of 0; >0 (j=1,2,...,m —2) and (H7), we have A¢ > 0.

First, let us set Q; = {u € domL \ KerL | Lu = ANu, A € [0,1]}. Hence, for each u € Q,
we have Q(Nu) = 0, that is, Q;(Nu) = 0. We claim that there exists #; € [0,1] such that
/()| < Tr, te].

In fact, if we assume that |1/ ()| > T5, in view of 5; > 0, (He), and (Hg), we can get Q; (Nu) >
0, which contradicts Q;(Nu) = 0. Thus, the claim that there exists ¢; € [0,1] such that
|/ ()] < T, is true.

Ift1 =0, |/(0)| < T,. If f1 > 0, we have

1

"(0)| < Ty + —— || Null».
/' (0)] < 2+F(a)|| ull2
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Since
u”(t) CD2—a (CDot I/l(t)),
we have

‘ / u’(s)ds

Il CDZ ot(CDoz M(tl))|

= |53 @u) ()]

1 i
<|ILull, - P / (t—s)* 2 ds

IMNa-1
< Lulls - < —— I Nu
= M@ T T
Thus,
1(0)] = |1 (e1) - /O ws)ds| < W) +| [ we)ds| < T+ F(la) INul.

Similar to the discussion in Theorem 3.1, we can get

275 + T5(1 + 3/T (o) max,eqon (&) + (1 +3/T'(@)) ¥, D;
1-(1+3/T(@) (A (M, +Ny)) '

llully <

Therefore, 2; is bounded.

Also, Ay > 0, (Hg), and (Hg) imply that (Hs) is satisfied. Then, proceeding with the proof
of the theorem similar to the proof of Theorem 3.1, we can derive the conclusion.

4 Examples
To illustrate our main results, we shall present an example.

Example 4.1

DEBu(t) =f(t,u(t),u'(t), te],
Au(ty) =1, k=1,2,3,

Au'(t) =T, k=1,2,3,

u(0) =0, u'(1) = Z/ 105U (%_1)

where
oz—l 2
¥4 . sin” ¢
t,x, 1+e - , tel0,1],(x,y) € R?
Jom) = o\t Ty €01 xye
and
Ji(x,y) =

k 1

O

(4.1)
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and[€R,[>0,4 =025, £, = 0.5, t3 = 0.75, & = 0.2, & = 0.4, & = 0.6, 01 = 0.2, 0 = 0.3,
03=05,k =0,k =1,k =2.

From the above conditions, we can find that (H;), (H3), and (H7) hold. Noting that « =
1.8,p=3,m=5,3> 0, =1, for each |y| > 2, we have

yi(®) <f (& xy) < ya(b),

where y, = t71/10,and y; = £*71/30, so (Hg) is satisfied. Also we can certify that (Hg) holds,
too.

To sum up the points which we have just indicated, by Theorem 3.2, we can conclude
that the problem (4.1) has at least one solution.
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