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Abstract
In this paper, we study the existence of solutions for a new class of boundary value
problems of nonlinear fractional integro-differential equations and inclusions of
arbitrary order with initial and non-separated boundary conditions. In the case of
inclusion, the existence results are obtained for convex as well as non-convex
multifunctions. Our results rely on the standard tools of fixed point theory and are
well illustrated with the aid of examples.

1 Introduction
The subject of fractional calculus has recently been investigated in an extensive manner.
The publication of several books, special issues, and a huge number of articles in jour-
nals of international repute, exploring numerous aspects of this branch of mathematics,
clearly indicates the popularity of the topic. One of the key factors accounting for the util-
ity of the subject is that fractional-order operators are nonlocal in nature in contrast to
the integer-order operators and can describe the hereditary properties of many underly-
ing phenomena and processes. Owing to this characteristic, the principles of fractional
calculus have played a significant role in improving the modeling techniques for several
real world problems [–].
Many researchers have focused their attention on fractional differential equations and

inclusions, and a variety of interesting and important results concerning existence and
uniqueness of solutions, stability properties of solutions, analytic and numerical methods
of solutions of these equations have been obtained and the surge for investigating more
andmore results is still under way. For details and examples, we refer the reader to a series
of papers [–] and the references therein. Anti-periodic boundary value problems occur
in themathematical modeling of a variety of physical processes and someworks have been
published in this area, for instance; see [–] and the references therein.
In this paper, for α ∈ (n – ,n], n ≥ , n ∈ N, t ∈ I = [,T], T > , we investigate the

fractional integro-differential equation

cDαx(t) = f
(
t,x(t),x′(t),x′′(t),x′′′(t),φx(t),ψx(t), cDμx(t), cDμx(t), . . . , cDμmx(t),

cDνx(t), cDνx(t), . . . , cDνm′ x(t), cDξx(t), cDξx(t), . . . , cDξm′′ x(t)
)
, (.)

© 2014 Ahmad et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons At-
tribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly credited.

http://www.boundaryvalueproblems.com/content/2014/1/249
mailto:bashirahmad_qau@yahoo.com


Ahmad et al. Boundary Value Problems 2014, 2014:249 Page 2 of 40
http://www.boundaryvalueproblems.com/content/2014/1/249

and related fractional integro-differential inclusion

cDαx(t) ∈ F
(
t,x(t),x′(t),x′′(t),x′′′(t),φx(t),ψx(t), cDμx(t), cDμx(t), . . . , cDμmx(t),

cDνx(t), cDνx(t), . . . , cDνm′ x(t), cDξx(t), cDξx(t), . . . , cDξm′′ x(t)
)
, (.)

supplemented with initial boundary conditions

x()() = · · · = x(n–)() = , ax() + bx(T) = ,
cDpx() = –cDpx(T), cDqx() = –cDqx(T),
cDγ x() = –cDγ x(T),  < p < ,  < q < ,  < γ < ,a + b �= ,a,b ∈R,

(.)

where cD denotes the Caputo fractional derivative, f : [,T] × R
+m+m′+m′′ → R is a con-

tinuous function, F : [, ] × R
+m+m′+m′′ → P(R) is a multifunction, P(R) is the family of

all non-empty subsets of R, and the maps φ and ψ are defined by

φx(t) =
∫ t


γ (t, s)h

(
t, s,x(s),x′(s),x′′(s),x′′′(s), cDδx(s), cDβx(s), cDθx(s)

)
ds

and

ψx(t) =
∫ t


λ(t, s)h

(
t, s,x(s),x′(s),x′′(s),x′′′(s), cDδx(s), cDβx(s), cDθx(s)

)
ds,

where γ ,λ : [,T]× [,T] →R and h,h : [,T]× [,T]×R
 →R are continuous maps,

 < μi <  ( ≤ i ≤ m),  < νj <  ( ≤ j ≤ m′),  < ξk <  ( ≤ k ≤ m′′),  < δi < ,  < βi < ,
and  < θi <  for i = , .
The paper is organized as follows. In Section , we recall some preliminary facts that we

used in the sequel. Section  deals with the existence result for single-valued initial bound-
ary value problem, while the results for multivalued problem are presented in Section .
We present some examples illustrating the main results in Section .

2 Preliminaries
Let (X,‖ · ‖) be a normed space, P(X) the set of all non-empty subsets of X, Pcl(X) the set
of all non-empty closed subsets of X, Pb(X) the set of all non-empty bounded subsets of
X, Pcp(X) the set of all non-empty compact subsets of X and Pcp,c(X) the set of all non-
empty compact and convex subsets of X []. A multivalued map G : X → P(X) is said to
be convex (closed) valued whenever G(x) is convex (closed) for all x ∈ X []. The multi-
function G is called bounded on bounded sets whenever G(B) =

⋃
x∈B G(x) is bounded

subset of X for all B ∈ Pb(X), that is, supx∈B{sup{|y| : y ∈ G(x)}} < ∞ for all B ∈ Pb(X)
[]. Also, the multifunction G : X → P(X) is called upper semi-continuous whenever for
each x ∈ X the set G(x) is a non-empty closed subset of X, and for every open set N
of X containing G(x), there exists an open neighborhood N of x such that G(N) ⊆ N
[, ]. The multifunction G : X → P(X) is called compact whenever G(B) is relatively
compact for all B ∈ Pb(X) and also is called completely continuous whenever G is upper
semi-continuous and compact [, ]. It is well known that a compact multifunction G
with non-empty compact valued is upper semi-continuous if and only if G has a closed
graph, that is, xn → x∗, yn ∈ G(xn) for all n, and yn → y∗ imply y∗ ∈ G(x∗) []. We say
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that x ∈ X is a fixed point of a multifunction G whenever x ∈ G(x) []. Let T >  and
G : [,T] → Pcl(R) a multifunction. We say that G is measurable whenever the function
t �−→ d(y,G(t)) = inf{|y – z| : z ∈G(t)} is measurable for all y ∈R [, ].
One can find basic notions of fractional calculus in [] and []. We recall two necessary

ones here.
The Riemann-Liouville fractional integral of order q >  with the lower limit zero for a

function f : [,∞) → R is defined by Iqf (t) = 
�(q)

∫ t


f (s)
(t–s)–q ds for t >  provided the inte-

gral exists.
The Caputo fractional derivative of order q >  for a function f ∈ Cn([,∞),R) can be

written as

cDqf (t) =


�(n – q)

∫ t



f (n)(s)
(t – s)q+–n

ds = In–qf (n)(t),

where n –  < q ≤ n and t > .
To define the solution for problems (.)-(.) and (.)-(.), we establish the following

lemma.

Lemma . Let y ∈ L([,T],R). Then the integral solution of the linear equation

cDαx(t) = y(t) (.)

subject to the initial boundary conditions (.) is given by

x(t) =
∫ T


G(t, s)y(s)ds, (.)

where

G(t, s) =

{
(t–s)α–

�(α) +G(t, s), if s ≤ t,
G(t, s), if t ≤ s,

and

G(t, s) = –
b(T – s)α–

(a + b)�(α)
+
[bT – (a + b)t]�( – p)(T – s)α–p–

(a + b)�(α – p)T –p

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)(T – s)α–q–

(a + b)( – p)�(α – q)T–q

–
�( – γ )(T – s)α–γ–

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

× (
b
(
–(q – p) + ( – p)( – p)q

)
T

+ (a + b)
(
(p – q)Tt + ( – p)( – p)

(
–Tt + ( – q)t

)))
.

Proof It is well known that the solution of (.) can be written as

x(t) = Iαy(t) – b – bt – bt – bt – bt – · · · – bn–tn–

=


�(α)

∫ t


(t – s)α–y(s)ds – b – bt – bt – bt – bt – · · · – bn–tn–, (.)
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where b,b,b,b,b, . . . ,bn– ∈ R are arbitrary constants. Using the initial conditions
x()() = · · · = x(n–)() = , we find that b = · · · = bn– = . Since cDpc =  for all con-
stant c, cDpt = t–p

�(–p) ,
cDpt = t–p

�(–p) ,
cDpt = t–p

�(–p) ,
cDqt = , cDqt = t–q

�(–q) ,
cDqt =

t–q
�(–q) ,

cDγ t = , cDγ t = , cDγ t = t–γ

�(–γ ) ,
cDpIαy(t) = Iα–py(t), cDqIαy(t) = Iα–qy(t), and

cDγ Iαy(t) = Iα–γ y(t), therefore

cDpx(t) =


�(α – p)

∫ t


(t – s)α–p–y(s)ds – b

t–p

�( – p)
– b

t–p

�( – p)
– b

t–p

�( – p)
,

cDqx(t) =


�(α – q)

∫ t


(t – s)α–q–y(s)ds – b

t–q

�( – q)
– b

t–q

�( – q)
,

cDγ x(t) =


�(α – γ )

∫ t


(t – s)α–γ–y(s)ds – b

t–γ

�( – γ )
.

Now using the conditions ax()+bx(T) = , cDpx() = –cDpx(T), cDqx() = –cDqx(T), and
cDγ x() = –cDγ x(T), we obtain

b =
b

(a + b)

[


�(α)

∫ T


(T – s)α–y(s)ds –

�( – p)Tp

�(α – p)

∫ T


(T – s)α–p–y(s)ds

+
p�( – q)Tq

( – p)�(α – q)

∫ T


(T – s)α–q–y(s)ds

+
[–(q – p) + ( – p)( – p)q]�( – γ )Tγ

( – p)( – p)( – q)�(α – γ )

∫ T


(T – s)α–γ–y(s)ds

]
,

b =
�( – p)

�(α – p)T –p

∫ T


(T – s)α–p–y(s)ds

–
�( – q)

( – p)�(α – q)T –q

∫ T


(T – s)α–q–y(s)ds

+
(q – p)�( – γ )

( – p)( – p)( – q)�(α – γ )T –γ

∫ T


(T – s)α–γ–y(s)ds,

b =
�( – q)

�(α – q)T–q

∫ T


(T – s)α–q–y(s)ds

–
�( – γ )

( – q)�(α – γ )T–γ

∫ T


(T – s)α–γ–y(s)ds,

b =
�( – γ )

�(α – γ )T–γ

∫ T


(T – s)α–γ–y(s)ds.

Substituting the values of b,b,b,b,b, . . . ,bn– in (.), we get the solution (.). �

3 Existence results for problem (1.1)-(1.3)
Consider the space X = {u : u ∈ C(I)} endowed with the norm

‖u‖ = sup
t∈I

∣
∣u(t)

∣
∣ + sup

t∈I

∣
∣u′(t)

∣
∣ + sup

t∈I

∣
∣u′′(t)

∣
∣ + sup

t∈I

∣
∣u′′′(t)

∣
∣.

Obviously (X,‖ · ‖) is a Banach space.
We need the following result [] in the sequel.
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Theorem . Let E be a Banach space, S : E → E a completely continuous operator and

V = {x ∈ E : x = μSx, ≤ μ ≤ }

a bounded set. Then S has a fixed point in E.

Let us define the operator T : X → X by

(Tx)(t) =


�(α)

∫ t


(t – s)α–̃f

(
s,x(s)

)
ds –

b
(a + b)�(α)

∫ T


(T – s)α–̃f

(
s,x(s)

)
ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–̃f

(
s,x(s)

)
ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–̃f

(
s,x(s)

)
ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–̃f

(
s,x(s)

)
ds,

where

f̃
(
s,x(s)

)
= f

(
s,x(s),x′(s),x′′(s),x′′′(s),φx(s),ψx(s), cDμx(s), cDμx(s), . . . , cDμmx(s),

cDνx(s), cDνx(s), . . . , cDνm′ x(s), cDξx(s), cDξx(s), . . . , cDξm′′ x(s)
)
.

For the sake of convenience, we set

M =
[ |a| + |b|

|a + b|�(α + )
+
(|a| + |b|)�( – p)
|a + b|�(α – p + )

+
(|b|p + |a + b|( – p))�( – q)
|a + b|( – p)�(α – q + )

+
(

[|b|((q – p) + ( – p)( – p)q)
|a + b|( – p)( – p)( – q)�(α – γ + )

+
|a + b|((q – p) + ( – p)( – p)( – q))]�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ + )

)]
Tα

+
[


�(α)

+
�( – p)

�(α – p + )
+

( – p)�( – q)
( – p)�(α – q + )

+
[(q – p) + ( – p)( – p)( – q)]�( – γ )

( – p)( – p)( – q)�(α – γ + )

]
Tα–

+
[


�(α – )

+
�( – q)

�(α – q + )
+

( – q)�( – γ )
( – q)�(α – γ + )

]
Tα–

+
[


�(α – )

+
�( – γ )

�(α – γ + )

]
Tα–.

Theorem . The operator T : X → X is completely continuous.
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Proof First, we show that the operator T : X → X is continuous. Let {xn} be a sequence in
X with xn → x and  < μ, . . . ,μm < . Then we have

sup
t∈I

∣
∣cDμi xn(t) – cDμi x(t)

∣
∣

= sup
t∈I

∣
∣∣
∣


�( –μi)

∫ t


(t – s)–μi x′

n(s)ds –


�( –μi)

∫ t


(t – s)–μi x′

(s)ds
∣
∣∣
∣

= sup
t∈I

∣∣
∣∣


�( –μi)

∫ t


(t – s)–μi

[
x′
n(s) – x′

(s)
]
ds

∣∣
∣∣

≤ T –μi

�( –μi)
sup
t∈I

∣
∣x′

n(t) – x′
(t)

∣
∣ ≤ T –μi

�( –μi)
‖xn – x‖.

Since ‖xn – x‖ → , limn→∞ cDμi xn(t) = cDμi x(t) uniformly on I . Similarly,
limn→∞ cDνj xn(t) = cDνj x(t) uniformly on I for  ≤ j ≤ m′, limn→∞ cDξk xn(t) = cDξk x(t)
uniformly on I for  ≤ k ≤ m′′. Also, we get limn→∞ cDδi xn(t) = cDδi x(t),
limn→∞ cDβi xn(t) = cDβi x(t), and limn→∞ cDθi xn(t) = cDθi x(t) uniformly on I for i = , .
Since

‖Txn – Tx‖ = sup
t∈I

∣
∣Txn(t) – Tx(t)

∣
∣ + sup

t∈I

∣
∣(Txn)′(t) – (Tx)′(t)

∣
∣

+ sup
t∈I

∣
∣(Txn)′′(t) – (Tx)′′(t)

∣
∣ + sup

t∈I

∣
∣(Txn)′′′(t) – (Tx)′′′(t)

∣
∣,

using the continuity of f , h, h, we get ‖Txn – Tx‖ → . Thus, T is continuous on X.
Now, let 
 ⊆ X be a bounded subset. Then there exists a positive constant L >  such that
|̃f (t,x(t))| ≤ L for all t ∈ I and x ∈ 
. We show that T
 is a bounded set. We have

∣
∣(Tx)(t)

∣
∣ ≤ 

�(α)

∫ t


(t – s)α–

∣
∣̃f

(
s,x(s)

)∣∣ds +
|b|

|a + b|�(α)
∫ T


(T – s)α–

∣
∣̃f

(
s,x(s)

)∣∣ds

+
|bT – (a + b)t|�( – p)
|a + b|�(α – p)T –p

∫ T


(T – s)α–p–

∣∣̃f
(
s,x(s)

)∣∣ds

+
|bpT – (a + b)(Tt – ( – p)t)|�( – q)

|a + b|( – p)�(α – q)T–q

∫ T


(T – s)α–q–

∣
∣̃f

(
s,x(s)

)∣∣ds

+
( |b(–(q – p) + ( – p)( – p)q)T

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))|�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–∣∣̃f

(
s,x(s)

)∣∣ds

≤ (|a| + |b|)LTα

|a + b|�(α + )
+
(|a| + |b|)�( – p)LTα

|a + b|�(α – p + )

+
(|b|p + |a + b|( – p))�( – q)LTα

|a + b|( – p)�(α – q + )

+
(

[|b|((q – p) + ( – p)( – p)q)
|a + b|( – p)( – p)( – q)�(α – γ + )

+
|a + b|((q – p) + ( – p)( – p)( – q))]�( – γ )LTα

|a + b|( – p)( – p)( – q)�(α – γ + )

)
,
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∣∣(Tx)′(t)
∣∣ ≤ 

�(α – )

∫ t


(t – s)α–

∣∣̃f
(
s,x(s)

)∣∣ds

+
�( – p)

�(α – p)T –p

∫ T


(T – s)α–p–

∣∣̃f
(
s,x(s)

)∣∣ds

+
|T – ( – p)t|�( – q)
( – p)�(α – q)T–q

∫ T


(T – s)α–q–

∣∣̃f
(
s,x(s)

)∣∣ds

+
|(q – p)T + ( – p)( – p)(–Tt + ( – q)t)|�( – γ )

( – p)( – p)( – q)�(α – γ )T–γ

×
∫ T


(T – s)α–γ–∣∣̃f

(
s,x(s)

)∣∣ds

≤ Tα–L
�(α)

+
�( – p)LTα–

�(α – p + )
+
( – p)�( – q)LTα–

( – p)�(α – q + )

+
[(q – p) + ( – p)( – p)( – q)]�( – γ )LTα–

( – p)( – p)( – q)�(α – γ + )
,

∣∣(Tx)′′(t)
∣∣ ≤ 

�(α – )

∫ t


(t – s)α–

∣∣̃f
(
s,x(s)

)∣∣ds

+
�( – q)

�(α – q)T–q

∫ T


(T – s)α–q–

∣∣̃f
(
s,x(s)

)∣∣ds

+
| – T + ( – q)t|�( – γ )
( – q)�(α – γ )T–γ

∫ T


(T – s)α–γ–∣∣̃f

(
s,x(s)

)∣∣ds

≤ LTα–

�(α – )
+

�( – q)LTα–

�(α – q + )
+
( – q)�( – γ )LTα–

( – q)�(α – γ + )
,

and

∣∣(Tx)′′′(t)
∣∣ ≤ 

�(α – )

∫ t


(t – s)α–

∣∣̃f
(
s,x(s)

)∣∣ds

+
�( – γ )

�(α – γ )T–γ

∫ T


(T – s)α–γ–∣∣̃f

(
s,x(s)

)∣∣ds

≤ LTα–

�(α – )
+

�( – γ )LTα–

�(α – γ + )

for all x ∈ 
. Hence, we get

‖Tx‖ = sup
t∈I

∣
∣(Tx)(t)

∣
∣ + sup

t∈I

∣
∣(Tx)′(t)

∣
∣ + sup

t∈I

∣
∣(Tx)′′(t)

∣
∣ + sup

t∈I

∣
∣(Tx)′′′(t)

∣
∣

≤
[ |a| + |b|

|a + b|�(α + )
+
(|a| + |b|)�( – p)
|a + b|�(α – p + )

+
(|b|p + |a + b|( – p))�( – q)
|a + b|( – p)�(α – q + )

+
(

[|b|((q – p) + ( – p)( – p)q)
|a + b|( – p)( – p)( – q)�(α – γ + )

+
|a + b|((q – p) + ( – p)( – p)( – q))]�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ + )

)]
LTα

+
[


�(α)

+
�( – p)

�(α – p + )
+

( – p)�( – q)
( – p)�(α – q + )

http://www.boundaryvalueproblems.com/content/2014/1/249
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+
[(q – p) + ( – p)( – p)( – q)]�( – γ )

( – p)( – p)( – q)�(α – γ + )

]
LTα–

+
[


�(α – )

+
�( – q)

�(α – q + )
+

( – q)�( – γ )
( – q)�(α – γ + )

]
LTα–

+
[


�(α – )

+
�( – γ )

�(α – γ + )

]
LTα– =ML.

This implies that the operatorT maps bounded sets ofX into bounded sets. Now,we prove
that the sets {Tx : x ∈ 
}, {(Tx)′ : x ∈ 
}, {(Tx)′′ : x ∈ 
}, {(Tx)′′′ : x ∈ 
} are equicontinuous
on I . For  ≤ t < t ≤ T , we have

∣∣(Tx)(t) – (Tx)(t)
∣∣

=
∣∣
∣∣


�(α)

∫ t


(t – s)α–̃f

(
s,x(s)

)
ds –


�(α)

∫ t


(t – s)α–̃f

(
s,x(s)

)
ds

–
(t – t)�( – p)
�(α – p)T –p

∫ T


(T – s)α–p–̃f

(
s,x(s)

)
ds

+
[T(t – t) – ( – p)(t – t )]�( – q)

( – p)�(α – q)T–q

∫ T


(T – s)α–q–̃f

(
s,x(s)

)
ds

–
[(q – p)T(t – t) + ( – p)( – p)(–T(t – t ) + ( – q)(t – t ))]�( – γ )

( – p)( – p)( – q)�(α – γ )T–γ

×
∫ T


(T – s)α–γ–̃f

(
s,x(s)

)
ds

∣∣
∣∣

≤ L
�(α)

∫ t



[
(t – s)α– – (t – s)α–

]
ds +

L
�(α)

∫ t

t
(t – s)α– ds

+
(t – t)�( – p)LTα–

�(α – p + )
+
[T(t – t) + ( – p)(t – t )]�( – q)LTα–

( – p)�(α – q + )

+
[(q – p)T(t – t) + ( – p)( – p)(T(t – t ) + ( – q)(t – t ))]�( – γ )LTα–

( – p)( – p)( – q)�(α – γ + )

≤ L
�(α + )

(
tα – tα

)

+
(t – t)�( – p)LTα–

�(α – p + )
+
[T(t – t) + ( – p)(t – t )]�( – q)LTα–

( – p)�(α – q + )

+
[(q – p)T(t – t) + ( – p)( – p)(T(t – t ) + ( – q)(t – t ))]�( – γ )LTα–

( – p)( – p)( – q)�(α – γ + )
.

In a similar manner, one can find that

∣
∣(Tx)′(t) – (Tx)′(t)

∣
∣ ≤ L

�(α)
(
tα– – tα–

)
+
(t – t)�( – q)LTα–

�(α – q + )

+
[T(t – t) + ( – q)(t – t )]�( – γ )LTα–

( – q)�(α – γ + )
,

∣
∣(Tx)′′(t) – (Tx)′′(t)

∣
∣ ≤ L

�(α – )
(
tα– – tα–

)
+
(t – t)�( – γ )LTα–

�(α – γ + )
,
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and

∣∣(Tx)′′′(t) – (Tx)′′′(t)
∣∣ ≤ L

�(α – )
(
tα– – tα–

)
.

Clearly the right-hand sides of the above inequalities tend to zero as t → t. So T is com-
pletely continuous. This completes the proof. �

Theorem . Assume that there exist positive constants d > , di ≥  ( ≤ i ≤ ), ζi ≥ 
( ≤ i ≤ m), ηj ≥  ( ≤ j ≤ m′), τk ≥  ( ≤ k ≤ m′′), li, li ≥  ( ≤ i ≤ ), c, c >  such
that

∣∣f (t,x,x,x,x,x,x, y, y, . . . , ym, z, z, . . . , zm′ ,w,w, . . . ,wm′′ )
∣∣

≤ d + d|x| + d|x| + d|x| + d|x| + d|x| + d|x|

+
m∑

i=

ζi|yi| +
m′∑

j=

ηj|zj| +
m′′∑

k=

τk|wk|

for all t ∈ I and x, . . . ,x, y, . . . , ym, z, . . . , zm′ , τ, . . . , τm′′ ∈ R and

∣
∣hj(t, s,u,u,u,u,u,u,u)

∣
∣ ≤ cj +

∑

i=

lij|ui|

for j = , , all t, s ∈ I , and all u, . . . ,u ∈R. In addition, assume that

M′
 =M

[

d + d + d + d + dγ
(
l + l + l + l

+ l
T –δ

�( – δ)
+ l

T–β

�( – β)
+ l

T–θ

�( – θ)

)

+ dλ

(
l + l + l + l + l

T –δ

�( – δ)
+ l

T–β

�( – β)
+ l

T–θ

�( – θ)

)

+
m∑

i=

ζi
T –μi

�( –μi)
+

m′∑

j=

ηj
T–νj

�( – νj)
+

m′′∑

k=

τk
T–ξk

�( – ξk)

]

< ,

where γ = supt∈I
∫ t
 |γ (t, s)|ds and λ = supt∈I

∫ t
 |λ(t, s)|ds. Then problem (.)-(.) has at

least one solution.

Proof In view of Theorem ., the operator T : X → X is completely continuous. Next we
show that the set V = {x ∈ X : x = μTx,  ≤ μ ≤ } is bounded. Let x ∈ V and t ∈ I . Then
we have

x(t) =


�(α)

∫ t


μ(t – s)α–̃f

(
s,x(s)

)
ds

–
b

(a + b)�(α)

∫ T


μ(T – s)α–̃f

(
s,x(s)

)
ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


μ(T – s)α–p–̃f

(
s,x(s)

)
ds

http://www.boundaryvalueproblems.com/content/2014/1/249
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–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


μ(T – s)α–q–̃f

(
s,x(s)

)
ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


μ(T – s)α–γ–̃f

(
s,x(s)

)
ds,

x′(t) =


�(α – )

∫ t


μ(t – s)α–̃f

(
s,x(s)

)
ds

–
�( – p)

�(α – p)T –p

∫ T


μ(T – s)α–p–̃f

(
s,x(s)

)
ds

+
[T – ( – p)t]�( – q)
( – p)�(α – q)T–q

∫ T


μ(T – s)α–q–̃f

(
s,x(s)

)
ds

–
[(q – p)T + ( – p)( – p)(–Tt + ( – q)t)]�( – γ )

( – p)( – p)( – q)�(α – γ )T–γ

×
∫ T


μ(T – s)α–γ–̃f

(
s,x(s)

)
ds,

x′′(t) =


�(α – )

∫ t


μ(t – s)α–̃f

(
s,x(s)

)
ds

–
�( – q)

�(α – q)T–q

∫ T


μ(T – s)α–q–̃f

(
s,x(s)

)
ds

–
[–T + ( – q)t]�( – γ )
( – q)�(α – γ )T–γ

∫ T


μ(T – s)α–γ–̃f

(
s,x(s)

)
ds,

and x′′′(t) = 
�(α–)

∫ t
 μ(t – s)α–̃f (s,x(s))ds – �(–γ )

�(α–γ )T–γ

∫ T
 μ(T – s)α–γ–̃f (s,x(s))ds. Thus,

we get
∣∣x(t)

∣∣ = μ
∣∣Tx(t)

∣∣

≤
[

d + d‖x‖ + d‖x‖ + d‖x‖ + d‖x‖

+ dγ
(
c + l‖x‖ + l‖x‖ + l‖x‖ + l‖x‖

+ l
T –δ

�( – δ)
‖x‖ + l

T–β

�( – β)
‖x‖ + l

T–θ

�( – θ)
‖x‖

)

+ dλ

(
c + l‖x‖ + l‖x‖ + l‖x‖ + l‖x‖

+ l
T –δ

�( – δ)
‖x‖ + l

T–β

�( – β)
‖x‖ + l

T–θ

�( – θ)
‖x‖

)

+
m∑

i=

ζi
T –μi

�( –μi)
‖x‖ +

m′∑

j=

ηj
T–νj

�( – νj)
‖x‖ +

m′′∑

k=

τk
T–ξk

�( – ξk)
‖x‖

]

×
[
(|a| + |b|)Tα

|a + b|�(α + )
+
(|a| + |b|)�( – p)Tα

|a + b|�(α – p + )

http://www.boundaryvalueproblems.com/content/2014/1/249
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+
(|b|p + |a + b|( – p))�( – q)Tα

|a + b|( – p)�(α – q + )

+
(

[|b|((q – p) + ( – p)( – p)q)
|a + b|( – p)( – p)( – q)�(α – γ + )

+
|a + b|((q – p) + ( – p)( – p)( – q))]�( – γ )Tα

|a + b|( – p)( – p)( – q)�(α – γ + )

)]
,

∣∣x′(t)
∣∣ = μ

∣∣(Tx)′(t)
∣∣

≤
[

d + d‖x‖ + d‖x‖ + d‖x‖ + d‖x‖

+ dγ
(
c + l‖x‖ + l‖x‖ + l‖x‖ + l‖x‖

+ l
T –δ

�( – δ)
‖x‖ + l

T–β

�( – β)
‖x‖ + l

T–θ

�( – θ)
‖x‖

)

+ dλ

(
c + l‖x‖ + l‖x‖ + l‖x‖ + l‖x‖

+ l
T –δ

�( – δ)
‖x‖ + l

T–β

�( – β)
‖x‖ + l

T–θ

�( – θ)
‖x‖

)

+
m∑

i=

ζi
T –μi

�( –μi)
‖x‖ +

m′∑

j=

ηj
T–νj

�( – νj)
‖x‖ +

m′′∑

k=

τk
T–ξk

�( – ξk)
‖x‖

]

×
[
Tα–

�(α)
+

�( – p)Tα–

�(α – p + )
+
( – p)�( – q)Tα–

( – p)�(α – q + )

+
[(q – p) + ( – p)( – p)( – q)]�( – γ )Tα–

( – p)( – p)( – q)�(α – γ + )

]
,

∣∣x′′(t)
∣∣ = μ

∣∣(Tx)′′(t)
∣∣

≤
[

d + d‖x‖ + d‖x‖ + d‖x‖ + d‖x‖

+ dγ
(
c + l‖x‖ + l‖x‖ + l‖x‖ + l‖x‖

+ l
T –δ

�( – δ)
‖x‖ + l

T–β

�( – β)
‖x‖ + l

T–θ

�( – θ)
‖x‖

)

+ dλ

(
c + l‖x‖ + l‖x‖ + l‖x‖ + l‖x‖

+ l
T –δ

�( – δ)
‖x‖ + l

T–β

�( – β)
‖x‖ + l

T–θ

�( – θ)
‖x‖

)

+
m∑

i=

ζi
T –μi

�( –μi)
‖x‖ +

m′∑

j=

ηj
T–νj

�( – νj)
‖x‖ +

m′′∑

k=

τk
T–ξk

�( – ξk)
‖x‖

]

×
[

Tα–

�(α – )
+

�( – q)Tα–

�(α – q + )
+
( – q)�( – γ )Tα–

( – q)�(α – γ + )

]
,
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and

∣
∣x′′′(t)

∣
∣ = μ

∣
∣(Tx)′′′(t)

∣
∣

≤
[

d + d‖x‖ + d‖x‖ + d‖x‖ + d‖x‖

+ dγ
(
c + l‖x‖ + l‖x‖ + l‖x‖ + l‖x‖

+ l
T –δ

�( – δ)
‖x‖ + l

T–β

�( – β)
‖x‖ + l

T–θ

�( – θ)
‖x‖

)

+ dλ

(
c + l‖x‖ + l‖x‖ + l‖x‖ + l‖x‖

+ l
T –δ

�( – δ)
‖x‖ + l

T–β

�( – β)
‖x‖ + l

T–θ

�( – θ)
‖x‖

)

+
m∑

i=

ζi
T –μi

�( –μi)
‖x‖ +

m′∑

j=

ηj
T–νj

�( – νj)
‖x‖ +

m′′∑

k=

τk
T–ξk

�( – ξk)
‖x‖

]

×
[

Tα–

�(α – )
+

�( – γ )Tα–

�(α – γ + )

]
.

This implies that

‖x‖ ≤ M

[

d + d + d + d + dγ
(
l + l + l + l

+ l
T –δ

�( – δ)
+ l

T–β

�( – β)
+ l

T–θ

�( – θ)

)

+ dλ

(
l + l + l + l + l

T –δ

�( – δ)
+ l

T–β

�( – β)
+ l

T–θ

�( – θ)

)

+
m∑

i=

ζi
T –μi

�( –μi)
+

m′∑

j=

ηj
T–νj

�( – νj)
+

m′′∑

k=

τk
T–ξk

�( – ξk)

]

‖x‖

+M(d + dγc + dλc)

and so ‖x‖ ≤ M(d+dγc+dλc)
–M′


. Thus, the set V is bounded. Hence it follows by Theo-

rem . that the operator T has at least one fixed point, which in turn implies that problem
(.)-(.) has a solution. �

Theorem . Assume that f : I × R
+m+m′+m′′ → R and h,h : I × I × R

 → R are con-
tinuous functions and there exist constants ni ≥  ( ≤ i ≤ ), ki ≥  ( ≤ i ≤ m), k′

j ≥ 
(≤ j ≤ m′), k′′

k ≥  (≤ k ≤ m′′), ei, ei ≥  (≤ i ≤ ) such that

∣
∣f (t,x,x,x,x,x,x, y, y, . . . , ym, z, z, . . . , zm′ ,w,w, . . . ,wm′′ )

– f
(
t,x′

,x
′
,x

′
,x

′
,x

′
,x

′
, y

′
, y

′
, . . . , y

′
m, z

′
, z

′
, . . . , z

′
m′ ,w′

,w
′
, . . . ,w

′
m′′

)∣∣

≤ n
∣∣x – x′


∣∣ + n

∣∣x – x′

∣∣ + n

∣∣x – x′

∣∣
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+ n
∣∣x – x′


∣∣ + n

∣∣x – x′

∣∣ + n

∣∣x – x′

∣∣

+
m∑

i=

ki
∣∣yi – y′

i
∣∣ +

m′∑

j=

k′
j
∣∣zj – z′

j
∣∣ +

m′′∑

k=

k′′
k
∣∣wk –w′

k
∣∣

for all x, . . . ,x,x′
, . . . ,x′

, y, . . . , ym, y′
, . . . , y′

m, z, . . . , zm′ , z′
, . . . , z′

m′ ,w, . . . ,wm′′ ,w′
, . . . ,

w′
m′′ ∈R, and t ∈ I , and also

∣∣hj(t, s,u,u,u,u,u,u,u) – hj
(
t, s,u′

,u
′
,u

′
,u

′
,u

′
,u

′
,u

′

)∣∣ ≤

∑

i=

eij
∣∣ui – u′

i
∣∣

for j = , , t, s ∈ I , and u, . . . ,u,u′
, . . . ,u′

 ∈R. In addition, suppose that

� =M

[

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

]

< .

Then problem (.)-(.) has a unique solution.

Proof Set N = sup≤t≤T |f (t, , , . . . , )| < ∞, κj = sup≤t,s≤T |hj(t, s, , , . . . , )| < ∞ for j =
, , and choose r ≥ (N+nγκ+nλκ)M

–�
.We show thatT(Br) ⊆ Br , whereBr = {x ∈ X : ‖x‖ ≤

r}. Let x ∈ Br . Then we have

∣∣(Tx)(t)
∣∣ ≤ 

�(α)

∫ t


(t – s)α–

∣∣̃f
(
s,x(s)

)∣∣ds +
|b|

|a + b|�(α)
∫ T


(T – s)α–

∣∣̃f
(
s,x(s)

)∣∣ds

+
|bT – (a + b)t|�( – p)
|a + b|�(α – p)T –p

∫ T


(T – s)α–p–

∣
∣̃f

(
s,x(s)

)∣∣ds

+
|bpT – (a + b)(Tt – ( – p)t)|�( – q)

|a + b|( – p)�(α – q)T–q

∫ T


(T – s)α–q–

∣∣̃f
(
s,x(s)

)∣∣ds

+
( |b(–(q – p) + ( – p)( – p)q)T

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))|�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–∣∣̃f

(
s,x(s)

)∣∣ds

≤ 
�(α)

∫ t


(t – s)α–

[∣∣̃f
(
s,x(s)

)
– f (s, , , . . . , )

∣∣ +
∣∣f (s, , , . . . , )

∣∣]ds

+
|b|

|a + b|�(α)
∫ T


(T – s)α–

[∣∣̃f
(
s,x(s)

)
– f (s, , , . . . , )

∣
∣
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+
∣∣f (s, , , . . . , )

∣∣]ds

+
|bT – (a + b)t|�( – p)
|a + b|�(α – p)T –p

∫ T


(T – s)α–p–

[∣∣̃f
(
s,x(s)

)
– f (s, , , . . . , )

∣∣

+
∣
∣f (s, , , . . . , )

∣
∣]ds

+
|bpT – (a + b)(Tt – ( – p)t)|�( – q)

|a + b|( – p)�(α – q)T–q

×
∫ T


(T – s)α–q–

[∣∣̃f
(
s,x(s)

)
– f (s, , , . . . , )

∣∣ +
∣∣f (s, , , . . . , )

∣∣]ds

+
( |b(–(q – p) + ( – p)( – p)q)T

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))|�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–[∣∣̃f

(
s,x(s)

)
– f (s, , , . . . , )

∣∣ +
∣∣f (s, , , . . . , )

∣∣]ds

≤
[(

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

)

r

+N + nγκ + nλκ

]

×
[
(|a| + |b|)Tα

|a + b|�(α + )
+
(|a| + |b|)�( – p)Tα

|a + b|�(α – p + )

+
(|b|p + |a + b|( – p))�( – q)Tα

|a + b|( – p)�(α – q + )

+
(

[|b|((q – p) + ( – p)( – p)q)
|a + b|( – p)( – p)( – q)�(α – γ + )

+
|a + b|((q – p) + ( – p)( – p)( – q))]�( – γ )Tα

|a + b|( – p)( – p)( – q)�(α – γ + )

)]
.

In a similar way, we can obtain

∣∣(Tx)′(t)
∣∣

≤
[(

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)
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+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

)

r +N + nγκ + nλκ

]

×
[
Tα–

�(α)
+

�( – p)Tα–

�(α – p + )
+
( – p)�( – q)Tα–

( – p)�(α – q + )

+
[(q – p) + ( – p)( – p)( – q)]�( – γ )Tα–

( – p)( – p)( – q)�(α – γ + )

]
,

∣
∣(Tx)′′(t)

∣
∣

≤
[(

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

)

r +N + nγκ + nλκ

]

×
[

Tα–

�(α – )
+

�( – q)Tα–

�(α – q + )
+
( – q)�( – γ )Tα–

( – q)�(α – γ + )

]
,

and

∣
∣(Tx)′′′(t)

∣
∣

≤
[(

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

)

r

+N + nγκ + nλκ

][
Tα–

�(α – )
+

�( – γ )Tα–

�(α – γ + )

]
.

Hence,

‖Tx‖ ≤
[(

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)
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+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

)

r

+N + nγκ + nλκ

]

M ≤ r

and so ‖Tx‖ ≤ r. Also, we have

∣
∣(Tu)(t) – (Tv)(t)

∣
∣

≤ 
�(α)

∫ t


(t – s)α–

[∣∣̃f
(
s,u(s)

)
– f̃

(
s, v(s)

)∣∣]ds

+
|b|

|a + b|�(α)
∫ T


(T – s)α–

[∣∣̃f
(
s,u(s)

)
– f̃

(
s, v(s)

)∣∣]ds

+
|bT – (a + b)t|�( – p)
|a + b|�(α – p)T –p

∫ T


(T – s)α–p–

[∣∣̃f
(
s,u(s)

)
– f̃

(
s, v(s)

)∣∣]ds

+
|bpT – (a + b)(Tt – ( – p)t)|�( – q)

|a + b|( – p)�(α – q)T–q

×
∫ T


(T – s)α–q–

[∣∣̃f
(
s,u(s)

)
– f̃

(
s, v(s)

)∣∣]ds

+
( |b(–(q – p) + ( – p)( – p)q)T

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))|�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–[∣∣̃f

(
s,u(s)

)
– f̃

(
s, v(s)

)∣∣]ds

≤
[

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

]

×
[
(|a| + |b|)Tα

|a + b|�(α + )
+
(|a| + |b|)�( – p)Tα

|a + b|�(α – p + )
+
(|b|p + |a + b|( – p))�( – q)Tα

|a + b|( – p)�(α – q + )

+
(

[|b|((q – p) + ( – p)( – p)q)
|a + b|( – p)( – p)( – q)�(α – γ + )

+
|a + b|((q – p) + ( – p)( – p)( – q))]�( – γ )Tα

|a + b|( – p)( – p)( – q)�(α – γ + )

)]
‖u – v‖
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for all u, v ∈ X and t ∈ I . Similarly, one can obtain

∣∣(Tu)′(t) – (Tv)′(t)
∣∣

≤
[

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

]

×
[
Tα–

�(α)
+

�( – p)Tα–

�(α – p + )
+
( – p)�( – q)Tα–

( – p)�(α – q + )

+
[(q – p) + ( – p)( – p)( – q)]�( – γ )Tα–

( – p)( – p)( – q)�(α – γ + )

]
‖u – v‖,

∣∣(Tu)′′(t) – (Tv)′′(t)
∣∣

≤
[

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

]

×
[

Tα–

�(α – )
+

�( – q)Tα–

�(α – q + )
+
( – q)�( – γ )Tα–

( – q)�(α – γ + )

]
‖u – v‖,

and

∣
∣(Tu)′′′(t) – (Tv)′′′(t)

∣
∣

≤
[

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

]

×
[

Tα–

�(α – )
+

�( – γ )Tα–

�(α – γ + )

]
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for all u, v ∈ X and t ∈ I . This implies that

‖Tu – Tv‖

≤ M

[

n + n + n + n + nγ
(
e + e + e + e

+ e
T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+ nλ

(
e + e + e + e + e

T –δ

�( – δ)
+ e

T–β

�( – β)
+ e

T–θ

�( – θ)

)

+
m∑

i=

ki
T –μi

�( –μi)
+

m′∑

j=

k′
j

T–νj

�( – νj)
+

m′′∑

k=

k′′
k

T–ξk

�( – ξk)

]

‖u – v‖ = �‖u – v‖.

Since � < , the operator T is a contraction. In consequence, by the Banach contraction
principle, T has a unique fixed point which corresponds to the unique solution of problem
(.)-(.). �

4 Existence results for problem (1.2)-(1.3)
This section is concernedwith the existence of solutions for problem (.)-(.). As before,
let the space X = {u : u ∈ C(I)} be endowed with the norm

‖u‖ = sup
t∈I

∣∣u(t)
∣∣ + sup

t∈I

∣∣u′(t)
∣∣ + sup

t∈I

∣∣u′′(t)
∣∣ + sup

t∈I

∣∣u′′′(t)
∣∣.

A multivalued map F : I ×R
+m+m′+m′′ → P(R) is said to be Carathéodory whenever the

map

t �−→ F(t,x,x, . . . ,x+m+m′+m′′ )

is measurable for all xi ∈R for  ≤ i≤  +m +m′ +m′′ and the map

(x,x, . . . ,x+m+m′+m′′ ) �−→ F(t,x,x, . . . ,x+m+m′+m′′ )

is upper semi-continuous for almost all t ∈ I . Also, a Carathéodory function F is said to
be L-Carathéodory whenever for each l >  there exists ψl ∈ L(I,R+) such that

∥
∥F(t,x,x, . . . ,x+m+m′+m′′ )

∥
∥
p = sup

{|v| : v ∈ F(t,x,x, . . . ,x+m+m′+m′′ )
} ≤ ψl(t)

for all |xi| ≤ l ( ≤ i≤  +m +m′ +m′′) and almost all t ∈ I [, ].

Lemma . ([]) Let E be a Banach space, G : I ×E → Pcp,c(E) an L-Carathéodory mul-
tifunction, and θ a linear continuous mapping from L(I,E) to C(I,E). Then the operator

θ ◦ SG : C(I,E) → Pcp,c
(
C(I,E)

)

defined by θ ◦ SG(x) = θ (SG,x) is a closed graph operator, where

SG,x =
{
w ∈ L(I,E) : w(t) ∈G

(
t,x(t)

)
for almost all t ∈ I

}
.

http://www.boundaryvalueproblems.com/content/2014/1/249


Ahmad et al. Boundary Value Problems 2014, 2014:249 Page 19 of 40
http://www.boundaryvalueproblems.com/content/2014/1/249

Let E be a Banach space. The multivalued map G : I × E → Pcp(E) is said to be lower
semi-continuous (l.s.c) type whenever SG : C(I,E) → P(L(I,E)) is lower semi-continuous
and has non-empty closed and decomposable values [].
Now we state some well-known results which are needed in the sequel.

Lemma. ([]) Let Y be a separablemetric space andN : Y → P(L(I,R)) a lower semi-
continuous multivalued map with closed decomposable values. Then N has a continuous
selection, that is, there exists a continuous mapping g : Y → L(I,R) such that g(y) ∈ N(y)
for all y ∈ Y .

Theorem . (Nonlinear alternative of Leray-Schauder type []) Let E be a Banach
space, C a closed and convex subset of E, and U an open subset of C such that  ∈ U . If
F :U → Pcp,c(C) is an upper semi-continuous compact map, then either F has a fixed point
in U or there is a x ∈ ∂U and λ ∈ (, ) such that x ∈ λF(x).

Theorem . (Covitz and Nadler []) Let (M,d) be a complete metric space. If F :M →
Pcl(M) is a contraction, then F has a fixed point.

For t ∈ I and x ∈ X, let the multifunction F̃ be defined by

F̃
(
t,x(t)

)
= F

(
t,x(t),x′(t),x′′(t),x′′′(t),φx(t),ψx(t), cDμx(t), cDμx(t), . . . , cDμmx(t),

cDνx(t), cDνx(t), . . . , cDνm′ x(t), cDξx(t), cDξx(t), . . . , cDξm′′ x(t)
)

and the set of selections of F by SF ,x = {v ∈ L(I,R) : v(t) ∈ F̃(t,x(t)) for almost all t ∈ I}.
For the sake of brevity, we set

M =
[ |a| + |b|

|a + b|�(α) +
(|a| + |b|)�( – p)

|a + b|�(α – p)
+
(|b|p + |a + b|( – p))�( – q)

|a + b|( – p)�(α – q)

+
(

[|b|((q – p) + ( – p)( – p)q)
|a + b|( – p)( – p)( – q)�(α – γ )

+
|a + b|((q – p) + ( – p)( – p)( – q))]�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ )

)]
Tα–

+
[


�(α – )

+
�( – p)
�(α – p)

+
( – p)�( – q)
( – p)�(α – q)

+
[(q – p) + ( – p)( – p)( – q)]�( – γ )

( – p)( – p)( – q)�(α – γ )

]
Tα–

+
[


�(α – )

+
�( – q)
�(α – q)

+
( – q)�( – γ )
( – q)�(α – γ )

]
Tα–

+
[


�(α – )

+
�( – γ )
�(α – γ )

]
Tα–.

Now, we are in a position to give our first existence result for problem (.)-(.).

Theorem . Suppose that F : I ×R
+m+m′+m′′ → Pcp,c(R) is a Carathéodory multivalued

map and there exist continuous nondecreasing functions ϕi : [,∞)→ (,∞) for  ≤ i≤ ,
ψi,ψ ′

j ,ψ ′′
k : [,∞) → (,∞) for  ≤ i ≤ m,  ≤ j ≤ m′, and  ≤ k ≤ m′′ and nonnegative
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functions qi ∈ L(I) for  ≤ i ≤ , ρi,ρ ′
j ,ρ ′′

k ∈ L(I) for  ≤ i ≤ m,  ≤ j ≤ m′ and  ≤ k ≤ m′′

such that

∥
∥F(t,x,x,x,x,x,x, y, y, . . . , ym, z, z, . . . , zm′ ,w,w, . . . ,wm′′ )

∥
∥
p

= sup
{|y| : y ∈ F(t,x,x,x,x,x,x, y, y, . . . , ym, z, z, . . . , zm′ ,w,w, . . . ,wm′′ )

}

≤ q(t)ϕ
(|x|

)
+ q(t)ϕ

(|x|
)
+ q(t)ϕ

(|x|
)
+ q(t)ϕ

(|x|
)

+ q(t)ϕ
(|x|

)
+ q(t)ϕ

(|x|
)

+
m∑

i=

ρi(t)ψi
(|yi|

)
+

m′∑

j=

ρ ′
j (t)ψ

′
j
(|zj|

)
+

m′′∑

k=

ρ ′′
k (t)ψ

′′
k
(|wk|

)
,

for all t ∈ I , xi, yi, zj,wk ∈ R for  ≤ i ≤ ,  ≤ i ≤ m,  ≤ j ≤ m′, and  ≤ k ≤ m′′. Assume
that there exist positive constants c, c >  and li, li ≥  for  ≤ i≤  such that

∣∣hj(t, s,u,u,u,u,u,u,u)
∣∣ ≤ cj +

∑

i=

lij|ui|

for j = , , all t, s ∈ I , and all ui ∈ R for  ≤ i ≤ . If there exists a constant D >  such that
D

MA(D)
> , then problem (.)-(.) has at least one solution, where

A(D) = ‖q‖ϕ(D) + ‖q‖ϕ(D) + ‖q‖ϕ(D) + ‖q‖ϕ(D)

+ ‖q‖ϕ

(
cγ + γ

[
l + l + l + l + l

T –γ

�( – γ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
D

)

+ ‖q‖ϕ

(
cλ + λ

[
l + l + l + l + l

T –γ

�( – γ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
D

)

+
m∑

i=

‖ρi‖ψi

(
T –μi

�( –μi)
D

)
+

m′∑

j=

∥∥ρ ′
j
∥∥
ψ

′
j

(
T–νj

�( – νj)
D

)

+
m′′∑

k=

∥
∥ρ ′′

k
∥
∥
ψ

′′
k

(
T–ξk

�( – ξk)
D

)
.

Proof Let x ∈ X. Observe that the first property of the multifunction F and Theorem ..
in [] imply that SF ,x is non-empty. Define an operator 
 : X → P(X) by


(x) =
{
g ∈ X : there exists f ∈ SF ,x such that g(t) = γf (t) for all t ∈ I

}
,

where

γf (t) =


�(α)

∫ t


(t – s)α–f (s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–f (s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–f (s)ds
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–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–f (s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–f (s)ds.

We show that the operator 
 satisfies the hypothesis of the nonlinear alternative of the
Leray-Schauder type result (Theorem .). First, we show that
(x) is convex for all x ∈ X.
Let g, g ∈ 
(x) and w ∈ [, ]. Choose f, f ∈ SF ,x such that

gi(t) =


�(α)

∫ t


(t – s)α–fi(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–fi(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–fi(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–fi(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–fi(s)ds

for all t ∈ I . Then we have

[
wg + ( –w)g

]
(t)

=


�(α)

∫ t


(t – s)α–

[
wf(s) + ( –w)f(s)

]
ds

–
b

(a + b)�(α)

∫ T


(T – s)α–

[
wf(s) + ( –w)f(s)

]
ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–

[
wf(s) + ( –w)f(s)

]
ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

×
∫ T


(T – s)α–q–

[
wf(s) + ( –w)f(s)

]
ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–[wf(s) + ( –w)f(s)

]
ds
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for all t ∈ I . Since F has convex values, it is easy to check that SF ,x is convex and so wg +
( – w)g ∈ 
(x). Now, we show that 
 maps bounded sets into bounded sets in X. Let
Br = {x ∈ X : ‖x‖ ≤ r}, x ∈ Br , and g ∈ 
(x). Choose f ∈ SF ,x such that

∣∣g(t)
∣∣ ≤ 

�(α)

∫ t


(t – s)α–

∣∣f (s)
∣∣ds +

|b|
|a + b|�(α)

∫ T


(T – s)α–

∣∣f (s)
∣∣ds

+
|bT – (a + b)t|�( – p)
|a + b|�(α – p)T –p

∫ T


(T – s)α–p–

∣
∣f (s)

∣
∣ds

+
|bpT – (a + b)(Tt – ( – p)t)|�( – q)

|a + b|( – p)�(α – q)T–q

∫ T


(T – s)α–q–

∣∣f (s)
∣∣ds

+
( |b(–(q – p) + ( – p)( – p)q)T

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))|�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–∣∣f (s)

∣
∣ds

≤ 
�(α)

∫ t


(t – s)α–

[

q(s)ϕ
(∣∣x(s)

∣
∣) + q(s)ϕ

(∣∣x′(s)
∣
∣)

+ q(s)ϕ
(∣∣x′′(s)

∣∣) + q(s)ϕ
(∣∣x′′′(s)

∣∣)

+ q(s)ϕ
(∣∣φx(s)

∣∣) + q(s)ϕ
(∣∣ψx(s)

∣∣) +
m∑

i=

ρi(s)ψi
(∣∣cDμi x(s)

∣∣)

+
m′∑

j=

ρ ′
j (s)ψ

′
j
(∣∣cDνj x(s)

∣∣) +
m′′∑

k=

ρ ′′
k (s)ψ

′′
k
(∣∣cDξk x(s)

∣∣)
]

ds

+
|b|

|a + b|�(α)
∫ T


(T – s)α–

[

q(s)ϕ
(∣∣x(s)

∣∣) + q(s)ϕ
(∣∣x′(s)

∣∣)

+ q(s)ϕ
(∣∣x′′(s)

∣
∣) + q(s)ϕ

(∣∣x′′′(s)
∣
∣) + q(s)ϕ

(∣∣φx(s)
∣
∣)

+ q(s)ϕ
(∣∣ψx(s)

∣∣) +
m∑

i=

ρi(s)ψi
(∣∣cDμi x(s)

∣∣)

+
m′∑

j=

ρ ′
j (s)ψ

′
j
(∣∣cDνj x(s)

∣∣) +
m′′∑

k=

ρ ′′
k (s)ψ

′′
k
(∣∣cDξk x(s)

∣∣)
]

ds

+
|bT – (a + b)t|�( – p)
|a + b|�(α – p)T –p

×
∫ T


(T – s)α–p–

[

q(s)ϕ
(∣∣x(s)

∣
∣) + q(s)ϕ

(∣∣x′(s)
∣
∣)

+ q(s)ϕ
(∣∣x′′(s)

∣∣) + q(s)ϕ
(∣∣x′′′(s)

∣∣)

+ q(s)ϕ
(∣∣φx(s)

∣∣) + q(s)ϕ
(∣∣ψx(s)

∣∣) +
m∑

i=

ρi(s)ψi
(∣∣cDμi x(s)

∣∣)

+
m′∑

j=

ρ ′
j (s)ψ

′
j
(∣∣cDνj x(s)

∣
∣) +

m′′∑

k=

ρ ′′
k (s)ψ

′′
k
(∣∣cDξk x(s)

∣
∣)

]

ds
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+
|bpT – (a + b)(Tt – ( – p)t)|�( – q)

|a + b|( – p)�(α – q)T–q

×
∫ T


(T – s)α–q–

[

q(s)ϕ
(∣∣x(s)

∣∣) + q(s)ϕ
(∣∣x′(s)

∣∣)

+ q(s)ϕ
(∣∣x′′(s)

∣
∣) + q(s)ϕ

(∣∣x′′′(s)
∣
∣)

+ q(s)ϕ
(∣∣φx(s)

∣∣) + q(s)ϕ
(∣∣ψx(s)

∣∣) +
m∑

i=

ρi(s)ψi
(∣∣cDμi x(s)

∣∣)

+
m′∑

j=

ρ ′
j (s)ψ

′
j
(∣∣cDνj x(s)

∣∣) +
m′′∑

k=

ρ ′′
k (s)ψ

′′
k
(∣∣cDξk x(s)

∣∣)
]

ds

+
( |b(–(q – p) + ( – p)( – p)q)T

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))|�( – γ )

|a + b|( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–

[

q(s)ϕ
(∣∣x(s)

∣∣) + q(s)ϕ
(∣∣x′(s)

∣∣)

+ q(s)ϕ
(∣∣x′′(s)

∣
∣) + q(s)ϕ

(∣∣x′′′(s)
∣
∣)

+ q(s)ϕ
(∣∣φx(s)

∣∣) + q(s)ϕ
(∣∣ψx(s)

∣∣) +
m∑

i=

ρi(s)ψi
(∣∣cDμi x(s)

∣∣)

+
m′∑

j=

ρ ′
j (s)ψ

′
j
(∣∣cDνj x(s)

∣∣) +
m′′∑

k=

ρ ′′
k (s)ψ

′′
k
(∣∣cDξk x(s)

∣∣)
]

ds

≤
[

‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r)

+ ‖q‖ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ‖q‖ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+
m∑

i=

‖ρi‖ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

∥∥ρ ′
j
∥∥
ψ

′
j

(
T–νj

�( – νj)
r
)

+
m′′∑

k=

∥∥ρ ′′
k
∥∥
ψ

′′
k

(
T–ξk

�( – ξk)
r
)]

×
[
(|a| + |b|)Tα–

|a + b|�(α) +
(|a| + |b|)�( – p)Tα–

|a + b|�(α – p)

+
(|b|p + |a + b|( – p))�( – q)Tα–

|a + b|( – p)�(α – q)
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+
(

[|b|((q – p) + ( – p)( – p)q)
|a + b|( – p)( – p)( – q)�(α – γ )

+
|a + b|((q – p) + ( – p)( – p)( – q))]�( – γ )Tα–

|a + b|( – p)( – p)( – q)�(α – γ )

)]

for all t ∈ I . In a similar manner, we obtain

∣
∣g ′(t)

∣
∣ ≤

[

‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r)

+ ‖q‖ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ‖q‖ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+
m∑

i=

‖ρi‖ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

∥
∥ρ ′

j
∥
∥
ψ

′
j

(
T–νj

�( – νj)
r
)

+
m′′∑

k=

∥∥ρ ′′
k
∥∥
ψ

′′
k

(
T–ξk

�( – ξk)
r
)]

×
[

Tα–

�(α – )
+

�( – p)Tα–

�(α – p)
+
( – p)�( – q)Tα–

( – p)�(α – q)

+
[(q – p) + ( – p)( – p)( – q)]�( – γ )Tα–

( – p)( – p)( – q)�(α – γ )

]
,

∣
∣g ′′(t)

∣
∣ ≤

[

‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r)

+ ‖q‖ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ‖q‖ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+
m∑

i=

‖ρi‖ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

∥
∥ρ ′

j
∥
∥
ψ

′
j

(
T–νj

�( – νj)
r
)

+
m′′∑

k=

∥∥ρ ′′
k
∥∥
ψ

′′
k

(
T–ξk

�( – ξk)
r
)]

×
[

Tα–

�(α – )
+

�( – q)Tα–

�(α – q)
+
( – q)�( – γ )Tα–

( – q)�(α – γ )

]
,
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and

∣∣g ′′′(t)
∣∣ ≤

[

‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r)

+ ‖q‖ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ‖q‖ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+
m∑

i=

‖ρi‖ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

∥∥ρ ′
j
∥∥
ψ

′
j

(
T–νj

�( – νj)
r
)

+
m′′∑

k=

∥∥ρ ′′
k
∥∥
ψ

′′
k

(
T–ξk

�( – ξk)
r
)][

Tα–

�(α – )
+

�( – γ )Tα–

�(α – γ )

]

for all t ∈ I . Thus, we get

‖g‖ ≤ M

[

‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r) + ‖q‖ϕ(r)

+ ‖q‖ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ‖q‖ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+
m∑

i=

‖ρi‖ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

∥∥ρ ′
j
∥∥
ψ

′
j

(
T–νj

�( – νj)
r
)

+
m′′∑

k=

∥
∥ρ ′′

k
∥
∥
ψ

′′
k

(
T–ξk

�( – ξk)
r
)]

.

This implies that 
 maps bounded sets into bounded sets in X. Now, we show that 


maps bounded sets of X into equicontinuous sets. Let t, t ∈ [,T] with t < t, x ∈ Br ,
and g ∈ 
(x). Then we have

∣
∣g(t) – g(t)

∣
∣

≤ 
�(α)

∫ t



[
(t – s)α– – (t – s)α–

]∣∣f (s)
∣∣ds +


�(α)

∫ t

t
(t – s)α–

∣∣f (s)
∣∣ds
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+
(t – t)�( – p)
�(α – p)T –p

∫ T


(T – s)α–p–

∣∣f (s)
∣∣ds

+
[T(t – t) + ( – p)(t – t )]�( – q)

( – p)�(α – q)T–q

∫ T


(T – s)α–q–

∣
∣f (s)

∣
∣ds

+
[(q – p)T(t – t) + ( – p)( – p)(T(t – t ) + ( – q)(t – t ))]�( – γ )

( – p)( – p)( – q)�(α – γ )T–γ

×
∫ T


(T – s)α–γ–∣∣f (s)

∣
∣ds

≤
[

ϕ(r) + ϕ(r) + ϕ(r) + ϕ(r)

+ ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+
m∑

i=

ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

ψ ′
j

(
T–νj

�( – νj)
r
)
+

m′′∑

k=

ψ ′′
k

(
T–ξk

�( – ξk)
r
)]

×
[


�(α)

∫ t



[
(t – s)α– – (t – s)α–

]

×
[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+


�(α)

∫ t

t
(t – s)α–

[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+
(t – t)�( – p)
�(α – p)T –p

∫ T


(T – s)α–p–

×
[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+
[T(t – t) + ( – p)(t – t )]�( – q)

( – p)�(α – q)T–q

×
∫ T


(T – s)α–q–

[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+
[(q – p)T(t – t) + ( – p)( – p)(T(t – t ) + ( – q)(t – t ))]�( – γ )

( – p)( – p)( – q)�(α – γ )T–γ

×
∫ T


(T – s)α–γ–

[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

]

.
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Proceeding as before, one can obtain

∣
∣g ′(t) – g ′(t)

∣
∣

≤
[

ϕ(r) + ϕ(r) + ϕ(r) + ϕ(r)

+ ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+
m∑

i=

ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

ψ ′
j

(
T–νj

�( – νj)
r
)
+

m′′∑

k=

ψ ′′
k

(
T–ξk

�( – ξk)
r
)]

×
[


�(α – )

∫ t



[
(t – s)α– – (t – s)α–

]

×
[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+


�(α – )

∫ t

t
(t – s)α–

[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+
(t – t)�( – q)
�(α – q)T–q

∫ T


(T – s)α–q–

×
[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+
[T(t – t) + ( – q)(t – t )]�( – γ )

( – q)�(α – γ )T–γ

×
∫ T


(T – s)α–γ–

[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

]

,

∣∣g ′′(t) – g ′′(t)
∣∣

≤
[

ϕ(r) + ϕ(r) + ϕ(r) + ϕ(r) + ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)
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+
m∑

i=

ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

ψ ′
j

(
T–νj

�( – νj)
r
)
+

m′′∑

k=

ψ ′′
k

(
T–ξk

�( – ξk)
r
)]

×
[


�(α – )

∫ t



[
(t – s)α– – (t – s)α–

]

×
[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+


�(α – )

∫ t

t
(t – s)α–

[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+
(t – t)�( – γ )
�(α – γ )T–γ

∫ T


(T – s)α–γ–

×
[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

]

,

and

∣∣g ′′′(t) – g ′′′(t)
∣∣

≤
[

ϕ(r) + ϕ(r) + ϕ(r) + ϕ(r) + ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+ ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
r
)

+
m∑

i=

ψi

(
T –μi

�( –μi)
r
)
+

m′∑

j=

ψ ′
j

(
T–νj

�( – νj)
r
)
+

m′′∑

k=

ψ ′′
k

(
T–ξk

�( – ξk)
r
)]

×
[


�(α – )

∫ t



[
(t – s)α– – (t – s)α–

]

×
[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

+


�(α – )

∫ t

t
(t – s)α–

[ ∑

l=

ql(s) +
m∑

i=

ρi(s) +
m′∑

j=

ρ ′
j (s) +

m′′∑

k=

ρ ′′
k (s)

]

ds

]

.

It is easy to see that the right-hand side of the above inequalities tends to zero as t – t → 
(independent on x ∈ Br). Thus, by using the Arzela-Ascoli theorem, we see that 
 : X →
P(X) is a compactmultivaluedmap. Next, we show that
 has a closed graph. Let xn → x∗,
gn ∈ 
(xn) for all n and gn → g∗. We show that g∗ ∈ 
(x∗). Since gn ∈ 
(xn) for all n, there
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exists fn ∈ SF ,xn such that

gn(t) =


�(α)

∫ t


(t – s)α–fn(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–fn(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–fn(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–fn(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–fn(s)ds

for all t ∈ I . Thus, we have to show that there exists f∗ ∈ SF ,x∗ such that

g∗(t) =


�(α)

∫ t


(t – s)α–f∗(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–f∗(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–f∗(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–f∗(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–f∗(s)ds

for all t ∈ I . Consider the linear continuous operator θ : L(I,R) → X defined by f �−→
θ (f )(t), where

θ (f )(t) =


�(α)

∫ t


(t – s)α–f (s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–f (s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–f (s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–f (s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–f (s)ds
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for all t ∈ I . Since θ is a linear continuous map, therefore, by Lemma ., it follows that
θ ◦ SF is a closed graph operator. Note that gn ∈ θ ◦ SF (xn) for all n. Since xn → x∗ and
gn → g∗, there exists f∗ ∈ SF (x∗) such that

g∗(t) =


�(α)

∫ t


(t – s)α–f∗(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–f∗(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–f∗(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–f∗(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–f∗(s)ds

for all t ∈ I . Let λ ∈ (, ) and x ∈ λ
(x), then there exists f ∈ SF ,x such that

x(t) =


�(α)

∫ t


λ(t – s)α–f (s)ds –

b
(a + b)�(α)

∫ T


λ(T – s)α–f (s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


λ(T – s)α–p–f (s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


λ(T – s)α–q–f (s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


λ(T – s)α–γ–f (s)ds

for all t ∈ I . Hence

‖x‖ = sup
t∈I

∣
∣x(t)

∣
∣ + sup

t∈I

∣
∣x′(t)

∣
∣ + sup

t∈I

∣
∣x′′(t)

∣
∣ + sup

t∈I

∣
∣x′′′(t)

∣
∣

≤ M

[

‖q‖ϕ
(‖x‖) + ‖q‖ϕ

(‖x‖) + ‖q‖ϕ
(‖x‖) + ‖q‖ϕ

(‖x‖)

+ ‖q‖ϕ

(
cγ + γ

[
l + l + l + l + l

T –δ

�( – δ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
‖x‖

)

+ ‖q‖ϕ

(
cλ + λ

[
l + l + l + l + l

T –δ

�( – δ)
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+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
‖x‖

)

+
m∑

i=

‖ρi‖ψi

(
T –μi

�( –μi)
‖x‖

)
+

m′∑

j=

∥
∥ρ ′

j
∥
∥
ψ

′
j

(
T–νj

�( – νj)
‖x‖

)

+
m′′∑

k=

∥∥ρ ′′
k
∥∥
ψ

′′
k

(
T–ξk

�( – ξk)
‖x‖

)]

= MA
(‖x‖)

and so ‖x‖
MA(‖x‖) ≤ . Letting U = {x ∈ X : ‖x‖ < D}, the operator 
 : U → Pcp,c(X) is upper

semi-continuous and compact. In view of the choice of U , there is no x ∈ ∂U such that
x ∈ λ
(x) for some λ ∈ (, ) and so 
 has a fixed point x ∈ U by virtue of Theorem ..
Obviously, each fixed point of 
 is a solution of problem (.)-(.). This completes the
proof. �

Our next result deals with the case that F is not necessary convex valued.

Theorem . Suppose that F : I ×R
+m+m′+m′′ → Pcp(R) is a multifunction such that the

map

(t,x,x, . . . ,x+m+m′+m′′ ) �−→ F(t,x,x, . . . ,x+m+m′+m′′ )

is L(I)⊗ B(R)⊗ · · · ⊗ B(R)⊗ B(R)measurable and the map

(x,x, . . . ,x+m+m′+m′′ ) �−→ F(t,x,x, . . . ,x+m+m′+m′′ )

is lower semi-continuous for almost all t ∈ I . Assume that there exist continuous non-
decreasing functions ϕi : [,∞) → (,∞) for  ≤ i ≤ , ψi,ψ ′

j ,ψ ′′
k : [,∞) → (,∞) for

 ≤ i ≤ m,  ≤ j ≤ m′, and  ≤ k ≤ m′′ and nonnegative functions qi ∈ L(I) for  ≤ i ≤ ,
ρi,ρ ′

j ,ρ ′′
k ∈ L(I) for  ≤ i≤ m,  ≤ j ≤ m′, and  ≤ k ≤ m′′ such that

∥
∥F(t,x,x,x,x,x,x, y, y, . . . , ym, z, z, . . . , zm′ ,w,w, . . . ,wm′′ )

∥
∥
p

= sup
{|y| : y ∈ F(t,x,x,x,x,x,x, y, y, . . . , ym, z, z, . . . , zm′ ,w,w, . . . ,wm′′ )

}

≤ q(t)ϕ
(|x|

)
+ q(t)ϕ

(|x|
)
+ q(t)ϕ

(|x|
)

+ q(t)ϕ
(|x|

)
+ q(t)ϕ

(|x|
)
+ q(t)ϕ

(|x|
)

+
m∑

i=

ρi(t)ψi
(|yi|

)
+

m′∑

j=

ρ ′
j (t)ψ

′
j
(|zj|

)
+

m′′∑

k=

ρ ′′
k (t)ψ

′′
k
(|wk|

)
,

for all t ∈ I , xi, yi, zj,wk ∈ R for  ≤ i ≤ ,  ≤ i ≤ m,  ≤ j ≤ m′, and  ≤ k ≤ m′′. Further-
more, there exist positive constants c, c > , and li, li ≥  for  ≤ i≤  such that

∣∣hj(t, s,u,u,u,u,u,u,u)
∣∣ ≤ cj +

∑

i=

lij|ui|
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for j = , , t, s ∈ I and all ui ∈ R for  ≤ i ≤ . If there exists a constant D >  such that
D

MA(D)
> , then problem (.)-(.) has at least one solution, where

A(D) = ‖q‖ϕ(D) + ‖q‖ϕ(D) + ‖q‖ϕ(D) + ‖q‖ϕ(D)

+ ‖q‖ϕ

(
cγ + γ

[
l + l + l + l + l

T –γ

�( – γ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
D

)

+ ‖q‖ϕ

(
cλ + λ

[
l + l + l + l + l

T –γ

�( – γ)

+ l
T–β

�( – β)
+ l

T–θ

�( – θ)

]
D

)

+
m∑

i=

‖ρi‖ψi

(
T –μi

�( –μi)
D

)
+

m′∑

j=

∥
∥ρ ′

j
∥
∥
ψ

′
j

(
T–νj

�( – νj)
D

)

+
m′′∑

k=

∥∥ρ ′′
k
∥∥
ψ

′′
k

(
T–ξk

�( – ξk)
D

)
.

Proof In view of the given assumptions and Lemma . in [], it follows that F is of lower
semi-continuous type. Thus, by Lemma ., there exists a continuous function f : X →
L(I,R) such that f (x) ∈ SF (x) for all x ∈ X. Now, consider the equation

cDαx(t) = f (x)(t) (.)

supplemented with boundary conditions (.). Note that each solution of problem (.)-
(.) with the given conditions is a solution of problem (.)-(.). Define the operator

 : X → X by


x(t) =


�(α)

∫ t


(t – s)α–f (x)(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–f (x)(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–f (x)(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–f (x)(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–f (x)(s)ds

for all t ∈ I . Following the procedure employed in the last result, one can show that 
 is
continuous and completely continuous and satisfies all conditions of the nonlinear alterna-
tive of Leary-Schauder type for single-valued maps. Consequently, there exists a solution
for problem (.)-(.). This completes the proof. �
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Finally, we establish the existence of a solution for the case that the right-hand side of
(.) is non-convex valued.

Theorem . Assume that F : I × R
+m+m′+m′′ → Pcp(R) is a multifunction such that the

map

t �−→ F(t,x,x, . . . ,x+m+m′+m′′ )

is measurable for all x, . . . ,x+m+m′+m′′ ∈ R, the map t �−→ dH (,F(t, , , . . . , )) is inte-
grably bounded for almost all t ∈ I and there are nonnegative functions k, . . . ,k ∈ L(I),
m, . . . ,mm,m′

, . . . ,m′
m′ ,m′′

 , . . . ,m′′
m′′ ∈ L(I) such that

dH
(
F(t,x,x,x,x,x,x, y, y, . . . , ym, z, z, . . . , zm′ ,w,w, . . . ,wm′′ ),

F
(
t,x′

,x
′
,x

′
,x

′
,x

′
,x

′
, y

′
, y

′
, . . . , y

′
m, z

′
, z

′
, . . . , z

′
m′ ,w′

,w
′
, . . . ,w

′
m′′

))

≤ k(t)
∣∣x – x′


∣∣ + k(t)

∣∣x – x′

∣∣ + k(t)

∣∣x – x′

∣∣

+ k(t)
∣∣x – x′


∣∣ + k(t)

∣∣x – x′

∣∣ + k(t)

∣∣x – x′

∣∣

+
m∑

i=

mi(t)
∣
∣yi – y′

i
∣
∣ +

m′∑

j=

m′
j(t)

∣
∣zj – z′

j
∣
∣ +

m′′∑

k=

m′′
k (t)

∣
∣wk –w′

k
∣
∣

for almost all t ∈ I and all x, . . . ,x,x′
, . . . ,x′

, y, . . . , ym, y′
, . . . , y′

m, z, . . . , zm′ , z′
, . . . , z′

m′ ,
w, . . . ,wm′′ , w′

, . . . ,w′
m′′ ∈ R. Also, suppose that there exist η, . . . ,η,η, . . . ,η ≥  such

that

∣
∣hj(t, s,u,u,u,u,u,u,u) – hj

(
t, s,u′

,u
′
,u

′
,u

′
,u

′
,u

′
,u

′

)∣∣ ≤

∑

i=

ηij
∣
∣ui – u′

i
∣
∣

for all t, s ∈ I , u, . . . ,u,u′
, . . . ,u′

 ∈ R, and j = , . If � < , then problem (.)-(.) has at
least one solution, where

� =M

[

‖k‖ + ‖k‖ + ‖k‖ + ‖k‖

+ ‖k‖γ
(

η + η + η + η + η
T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+ ‖k‖λ

(
η + η + η + η + η

T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+
m∑

i=

‖mi‖ T –μi

�( –μi)
+

m′∑

j=

∥∥m′
j
∥∥


T–νj

�( – νj)
+

m′′∑

k=

∥∥m′′
k
∥∥


T–ξk

�( – ξk)

]

.

Proof With the given assumptions and Theorem III- (themeasurable selection theorem)
in [], one can infer that F admits a measurable selection f : I →R. Since F is integrably
bounded, f ∈ L(I,R), so SF ,x �= ∅ for all x ∈ X. Now, we show that the operator 
 satisfies
the assumptions of Theorem .. First, we show that 
(x) ∈ Pcl(X) for all x ∈ X. Let un ∈
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(x) for all n≥  and un → u for some u ∈ X. For each n, choose vn ∈ SF ,x such that

un(t) =


�(α)

∫ t


(t – s)α–vn(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–vn(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–vn(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–vn(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–vn(s)ds

for all t ∈ I . Since F has compact values, there is a subsequence of {vn} that converges to v
in L(I,R). Thus, v ∈ SF ,x and

un(t) → u(t) =


�(α)

∫ t


(t – s)α–v(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–v(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–v(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–v(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–v(s)ds

for all t ∈ I . This implies that u ∈ 
(x). Next, we show that there exists � <  such that

dH
(

(z),
(z̃)

) ≤ �‖z – z̃‖

for all z, z̃ ∈ X. Let z, z̃ ∈ X and g ∈ 
(z). Choose f ∈ SF ,z such that

g(t) =


�(α)

∫ t


(t – s)α–f(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–f(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–f(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–f(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ
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+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–f(s)ds

for all t ∈ I . On the other hand we have

dH
(
F̃
(
t, z(t)

)
, F̃

(
t, z̃(t)

))

≤
[

k(t) + k(t) + k(t) + k(t)

+ k(t)γ
(

η + η + η + η + η
T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+ k(t)λ

(
η + η + η + η + η

T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+
m∑

i=

mi(t)
T –μi

�( –μi)
+

m′∑

j=

m′
j(t)

T–νj

�( – νj)
+

m′′∑

k=

m′′
k (t)

T–ξk

�( – ξk)

]

‖z – z̃‖

for almost all t ∈ I . Hence, there exists wt ∈ F̃(t, z̃(t)) such that
∣∣f(t) –wt

∣∣

≤
[

k(t) + k(t) + k(t) + k(t)

+ k(t)γ
(

η + η + η + η + η
T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+ k(t)λ

(
η + η + η + η + η

T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+
m∑

i=

mi(t)
T –μi

�( –μi)
+

m′∑

j=

m′
j(t)

T–νj

�( – νj)
+

m′′∑

k=

m′′
k (t)

T–ξk

�( – ξk)

]

‖z – z̃‖ :=Mt

for almost all t ∈ I . Define V : I → P(R) by V (t) = {u ∈ R : |f(t) – u| ≤ Mt} for all t ∈ I .
By Theorem III- in [], it follows that V is measurable. Since the multivalued operator
t �−→ V (t)∩ F̃(t, z̃(t)) is measurable (Proposition III- in []), there exists a function f ∈
SF ,z̃ such that

∣
∣f(t) – f(t)

∣
∣

≤
[

k(t) + k(t) + k(t) + k(t)

+ k(t)γ
(

η + η + η + η + η
T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+ k(t)λ

(
η + η + η + η + η

T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+
m∑

i=

mi(t)
T –μi

�( –μi)
+

m′∑

j=

m′
j(t)

T–νj

�( – νj)
+

m′′∑

k=

m′′
k (t)

T–ξk

�( – ξk)

]

‖z – z̃‖

http://www.boundaryvalueproblems.com/content/2014/1/249


Ahmad et al. Boundary Value Problems 2014, 2014:249 Page 36 of 40
http://www.boundaryvalueproblems.com/content/2014/1/249

for almost all t ∈ I . Define

g(t) =


�(α)

∫ t


(t – s)α–f(s)ds –

b
(a + b)�(α)

∫ T


(T – s)α–f(s)ds

+
[bT – (a + b)t]�( – p)
(a + b)�(α – p)T –p

∫ T


(T – s)α–p–f(s)ds

–
[bpT – (a + b)(Tt – ( – p)t)]�( – q)

(a + b)( – p)�(α – q)T–q

∫ T


(T – s)α–q–f(s)ds

–
(

[b(–(q – p) + ( – p)( – p)q)T

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

+
(a + b)((q – p)Tt + ( – p)( – p)(–Tt + ( – q)t))]�( – γ )

(a + b)( – p)( – p)( – q)�(α – γ )T–γ

)

×
∫ T


(T – s)α–γ–f(s)ds

for all t ∈ I . Then we have

‖g – g‖
= sup

t∈I

∣
∣g(t) – g(t)

∣
∣ + sup

t∈I

∣
∣g ′

(t) – g ′
(t)

∣
∣ + sup

t∈I

∣
∣g ′′

 (t) – g ′′
 (t)

∣
∣ + sup

t∈I

∣
∣g ′′′

 (t) – g ′′′
 (t)

∣
∣

≤ M

[

‖k‖ + ‖k‖ + ‖k‖ + ‖k‖

+ ‖k‖γ
(

η + η + η + η + η
T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+ ‖k‖λ

(
η + η + η + η + η

T –δ

�( – δ)
+ η

T–β

�( – β)
+ η

T–θ

�( – θ)

)

+
m∑

i=

‖mi‖ T –μi

�( –μi)
+

m′∑

j=

∥
∥m′

j
∥
∥


T–νj

�( – νj)
+

m′′∑

k=

∥
∥m′′

k
∥
∥


T–ξk

�( – ξk)

]

‖z – z̃‖

= �‖z – z̃‖.

Further, interchanging the roles of z and z̃, we get

dH
(

(z),
(z̃)

) ≤ �‖z – z̃‖.

Since � < , 
 is a contraction and so by Theorem ., 
 has a fixed point which corre-
sponds to a solution of problem (.)-(.). �

5 Examples
This section is devoted to the illustration of Theorems . and ..

Example . Consider the fractional differential inclusion

cD

 x(t) ∈ F

(
t,x(t),x′(t),x′′(t),x′′′(t),ϕx(t),

cD

 x(t), cD


 x(t), cD


 x(t), cD


 x(t)

)
, t ∈ [, ] (.)
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supplemented with the boundary conditions x()() = , 
x() +


x() = , cD 

 x() =
–cD 

 x(), cD

 x() = –cD


 x(), and cD 

 x() = –cD 
 x() where

ϕx(t) =
∫ t



e–(s–t)/



[
e–π t

( + t)
+

x(s)
( + t)( + sinx(s))

+
e–stx′(s)
(s + )

+
√πx′(s)x′′(s)

( + |x′(s)|) +
e– cos x(s)x′′′(s)
(s + )

+
sinx(s)cD 

 x(s)

,
√
 + |cD 

 x(s)| + |cD 
 x(s)|

+
e–π cos x(s)cD 

 x(s)
,(s + s + )

+
cD


 x(s)

,( + |x′(s)|)
]
ds.

Here α = 
 , μ = 

 , ν =

 , ξ =


 , ξ =


 , p = 

 , q =

 , γ = 

 , a = 
 , b =


 , δ =


 , β = 

 ,
θ = 

 , c =

 , l =


 , l =


, , l =

√π

 , l =


 , l =


, , l =
e–π

, , l =


, ,
γ =

√
e–

 . Define the multifunction F : [, ]×R
 → P(R) by

F(t,x,x,x,x,x, y, z,w,w)

=
{
u ∈R : –

|x|
( + |x|) –

e–π t


sin x –

|x|
( + sin x)

–
|y|

( + |y|)

–
t


cos z –

e–π t

(t + )
|w|

–
t 


( + |w|) ≤ u≤ 

e–|x| +

e–π t

( + tx)
+

|x|
( + |x|)

+
t  |x + sinx|


+

e–t

t + 
sin y +

e– 
 t


√
 + |z| 

+
t

(t + )

∣∣
∣∣w +

x
 + |x|

∣∣
∣∣ +

|w|
( + |w|) +




}

and note that

∥
∥F(t,x,x,x,x,x, y, z,w,w)

∥
∥
p = sup

{|v| : v ∈ F(t,x,x,x,x,x, y, z,w,w)
}

≤ ,
,

+



(|x| + 
)
+




(|w| + 
)

for all t ∈ [, ] and x,x,x,x,x, y, z,w,w ∈R. It is clear that F has convex and com-
pact values and is of Carathéodory type. Let q(t) = , ϕ(|x|) = 

 , q(t) = , ϕ(|x|) = 
 ,

q(t) = , ϕ(|x|) = 
 , q(t) = , ϕ(|x|) = 

 , q(t) = , ϕ(|x|) = 
 (|x| + ), ρ(t) = ,

ψ(|y|) = 
 , ρ ′

(t) = , ψ ′
(|z|) = 

 , ρ ′′
 (t) = , ψ ′′

 (|w|) = 
 (|w| + ), ρ ′′

 (t) = , and
ψ ′′

 (|w|) = 
 for all t ∈ [, ] and x,x,x,x,x, y, z,w,w ∈R. Hence,

∥
∥F(t,x,x,x,x,x, y, z,w,w)

∥
∥
p

= sup
{|v| : v ∈ F(t,x,x,x,x,x, y, z,w,w)

}

≤ q(t)ϕ
(|x|

)
+ q(t)ϕ

(|x|
)
+ q(t)ϕ

(|x|
)
+ q(t)ϕ

(|x|
)

+ q(t)ϕ
(|x|

)
+ ρ(t)ψ

(|y|
)
+ ρ ′

(t)ψ
′

(|z|

)
+ ρ ′′

 (t)ψ
′′

(|w|

)
+ ρ ′′

 (t)ψ
′′

(|w|

)
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for all t ∈ [, ] and x,x,x,x,x, y, z,w,w ∈R. With the given values, it is found that
M ∼= .. Letting D > ., all the conditions of Theorem . hold and
consequently problem (.) has at least one solution.

Example . Consider the fractional differential inclusion

cD

 x(t) ∈ F

(
t,x(t),x′(t),x′′(t),x′′′(t),ϕx(t),

cD

 x(t), cD


 x(t), cD


 x(t), cD


 x(t)

)
, t ∈ [, ] (.)

with the boundary value problems x()() = x()() = , x() – x() = , cD 
 x() =

–cD 
 x(), cD 

 x() = –cD 
 x(), and cD


 x() = –cD


 x(), where

ϕx(t) =
∫ t



(s – t)e–(s–t)

,

[
t cos t
eπ t( + t)

+
|x(s) + x′(s) + cD 

 x(s)|
,π ( + |x(s) + x′(s) + cD 

 x(s)|)

+
t sin t cos s

(
√

π + es)
arctan

(


+

|x′′(s) + cD 
 x(s)|

 + |x′′(s) + cD 
 x(s)|

)

+
est

,( + est)
cosx′′′(s) +

se–πs |cD 
 x(s)|

(, + arcsin(  )et
 )( + |cD 

 x(s)|)

]
ds.

Here α = 
 , μ = 

 , μ = 
 , ν =


 , ξ =


 , p = 

 , q =

 , γ = 

 , a = , b = –, δ = 
 ,

β = 
 , θ =


 , n = n = n = 

,π
, n = n = 

(
√

π+) , n =


, , n =


,+arcsin(  )
,

γ = e–
, . We define the multifunction F : [, ]×R

 → P(R) as

F(t,x,x,x,x,x, y, y, z,w)

=
[
–
e–π t

 + t
– arctan

(
 +

et|x + x + x + x|
,(  + et)( + |x + x + x + x|)

)
, cos t

]

∪
[
 +

sinπ t√
 + t

, 
(
t + 

)
+ cos

(
t +

et|y + y|
,π ( + |y + y|)

)

+
|z +w|

,( + t)( + |z +w|)
]

∪
[


,

|x|
,(t + )( + |x|) + t +




]

for all t ∈ [, ] and x,x,x,x,x, y, y, z,w ∈ R. It is clear that F has compact values
and

dH
(
F(t,x,x,x,x,x, y, y, z,w),F

(
t,x′

,x
′
,x

′
,x

′
,x

′
, y

′
, y

′
, z

′
,w

′

))

≤ et

,(  + et)
(∣∣x – x′


∣∣ +

∣∣x – x′

∣∣ +

∣∣x – x′

∣∣ +

∣∣x – x′

∣∣)

+


,(t + )
∣
∣x – x′


∣
∣ +

et

,π
(∣∣y – y′


∣
∣ +

∣
∣y – y′


∣
∣)

+


,( + t)
(∣∣z – z′


∣∣ +

∣∣w –w′

∣∣)
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for all t ∈ [, ] and x,x,x,x,x,x′
,x′

,x′
,x′

,x′
, y, y, y′

, y′
, z, z′

,w,w′
 ∈ R. Fix k(t) =

k(t) = k(t) = k(t) = et
,(  +et )

, k(t) = 
,(t+) , m(t) = m(t) = et

,π , m
′
(t) = m′′

 (t) =


,(+t) . As in the previous example, it is found thatM ∼= . and

� =M

[
‖k‖ + ‖k‖ + ‖k‖ + ‖k‖

+ ‖k‖γ
(
n + n + n + n + n


�( – δ)

+ n


�( – β)
+ n


�( – θ)

)

+ ‖m‖ 
�( –μ)

+ ‖m‖ 
�( –μ)

+
∥∥m′


∥∥



�( – ν)

+
∥∥m′′


∥∥



�( – ξ)

]

∼= .× – < .

As all the conditions of Theorem . are satisfied, the inclusion problem (.) has at least
one solution.
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