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Abstract

In this paper, we study the existence of solutions for a new class of boundary value
problems of nonlinear fractional integro-differential equations and inclusions of
arbitrary order with initial and non-separated boundary conditions. In the case of
inclusion, the existence results are obtained for convex as well as non-convex
multifunctions. Our results rely on the standard tools of fixed point theory and are
well illustrated with the aid of examples.

1 Introduction

The subject of fractional calculus has recently been investigated in an extensive manner.
The publication of several books, special issues, and a huge number of articles in jour-
nals of international repute, exploring numerous aspects of this branch of mathematics,
clearly indicates the popularity of the topic. One of the key factors accounting for the util-
ity of the subject is that fractional-order operators are nonlocal in nature in contrast to
the integer-order operators and can describe the hereditary properties of many underly-
ing phenomena and processes. Owing to this characteristic, the principles of fractional
calculus have played a significant role in improving the modeling techniques for several
real world problems [1-4].

Many researchers have focused their attention on fractional differential equations and
inclusions, and a variety of interesting and important results concerning existence and
uniqueness of solutions, stability properties of solutions, analytic and numerical methods
of solutions of these equations have been obtained and the surge for investigating more
and more results is still under way. For details and examples, we refer the reader to a series
of papers [5-29] and the references therein. Anti-periodic boundary value problems occur
in the mathematical modeling of a variety of physical processes and some works have been
published in this area, for instance; see [30—34] and the references therein.

In this paper, fore e (n—Ln],n>5neN,tel=[0,T], T >0, we investigate the
fractional integro-differential equation

Dx(t) = f (6, x(2), &' (), 8" (), 8" (t), p(8), Yrx(2), ‘D" x(8), D2 x(2), . .., ‘D x(8),

*D"x(t),°D"2x(t), ..., D" x(t), ‘D" x(t), “D%2x(t), ..., CDEWx(t)), (1.1)
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and related fractional integro-differential inclusion

‘D*x(t) € F(t,x(t),x/(t),x”(t),x/”(t), ox(t), x(t), “D*x(t), “D*2x(t), ..., D" x(t),

‘D"x(t),"D2x(t), ..., "D x(t), ‘D% x(t), ‘D2 x(t), ..., ‘D" x(2)), 1.2)
supplemented with initial boundary conditions

#®0)=-.. =x"1(0) =0, ax(0) + bx(T) =0,
‘D?x(0) = —D?x(T), *Dix(0) = —Dix(T), (1.3)

‘D’x(0)=-D"x(T), O0<p<l,1<gq<2,2<y<3,a+b#0,a,beR,

where D denotes the Caputo fractional derivative, f : [0, T] x R&*7+m" _ R s a con-
tinuous function, F : [0,1] x Ré+m+m'+m” _ D(R) is a multifunction, P(R) is the family of

all non-empty subsets of R, and the maps ¢ and ' are defined by

ox(t) = /0 t y (&) (t,5,%(s), % (s), 8" (), 8 (5), ‘D x(s), “DP' x(s), “D" x(s)) ds
and

V() = /(‘)t)\.(t,s)hz (t,5,%(5),%(s), 5" (), " (5), “D*2x(s), D™ x(s), “D"x(s) ) dis,

where y,A:[0,T] x [0, T] — Rand /1, k3 : [0, T] x [0, T] x R” — R are continuous maps,
O<pi<l(1<i<m),l<vi<2(1<j<m),2<&<3(1<k<m"),0<8;<1,1<p;<2,
and2<6;<3fori=1,2.

The paper is organized as follows. In Section 2, we recall some preliminary facts that we
used in the sequel. Section 3 deals with the existence result for single-valued initial bound-
ary value problem, while the results for multivalued problem are presented in Section 4.
We present some examples illustrating the main results in Section 5.

2 Preliminaries

Let (X, - ||) be a normed space, P(X) the set of all non-empty subsets of X, P,(X) the set
of all non-empty closed subsets of X, P,(X) the set of all non-empty bounded subsets of
X, P,(X) the set of all non-empty compact subsets of X and P, .(X) the set of all non-
empty compact and convex subsets of X [35]. A multivalued map G : X — P(X) is said to
be convex (closed) valued whenever G(x) is convex (closed) for all x € X [35]. The multi-
function G is called bounded on bounded sets whenever G(B) = | .5 G(%) is bounded
subset of X for all B € P,(X), that is, sup,g{sup{|y| : y € G(x)}} < oo for all B € P,(X)
[35]. Also, the multifunction G : X — P(X) is called upper semi-continuous whenever for
each xy € X the set G(xp) is a non-empty closed subset of X, and for every open set N
of X containing G(x), there exists an open neighborhood Nj of xy such that G(Np) € N
[36, 37]. The multifunction G : X — P(X) is called compact whenever G(B) is relatively
compact for all B € P,(X) and also is called completely continuous whenever G is upper
semi-continuous and compact [38, 39]. It is well known that a compact multifunction G
with non-empty compact valued is upper semi-continuous if and only if G has a closed
graph, that is, x, — x,, ¥, € G(x,) for all n, and y, — y. imply y, € G(x,) [37]. We say
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that xy € X is a fixed point of a multifunction G whenever x, € G(xy) [40]. Let T > 0 and
G:[0,T] - Py(R) a multifunction. We say that G is measurable whenever the function
t— d(y,G(¢)) = inf{|y — z| : z € G(¢)} is measurable for all y € R [38, 39].

One can find basic notions of fractional calculus in [1] and [2]. We recall two necessary
ones here.

The Riemann-Liouville fractional integral of order g > 0 with the lower limit zero for a
function f : [0,00) — R is defined by I9f(¢) = %q) f(f % ds for t > 0 provided the inte-
gral exists.

The Caputo fractional derivative of order g > 0 for a function f € C"([0, 00),R) can be

written as

c _ 1 ! f(n)(s) _ gn—q ¢(n)
D (t) = F(n—q),/o TEpTTE ds = I"1f"(¢),

wheren-1<g<mandt>0.
To define the solution for problems (1.1)-(1.3) and (1.2)-(1.3), we establish the following
lemma.

Lemma 2.1 Lety € L}([0, T],R). Then the integral solution of the linear equation
“DE(t) = y(t) 1)

subject to the initial boundary conditions (1.3) is given by

T
x(t) = / G(2,5)y(s) ds, (2.2)
0
where
(=521 ‘
G(t,s) = Tl + Gl(t,s)’ lfS <t,
G 59), ift<s,

and
b(T —s5)*t [T —(a+b)tIT (2 — p)(T —s)*P!
@+ b(a) (@+ D)@ —-p)T7
(bpT? — (a + b)2Tt - (2 - p)*)IF (3 — g)(T —5)* 47!
N 2a+b)2-p)T(a—q)T24
) (= y)(T 57!
6(a+b)(2-p)3-p)3B-q)T(a—-y)T>7
x (b(-6(q—p) + (2 -p)(3-p)g)T?

+(@+b)(6(p-q)T?t + (2 -p)3-p)(-3TE + (3-q)F%))).

Gi(t,s) =

Proof It is well known that the solution of (2.1) can be written as

x(t) = I°Y(t) — bg — byt — byt* — b3t® — bat* — - — b,_1t"!
1

t
= — / (t —s)*7Yy(s) ds — bg — bt — bat® — bst® —byt* —--- —b,_1t",  (2.3)
I'(a) Jo
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where by, b1, by, b3,by,...,b,_1 € R are arbitrary constants. Using the initial conditions

®(0) = --- = x"D(0) = 0, we find that by = --- = b,_; = 0. Since °D’c = 0 for all con-
stant ¢, DVt = s, <DPL = # prid = t3 2, DAt = 0, DA = 2L, papd =
613~ ‘1

By D't =0, cpre? =0, D¢ = Gf i CDPI"’y(t) I%Py(t), DI%y(t) = I*9y(t), and
‘DVI“y( ) =17V y(t), therefore

c 1 L e £or 26277 61°77
Dpx(t)_l"(a—p)/(;(t_s) TYOE G ) ey BTy
c _ a—g-1 2t2_q 6t3_q

Dix(t) = S ds by gy

c _ o-y-1 6

P m/ =9 by

Now using the conditions ax(0) + bx(T) = 0, °D?x(0) = —*DPx(T), “D?x(0) = —*D1x(T), and
¢D”x(0) = —°D?x(T), we obtain

b°‘(a+b)[r(a)/0 (T -9y ds = o= /O(T $)*?y(s) ds

pr3-q)T? T
22-p)T(@-q) Jo

[-6(-p) + 2-p)B-p)gIC(4-y)T" [T o
6Q2-p)B-p)B -9l -y) /0 (T =)™ y(s)ds}

(T - 5)* "1 Ly(s) ds

b= F(Z(—z—z;)?)l—f’ /OT(T —5)* P y(s) ds
e —p)Fr(?a_—qzz) T /0 -y ds
MIPEIIE (—qp_)é)iﬁr(l;)— T / (T =5)* 77 y(s)ds,
t W/ (T =) y(s)ds
- 26- qiﬁa y)y 27 / (T =) 7 y(s) ds,

I'4- 7/) ) -1
- e / (T - )7 y(s) ds

Substituting the values of by, b1, b3, b3, ba, ..., b,_1 in (2.3), we get the solution (2.2). O

3 Existence results for problem (1.1)-(1.3)
Consider the space X = {u : u € C3(I)} endowed with the norm

llu|| = sup‘u(t)| + sup|u’(t ‘ + sup|u t)| + sup|u’” |
tel tel

Obviously (X, || - ||) is a Banach space.
We need the following result [40] in the sequel.

Page 4 of 40
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Theorem 3.1 Let E be a Banach space, S : E — E a completely continuous operator and
V={xeE:x=uSx,0<u <1}
a bounded set. Then S has a fixed point in E.

Let us define the operator T: X — X by

(Tx)(t) = %/ (t—s)"‘_lf(s,x(s))ds W./ (T -s)*" 1f(s x(s))

[T — (a + b)IT' (2 - p) w1
(a+b(a—p)Tr / (=7 floals) ds
[bpT? — (a + b)(2Tt — (2 - p)t*)IT'(3 - q)
- 2a+b)(2-p)T(a—q) T
_ ( [b(-6(q -p) + 2-p)B-p)T°
6(a+b)2-p)3-p)B-qT(a-y)T>7
(a+b)(6(g-p)T°t + (2-p)(3-p)(=3Tt> + 3 - 9)£*)IT (4 - J/))
6(a+b)(2-p)B-p)B-g)(a-y)T?7

/ (T - s)"‘_q_rf(s,x(s)) ds
0

T ~
X / (T - S)a_y_lf(s,x(s)) ds,
0
where

f(s,x(s)) = f(5,%(s), %/ (5), 5" (5), 5" (5), px(s), Yrax(s), ‘D" x(s), D*2x(5), ..., ‘D" x(s),
DVx(s),*D"2x(s), .. ., D" x(s), D x(s), D2 x(s), . ..., cDEm/’x(s)).

For the sake of convenience, we set

_[ la] +2|b +(|a|+2|b|)1“(2—1!7)+(|b|1f9+Ia+b|(4—p))l“(3—61)
' la+bT(@+1) |a+bl'(a—p+1) 2la+b|2-p)L'(a-qg+1)
< [1bl(6(g —p) + 2 -p)(3 - p)q)
6la+b|2-p)3-p)B-g)l'(@-y +1)
|a+b|(6(q—p)+(2—p)(3—p)(6—q))]F(4—y))}Ta
6la+b|2-p)3-p)B-g)l'(@~-y +1)
[ 1 . I'2-p) . (3-p)I'(3-9q)
Ma) T(ae-p+1) Q-pTla-gq+1)
[Z(q—p)+(2—p)(3—p)(5—q)]F(4—y)]Ta_1
22-p)B-p)B-g)T(@-y +1)

1 r'3-gq) 4-9r4-vy) w2
+[r(a—1) "Ta-q+1) " (3—q)r<a—y+1>]T

1 r4-y) o3
+[r<a—2) ' r<a—y+1)]T '

Theorem 3.2 The operator T : X — X is completely continuous.
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Proof First, we show that the operator T : X — X is continuous. Let {x,} be a sequence in

X with x, — xp and 0 < p41,..., 4y < 1. Then we have

sup|cD“lxy,(t) ”D’“xo(t)|

R N AN S L
T ) /(t sy (s) ds F(l—ll«i)/o(t 8)Mixg (s) ds

/ (= 9) [, (6) - ()] ds

= sup
tel

=Sup| ———
tel

F(l i)

T1-1i T1-#i
= T PO %0 = 1o

[l — o -

Since |x, — x| — 0, lim,_ o “DHix,(t) = °DMixy(t) uniformly on I. Similarly,
lim,,_, oo *Dx,,(£) = *D"x0(¢) uniformly on I for 1 <j < m, lim,,_, o *Dx,,(£) = D (t)
uniformly on I for 1 < k < m". Also, we get lim, cDlix,(t) = Dlixy(t),
lim,,_, oo $DPix,,(t) = °DPixo(t), and lim,,_, o, “D%x,,(t) = °D%xo(¢) uniformly on I for i = 1,2.

Since

| o — Txol| = SUP| Tx,(t) — Txo(t)| + su?I(Txn)/(t) — (Txo)'(2)|

+sup|(Tx,)" (£) = (To)'(8)] + sup| (To)”(8) = (Tx0) " (1)
tel tel
using the continuity of f, i, hy, we get || Tx, — Tx|| — 0. Thus, T is continuous on X.
Now, let 2 C X be a bounded subset. Then there exists a positive constant L > 0 such that
F(t,x(t))| <L forallt € I and x € 2. We show that T2 is a bounded set. We have

1 w-1[F |6 ! a1 [F
|(Tx)(t)| < m/() (t—5s) [f(s,x(s))|ds+m/o (T -5s) V(s,x(s))|ds

|bT - (a+b)tIT2-p) [T 1%
|a+b6|llj—(a _p)Tl—pp / (T—S) P 1lf(S,x(S))|dS

|bpT? — (a + b)2Tt — (2 - p)t*)IT(3 - q) Jo-a1
2|a+b|(2-p)T(a-q)T>1 /(T q- lf(s,x(s))\ds

( |b(-6(q —p) + (2-p)3B-p)gT°

6la+b|2-p)3-p)B-g)T(a—-y)T37

, (@+Db)6lq -p)T*t+(2-p)3-p)(-3Tt* + (3 - q)¢*))|IT" (4 — y))
6la+b|2-p)3-p)B - (a—-y)T3Y

T ~
x[ (T—s)”“”‘llf(s,x(s))|ds
0

_ (lal +2b])LT* . (lal +2|b)T (2 — p)LT*
T la+b|T'(x+1) la+bl'a-p+1)
(1blp + |a + b|(4 - p))I'(3 — q)LT*
2la+b|2-p)T(@—qg+1)
( [16](6(g — p) + (2 - p)(3 - p)q)
6la+b|2-p)3-p)B-g)T'(@—-y +1)
la +b|(6(q - p) +(2-p)3 -p)(6-q)]T'(4- V)LT“>
6la+b|(2-p)3-p)B-g)T(a-y+1) ’
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[(Tx) ()] <

1 t w2 l®

e 1)/ (£ =8| (5,2(s) | ds

N W / (7 = 5)# [ (5,x()) | ds

L |T-@-pHre-g) / (T =) [ (s,%() | s
0

2-p)T(a-q)T%1
|2(q pT*+(2-p)B-p)(-2Tt+ B -q)*)IT(4-y)

22-p)3-p)B-g)T(a—-y)T37

T ~
X/ (T - 5)*77Vf(s,(5)) | ds
0

T T@Q-pLT*' (B-p)T(3-q)LT*!
“T@ ' T@-p+l) = @-plla-q+D

2(g-p)+(2-p)B-p)(5-g)IT (4 - y)LT*
22-p)B-p)B-gT(@—-y +1)

" 1 ! a-3|7
’(Tx) (t)’ < m'/o (t—s) 3V(s,x(s))|ds

’

p— T ~
+ % / (T - s)“’q’llf(s,x(s)) | ds

|-T+@B-qtll'(4-y) eyl
(-l -y)T> / (T =97 s 209)
LT*?  T(B-q)LT*? (4-q)(4-y)LT*?
S + + )
MNa-1) MNa-g+1) B-ql(x-y+1)

and

" 1 t a—4 |7
(7' 0)] = s / (¢ =4 [F(s,(5)) | s
r4-y) .
N )/)]I/‘S V/ (T ="~ IV(S x(s))| ds

- LT*3  T(4-y)LT*3
T T'a-2) IMNa—-y+1)

for all x € 2. Hence, we get

I Tx|| = stug)|(Tx)(t)| + stu?|(Tx)/(t)| + stu?|(Tx)”(t)| + stu?|(Tx)”/(t)|

- [ |la| +21b| s (lal +21b))T'(2 - p) . (1blp +la + b|(4 - p))I'(3 - q)
“lla+bl(a+1) |a+bl'(x—p+1) 2la+b|2-p)L'(a-qg+1)

( [16I(6(q —p) + (2 -p)(3-p)q)

6la+b|(2-p)3-p)B-g)'(x-y +1)

la +b|(6(q—p)+(2-p)3-p)6—g)T'4- y))}LTa
6la+b|2-p)3-p)B-g)T(a-y+1)

+[ 1 . r'2-p) . B-pT(3-9q)
FMNa) Tla-p+1) QC-plla-g+1)

Page 7 of 40
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2(g-p)+2-p)B-p)5-9)IT4- y)]LT"“l
22-p)B-p)B-q)T'(@-y +1)
1 r'3-gq) 4-qT4-y) w2
' [na—n *Tla-q+D)  B-gla—y +1)]LT

1 F@-vy)
+[r(a—z) TTa—y+1)

]LT“-S = M,L.

This implies that the operator 7' maps bounded sets of X into bounded sets. Now, we prove
thatthe sets {Tx:x € Q}, {(Tx) : x € Q}, {(Tx)" : x € @}, {(Tx)"” : x € Q} are equicontinuous
onl.For0 <t <t <T,wehave

|(Tx)(82) — (Tx) (1)
- 'ﬁ /0 2(t2 - s)“’lf(s,x(s)) ds — ﬁ /0 1(tl - S)“’lfv(s,x(s)) ds

— _ T N
- W /0 (T = 515, x(5)) ds

2Tt -t)-2-p)E&; -)ITB-¢q) (T g 17
22 pT(a T fo (T —s)*1 f(s,x(s))ds
_[6(g -p)THt-t)+2-p)B-p)(-3TEH -1])+ B-q) (& - )T (4—y)
62-p)B3-p)B-q)T(a—y)T?

T ~
X / (T - s)"_”'lf(s,x(s)) ds
0

L (4 L (%
=t |, (=9t -9 as o o [M-oas
(t =)l (2 - p)LT*! N 27 (t, —t1) + 2 - p)(t; - )]0 (3 — q)LT**
MNa-p+1) 2 -p)T(a@—-q+1)

. 6(g-p)T*(ta—t) + 2-p)B-p)BT( - 1]) + 3 —q)(&3 — )T (4 — y)LT*3
62-p)B-p)B-q)T(@-y+1)

= m(tg - 17)
(t—t)LR-pLT*"  [2T(6-t1) + 2 - p)(&3 — )T (3 — q)LT*>
MNa-p+1) 2 -p)T'(a@-qg+1)

. 6(g-p)T*(ta—t) + 2-p)B-p)BT(E - 1) + (3 —q)(&3 — )T (4 — y)LT*3
6(2-p)B-p)B-q)T(a -y +1) '

In a similar manner, one can find that

(t, - )T (3 — q)LT*>
MNoa-g+1)
s 2T(t, — t1) + (3 — q)(t5 — )T (4 — y)LT*®
2B -g)l(@-y +1)
(ty — )T (4 — y)LT*®
Ma-y+1)

L
[(Tx) (82) - (Tw) (11)] < m(tg‘l -7 +

’

" 4 L
(B0 () = (1) @] =

(5572 -177) +
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and

|(T%)" () - (T2)" (1) t57 —170).

L
= Faa|
IMNa-2)
Clearly the right-hand sides of the above inequalities tend to zero as t, — ¢;. So T is com-
pletely continuous. This completes the proof. d

Theorem 3.3 Assume that there exist positive constants dy >0,d; >0 (1<i<6),¢>0
(I<ism),n>=0(0<j<m),uu=01=<k=<m"),ly,ln>01=<i=<7),co,cor>0 such
that

V(t,xl,xz,xg,x4,x5,x6,y1,y2, e Ymr 215225 e 3 Z s W1, W2, . .,Wm//)

<do +di|x1| + da|x3| + dslxs| + dalxa| + dslxs| + de %6
m m/ m//
£y gyl + ) izl + Y wlwd
i=1 j=1 k=1

forallteland xy,...,%6;Y15--»YmsZ1s -+ > Zut» Ths - Ty € R and
7
|h/(t,S, M17u27u3xu4;’45;’46yu7)| < cCoj + E Lijlus|

i=1

forj=1,2,allt,scl,and all uy,...,u; € R. In addition, assume that

Mi :M1 |:d1 + dz +d3 + d4 +d5)/0 (lu + 121 + 131 + 141

T1—51 T2 P1 T3—91
+ 151 )

+ g1
re-s) °r@- ,31) F(4—91)

T1—52 ; T2—ﬁ2 . T3—92
r2-5) “TG-p) 72F(4—92))
m Tl m m T2 vj m'” TS Ex

<1,

+Z§l anr* Z '(4-&)

V) k=1

+deho (llz +loo + 130+ lao + 152

where yy = sup,; fot ly (¢,8)|ds and Lo = sup,; fot |A(t,s)| ds. Then problem (1.1)-(1.3) has at
least one solution.

Proof In view of Theorem 3.2, the operator T': X — X is completely continuous. Next we
show that theset V ={x € X :x = uTx,0 < u <1} is bounded. Let x € V and t € I. Then
we have

x(t) = ﬁ / w(t —s)""l]?(s,x(s)) ds

(a+ b I'(x) / -9 7 (s x(s))

[bT - (a + H)HIT(2 - p) o
(a+ bg)ll:—(a -p)T! f / (T —s)*" lf(s,x(s)) ds

Page 9 of 40
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(bpT? - (a + b)2Tt - (2 - p)t2)IT' (3 - q) e
T 2@+ b2 -plla-gT (9 (s x6)) s

~ < [b(-6(q -p) + 2-p)B-p))T°
6(a+b)(2-p)3-p)B-q)T(a-y)T*7

N (a+b)(6(g-p)T*t+(2-p)3-p)(-3TF + (3 -q)t*)) T4 - 7/))
6(a+b)(2-p)3-p)3B-qT(x—y)T>

T
X / (T - s)""y’lj?(s,x(s)) ds,
0

1 ¢ ~
x(t) = Te-D /0 it = 8)*7f (s,x(s)) ds

— T ~

[T-Q2-p)tIT'(3-¢q) .
* 2-pTla-qT*1 J, u(T —s)*™1 f(S,x(S))ds

_[2(¢-p)T* +2-p)B-p)(-2Tt+ 3 -q)*)IT (4 - y)
22-p)B-pB-gT(a-y)T37

X /T w(T - s)“_y_lf(s,x(s)) ds,

0
" 1 t a-37
x"(t) = m/o u(t—s) 3f(s,x(s)) ds

_ T ~
_ l_‘(ar(iaiq);)z_q /0 //L(T—s)ﬁt—q—lf(s’x(s)) ds

~T+(B-gtl(4- N
_[(Sjé)r(z)—ﬂy)(ﬁ—yy ) (T =) (5,x(s)) ds

and x”'(t) = r(a 3 fo u(t — ) (s,x(s)) ds — T 3)% s T (T - 5)* 17 (s,x(s)) ds. Thus,
we get

|x(t)| = | Tx(2) |

=< |:d0 +dy||x|l + da|lx]| + ds [lx]| + dallx|

+dsyo (601 + el + Do llell + Zag llocl] + Laa [l

1-61 TZ— 1 T3—91
Iy ———— log———— In——
by W+l g el + s ||x||>

+deho (Coz + lollxll + Lo llxll + L2 llx]| + Lao|lx]]

1-82 2-Bo 36y
lsp——— log—— lyg———
o )||x||+ T )||x|| o)

T35k
+Zam Sl + me lxll + Zrkm ol ||]

[ (la| +21b]))T* s (lal +21b))T'(2 - p)T*
la+b|T(x +1) la+bl'(ae-p+1)
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(1blp +|a+b|(4 -p))I' (3 -q)T*
2la+b|2-p)T'(ax-qg+1)

s < [1bI(6(g - p) + (2 - p)(3 - p)q)
6la+b|2-p)B3-p)B-g)T(a@-y+1)

la+bl(6(g—p)+2-p)B-p)6-)IT'(4-y)T* ﬂ
6la+b|2-p)B-p)B-g)T(@-y+1) '

%' ()] = | (Tx) (0)]

< |:d0 +dy|lxll + dallx|| + dsllx|l + dallx]

+dsYo (601 +hullxll + D llell + I llell + Laa llx|

; 1-81 / TZ— 1 ; T3—91
+ S1m||x|| + 61F(34—ﬁ1)”x” + 71m||x||>

+dgho (Coz + o llxll + Lo llxll + I llxll + Lzl

p 1-3o ; T2 B2 . T3—6‘2
+ 52mllxll + 62m||x|| + 72@”96”)

m

T35k
D ( 5l + Zn,r oyl Zrkm é)||x||]

i=1

7! TQR-p)T*! @B-pT@B-q)T*!
[F(a) "T@-p+1)  @-pl@-q+1)

2(¢-p)+(2-p)B-p)(5-IT (4~ y)T‘“}
22-p)3-p)B-q@T(@-y +1) ’

|x" ()] = w|(Tx)"(2)|

=< |:d0 +dy |lxl| + dal|x|| + dslx| + dallx]

+dsyo (601 + el + Do el + g llocl] + Laa [l

p T1—51 / TZ— 1 . T3—91
+ s1m||x|| + 61”3——,31)||x|| + 71@”95”)

+deho (Coz + lollxll + Lo llxll + B2 llx]| + Laa|lx]]

1-82 2-Bo )
lsp——— log—— lyg———
‘ 52F<2_52)||x|| oy W+ bl

T3-6k
+Zam IIxII+ZmF(3 ||x||+Zrkr(4 S)nxn]

X[ T T(3-g)T* (4—q>r(4—y)Ta-2}
r

@-1 " Tla-q+1)  G-glla-y+1)

Page 11 of 40
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and

(1)) = 1] (T2)" (1)

< |:do +dy ||xl| + da|lx|| + dsllx + dallx]

+dsyo (601 +hallxll + D llell + Iy llxll + Zaa [l

. T1-61 ; T2-H T3-0
+ 51m||x|| + 61m||x|| F(4 9)”7‘”)

+dgho <Coz + hollxll + Do llxll + o llell + Laa ||l

1-82 T2— ) T3—92
+l———— Il + leo - lIxll + 1727”?6”)

I'(2-6,) 1ﬁ(3—ﬁ2) I'(4-6,)

m 3
* Z T Zn,r oyl Zrk A )||x||}

Tot—f)‘ F(4~ _ V)Tot—S
[F(a—z) " Ty }

This implies that

llxll < M |:d1 +dy +d3 +dy +dsyg (ln +ln + b3+l

T1—51 TZ—ﬂl T3—91
+ 151 )

+1 +1/
re-8) “TGB-g) T@-6)
TI*BZ / Tzfﬂg ; T3792
F2-8) “TG-f) 72r(4—02)>

+ d6)x() (112 + 122 + 132 + 142 + 152

m - m'

T2 vj
Zam 5 Zn,r ka g)}u ||

+ My (do + dsyocor + dshocor)

and so ||x|| < Ml(d°+d5i’°;9[}+d6k"c°2). Thus, the set V is bounded. Hence it follows by Theo-
—1

rem 3.1 that the operator T has at least one fixed point, which in turn implies that problem
(1.1)-(1.3) has a solution. g

Theorem 3.4 Assume that f : I x RE&+mem'+m” R and i hy I x I x R7 — R are con-
tinuous functions and there exist constants n; > 0 (1 <i<6), k>0 (1 <i<m), k]f >0

I<j<m),k{=0(1<k=<m"),enen>0(1<i<7)suchthat

[f(t,xl,xz,xg,m,x5,x6,y1,y2, e Y 21 225w s Tyt s W1 Wy e ooy W)

/ / / / J J / / / / / / / / /
— (s Xy Kl KLy K Xl Vs Vs s Vs 2 Zoyr o5 Zogts Was W oo, W)

§n1|x1—x/1’ +n2|x2—x’2| +n3|x3—x/3|
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+n4|x4—xil| +n5|x5—x’5| +n6|x6—x’6|

m m/ m//
+ ) kilyi =y + DKz =g+ DK [wi - wi
i=1 j=1 k=1

/ / / J / / J
Jor all  x1,..., %6, %1503 Xy V1o e s Yo Vs e s Vs Zlo e vs 2 s Z1s e v o1 Zgys Wiy ooy Wity Wi,

w ., €R,and t € I, and also
7
A S A A A E : /
’h}-(t,s, Ui, Uz, U3z, Uy, Us, Ug, M7) - h/<t; Sy Uy Uy, Uy Uy, U, Ug, M7) ‘ =< eij‘ui - Ml'|

i=1

forj=1,2,t,sel,and w,...,uz;,uy,...,us € R. In addition, suppose that

A :M1|:I’11 + 7y + 13 + Ny +l/15]/0<€11 + €21 + €31 +e41

Tlfts] Tzfﬂl T3791
TR T TG Ay T 01>)
T1—52 TZ B2 T3—92

A

+ He 0(612 t ey te3p+est eszr(z —62) 1_,(3 ) +é72 (4_92))
m m
Tl i T3 €k
Z +2K ZkZ
— T2 - ) p= ’F(3— T(4-&)

Then problem (1.1)-(1.3) has a unique solution.

’

Proof Set N = supy,<r |f(£,0,0,...,0)| < 00, kj = supg; ;7 14(%,5,0,0,...,0)| < 0o for j =
1,2,and choose r > W. We show that T(B,) C B,,whereB, = {x € X : ||| <

r}. Let x € B,. Then we have

|(Tx)(t)| *T@ )/ (t—s9)*" 1[f(s x(s))|ds+ blF( )/ (T —s)*" 1[f s,x(s))|ds

|bT — (a + b)t|T' (2 - p) o
Ia+b|F(a [J)Tl_p /. (T S) Pllf(s x(S))|dS

|bpT? — (a + b)2Tt - (2 - p)t>)|IT'(3-¢q) e
2la+bl(2-p)T(a—-q) T2 (T—s) Hf (s,x

( |b(-6(q —p) + (2-p)(3-p)g) T?

6la+b|(2-p)3-p)B-g)T(a—y)T37

.\ (a+b)(6(g-p)T?*t+(2-p)B-p)(-3T* + (3-q)*)|IT(4 - y))
6la+b|(2-p)3-p)B-g)(a—y)T37

(s)) ’ ds

T ~
x/ (T—s)“"’_llf(s,x(s))|ds

al
_F(a)/(t 9 [F(5,5(5)) —£(5,0,0,...,0)| + [f(5,0,0,...,0)| ] s

|b|

o— 1
|zz+b|1"(a)/ (T-3) Sx(S)) -£(5,0,0,...,0)|

Page 13 of 40
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+|f(5,0,0,...,0)|] ds

|bT - (a + b)t|T'(2 - p)
la+b|T(a-p)T? J,

+|f(5,0,0,...,0)|] ds

|bpT? — (a + H)RTE - (2 - p)2)|T(G - g)
2la +b|(2-p)T(x—q)T*1

—5)* P [f (s,(5)) - £(5,0,0,...,0)|

T
x/ (T - )T [f(s,%(5)) -£(5,0,0,...,0)| + |[f(5,0,0,...,0)|] ds
0
( |b(=6(9 -p) + 2-p)B3-p)g)T°
6la+b|(2-p)B-p)B-qT(x-y)T>7

(a+b)(6(q pT*t+(2-p)B-p)(-3Tt* + (3 -q)t*))|I" (4 - V))
6la+b|2-p)3-p)B-g)T'(a—-y)T37

T
x/ (T = )7 [[f(5,%(5)) —£(5,0,0,...,0)| + |[f(s5,0,0,...,0)| ] ds
0

< |:(}’11 + 7y + N3 + Ny + M5)) <611 + €91 + €31 + e

T1—51 T2—ﬁ1 T3—91 )
+ es51 + e61 tén
r@2-8) "TG-p) TE-6)
( T1—52 TZ—ﬁz T3—92 )
+HgAo| €12 + e + €33 +egn + €53 + €62 + €72
r'2-4) I'(3-p2) ['(4-6,)
m m' .y m'"
Tl Wi vj T3 Ex
+ k; +
ki Lhrasy oK g

+N + nsYok1 + }16)\,0K2i|

[ (la| +2|b))T* . (lal +2|6)T(2 - p) T

la +b|T (o +1) la+bl'(a-p+1)

(Iblp + |la+b|(4-p)T B -q)T*
2la+b|2-p)T(a—qg+1)

( [161(6(g —p) + (2-p)(3-p)q)
6la+b|2-p)3-p)B-g)T(a-y+1)

la+b|(6(q—p)+(2-p)B-p)6-g)IT(4-y)T* )}

6la+b|(2-p)3-p)B-qla—-y+1) '

In a similar way, we can obtain

() (0)|

< |:(711 + 1y + N3+ Ny + N5 <611 + e21 + €31+ e41

TI*BI Tzfﬁl T3791 )

TR ) T TG p) T T -6
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TI*(SZ T27ﬁ2 T3792 )

+ I’IG)LO (612 + €29 + €33 + €42 + €52 + €62 + e72
['(2-4) r'@3-p) I'(4-6,)

m - m'

Z F(2 ,U«; Z / Z kl'*(4 E )>r+N+I’15)/0K1 +I’16)\.0K2:|

=1 j=1

Tl TQ-pT*! (3-p)I(3-q)Te"
[r(a) "T-p+)  @-pTa—q+1)
2(@-p)+2-p)B-p)5-9)IT4- V)T‘“]

22-p)B-p)B-gTa@—y +1) ’

()" (1)

< |:(I’11 + My + N3 + Ny + N5 (eu + €y1 + €31 + €41

T1—51 T2—ﬂ1 T3—91 )
+ e51 + €61 +é71
r'2-a) rEé-p) r@4-o)
T1—82 TZ—ﬁz T3—02
A +
+ Hg 0(612 + € t €32 +6€42 + eSZF(Z = 5,) + 6621.,(3 ZBy) + €72 r@ _92))

m TI’H'i m'

+;kil"(2—,u) Z/p Z "Tas E)>r+N+n5y0/<1+n6)L0K2:|

T2 TE-@T*2 (‘4-ql@d—y)Te>
[r(a—1)+r<a—q+1> (3—q>r<a—y+1>]

and
[(Tx)"(2)|

< |:(1’11 + Wy + N3 + Ny + N5)Y0 <eu + €1 + €31 + €411

T1—81 TZ—ﬂl T3—91
+ €51 )

re-o) “'TG-p) "'T@-0)
Tlftsz T27ﬂ2 T3792
F2-8) “*TG-p) 7*T@- 92))

+ I’leko (612 + €29 + €33 + €42 + €52

m TA-wi m’ T2 m'’ T3-6k
+Z ‘T2 - i) Z/r 3-) Zkl“(4 &))

i=1

T°3 T(4- y)T“3:|

+N + + ngA +
Yo T e 0K2:||:1"(a—2) Tla—-y+1)

Hence,

ITx|| < |:<Vl1 + 1y + 13 + Ny + N5) <€11 + e +e31 +eq

Tlfts] Tzfﬁl T3791
+ €51 )

r@-s) “TG-p) “'TE-a)
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T1752 Tzfﬂz T3792 )

+ neh +ex +e3+eq+ + +
ne 0(612 €22 t+ €32 + €42 eSZF(2—82) 3621_,(3_’32) 672F(4—92)

i=1

m T il T3k
Z 1'*(2 i) ]X:lr(g Zkr*4 &)
+ N + nsypky + 1’16)\.0K2:|M1 <r

and so || Tx|| < r. Also, we have

|(Tu)(2) - (TV)(®)]

fﬁéf%-wlwwmm<ﬂme¢

b ) N
*m / (T =) [[f(s,uls) =F (s, v(s))[] ds

bT b) -
P tar DAPCD) [7 sy [[Fsat) Tl o)

|bpT? — (a + b)2Tt - (2 - p)t)IT(3 - q)
2|la+b|2-p)T(a—q)T*1

T ~ ~
X /0 (T - s)“’q_l[V(s, u(s)) —f(s, V(S)) H ds
( |b(-6(q—p) + (2 -p)(3-p)g) T°
6la+b|(2-p)3-p)B-g)T(a—y)T37

.\ (a+b)(6(g-p)T?*t+(2-p)B-p)(-3T* + 3-q)*)|IT'(4 - y))
6la+b|(2-p)3-p)B-g)(a—y)T37

T ~ ~
“ / (T - ) [[F (s, u(s)) -F (s, v(s))|] ds

< |:I’11 + 1y + 13 + Ny +N5)Y <€11 + €é21 + €31 +e41

TI*SI Tzfﬂl T3791
TR TG gy T 91)>
TI—SQ T2 B2 TS—@Q
A
+ Heg 0(612 + €2 t €32 1 €43 + €53 T(2=5,) te 621_,(3 B, ) 1_,(4_92))

’ T34k

m T1-1i
+21: r2- ) Z’m ) X_:km sk)}

o (lal +2]b))T* . (lal +2[b))I'(2 - p)T* N (1blp +|a+b|(4 -p)T (3 - q)T*
la + b (o +1) la+bT'(x-p+1) 2|la+b|(2-p)T(x—qg+1)
( [161(6(g - p) + (2 - p)(3 - p)q)
6la+bl2-p)B-p)B-q'a~-y+1)
|a +b|(6(g —p) +(2-p)B-p)(6—-g)IT(4-y)T* )} vl
6la+b|(2-p)3-p)B-q@l'(x-y +1)



http://www.boundaryvalueproblems.com/content/2014/1/249

Ahmad et al. Boundary Value Problems 2014, 2014:249
http://www.boundaryvalueproblems.com/content/2014/1/249

for all #,v € X and ¢ € I. Similarly, one can obtain
|(Tw)' (2) - (Tv)'(0)|

< |:I’11 + 1y + N3 + Ny + 15 <€11 + €21 + €31 +e41

TI*BI Tzfﬂl T3791
+ €51 )

r@-s) “TG-p) “'TE-a)
T1-52 T2-P2

TS—@Q

+ I’l6)\.0 (612 + €9 + €39 + €42 + €59

T-wi m’
+Z T - w) Z’F —v) Zkl“(4 fk):|

7! TQ2-p)T*' @B-pr@B-qT*!
[r(a) Fa-p+1)  @2-pTla—q+1)

[2(g-p)+2-p)B-pG-IT(E-y)T" } v
22-pB-p)B-gT(@-y +1)

|(Tw)"(8) = (Tv)"(0)|

< |:}’ll + 1y + 13 + Ny +15)Y (611 + e + €31 + €41

T1—81 TZ—,Bl T3—91
+ €51 )

r@e—s) “TG-p) “'T@E-a)
T1-52 T2-P2

F@2-8) T@E-p) 7

I'(4-62)

T3792

+ Vlﬁ)uo (612 + €29 + €33 + €42 + €52

* kG Z’F ka &)

" Tl ' T2 m’ T3k :|
i-1

T2 T@E-qT*? (“A-9lr@-y)17>
[ + ]IIM—VII,

Ta-1)  Ta-g+1)  G-glla-y+1)

and
|(Tw)" (£) - (Tv)" (8)|

< |:I’11 + 1y + 13 + Ny + N5 <€11 + €21 + €31 +e41

T1—51 Tz—ﬁl T3—91
+ €51 )

r@-s) “TG-p) “'T@E-a)
T1-52 T2-B2

r@2-8) “TG-p) 7

(4 -6,)

T3—02

+ HeAo (612 +ex ez teqp +es

m Tlu, ' T3¢k
St S S T

-1 j=1

%3  T@4-y)T°°
|:1"(oz—2) T Ta—y+1 }

F2-8) TE-p) 7

I'(4-6,)

)

)

)
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for all u,v € X and ¢ € I. This implies that

| Tee — T ||

<M |:n1 + My + N3 + Ny + N5 (eu +e91 +e31 + ey

T1—51 TZ—ﬂl T3—91
+ €51 )

r@-s) “TG-p) “'T@E-6)
T1—82 T2—ﬁ2 T3—92
)

+ €62

+ HgAo (612 +exn +e3teqptes
I'(2-46,) I'(3-p2) I'(4-0,

3k

i T2—Uj ' T
K + Y kKl————|llu—-v|=Alu-v|.
121 'TB-v) ,Z; “r4-&)

1-pi

+ik T +
— T2 - w)

Since A <1, the operator T is a contraction. In consequence, by the Banach contraction
principle, T has a unique fixed point which corresponds to the unique solution of problem
(1.1)-(1.3). O

4 Existence results for problem (1.2)-(1.3)
This section is concerned with the existence of solutions for problem (1.2)-(1.3). As before,
let the space X = {u: u € C3(I)} be endowed with the norm

llz]| = sup\u(t)| + sup|u/(t)| + sup|u”(t)| + sup|u/”(t)|.
tel tel tel tel

A multivalued map F : I x Ré*7+7+m” _ P(R) is said to be Carathéodory whenever the

map
L— F(t¢ X1,%2; ... 7x6+m+m’+m”)

is measurable for all x; € R for 1 <i < 6 + m + m' + m” and the map
(X1, %25 2+ o Xoamem'+m) > F (&, %1, %0, . . s Xgmem’ +m”)

is upper semi-continuous for almost all ¢ € 1. Also, a Carathéodory function F is said to
be L!-Carathéodory whenever for each I > 0 there exists ; € L}(I,R*) such that

”F(t,xl,xg,. . c;x6+m+m’+m”) p = SUP{ |V| S F(t;xlxe; .. ~:x6+m+m’+m”)} < Wl(t)
forall ;] </ (1<i<6+m+m +m")and almostall ¢t € I [35, 37].

Lemma 4.1 ([41]) Let E be a Banach space, G : I X E — Py, (E) an L'-Carathéodory mul-
tifunction, and 6 a linear continuous mapping from L'(I, E) to C(I,E). Then the operator

6 0Sg: C(I,E) = Pepc(C(,E))
defined by 0 o Sg(x) = 0(Sc,) is a closed graph operator, where

SGx = {w e LMIL,E):w(t) € G(t,x(t))for almost all t € I}.
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Let E be a Banach space. The multivalued map G : I x E — P,(E) is said to be lower
semi-continuous (Ls.c) type whenever Sg : C(I, E) — P(L'(I, E)) is lower semi-continuous
and has non-empty closed and decomposable values [42].

Now we state some well-known results which are needed in the sequel.

Lemma 4.2 ([42]) LetY be a separable metric space and N : Y — P(L*(I,R)) a lower semi-
continuous multivalued map with closed decomposable values. Then N has a continuous
selection, that is, there exists a continuous mapping g : Y — L'(I,R) such that g(y) € N(y)
forallyeY.

Theorem 4.3 (Nonlinear alternative of Leray-Schauder type [43]) Let E be a Banach
space, C a closed and convex subset of E, and U an open subset of C such that 0 € U. If
F:U — Py,(C) is an upper semi-continuous compact map, then either F has a fixed point
inU orthereis a x € 30U and X € (0,1) such that x € AF(x).

Theorem 4.4 (Covitz and Nadler [44]) Let (M, d) be a complete metric space. If F: M —
P (M) is a contraction, then F has a fixed point.

For ¢ €I and x € X, let the multifunction F be defined by

E(t,x(t)) = F(t, (), ' (), %" (£), & (£), px(t), Y x(t), D" x(t), D" (), ..., D" x(2),

D"x(t),“D*2x(), ..., "D x(t), ‘D (), ‘D2 x(t), ..., ‘D" x(t))

and the set of selections of F by Sp, = {v € LY(I,R) : v(t) € E(t, x(2)) for almost all £ € I}.
For the sake of brevity, we set

[ lal+2[b]  (lal +21b)T'(2-p)  (|blp +la + b|(4 - p))T'(3 - q)
Z'mewwf*|wwwm—m " 2a+bl2-pT(a-q)
( [161(6(g - p) + (2 - p)(3 - p)q)
6la+b|2-p)3-p)B-gl(x~-y)
Ia+b|(6(q—p)+(2—p)(3—p)(6—q))]F(4—V))]TO,1
6la+b|(2-p)3-p)B-l'(x~-y)
[ 1 +F(2—p)+(3—p)l“(3—q)
[a-1) T[e-p) 2-p)lla-q)
[2(g-p) +(2-p)3B-p)(5-g)]T(4 - V):|Ta_2
22-p)B-p)B-g)T(a-y)
[ 1 r'G3-q) (4—6[)F(4—V):|Ta3

F@-2) T@-q G-gT@-y)

1 F4-y)], 0
+Lm—a+rm—wkw'

Now, we are in a position to give our first existence result for problem (1.2)-(1.3).

Theorem 4.5 Suppose that F : 1 x R&+7m'+m" _ Py (R) is a Carathéodory multivalued
map and there exist continuous nondecreasing functions ¢; : [0,00) — (0,00) for1 <i <6,
Vi ¥, ¥y 2 [0,00) > (0,00) for 1 <i<m,1 <j<m,and 1 < k < m" and nonnegative
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Sunctions q; € L\(I) for L <i <6, py, pf, p{ € L"(I) forl<i<m,1<j<m' andl <k <m"
such that

||F(trx17x27x31x4;x5;x67y11y27---;yn’nthZZ)"~1Zm’1W17W2)"'¢Wm”) p
= SUP{|J’| Yy 6F(tyxl,erx3rx4’x5;x6,y11y2;H';ym,ZI;ZZanzm’r W11W2r~~,wm”)}
<q(O@1(Ix1l) + @202 (1x21) + gs(@)@s (1x3]) + qa ()@ (Jxal)

+q5(0)@s(1%51) + q6(t)es (1x6])

+ 3 pi®¥i(lyi) Zp,(tw I) Zp OWL (Iwel),
i=1

j=1

foralltel, x,y,zwr e Rfor1<i<6,1<i<m,1<j<m',andl <k <m". Assume

that there exist positive constants coy, Coz > 0 and lj1,1p > 0 for 1 <i <7 such that

7
|hj(f,8, Uy, Uy, U3, Uy, Us, Ue, M7)| =cCoj + Z Lijluil
i=1
forj =1,2,allt,sel,and all u; e R for 1 <i <7. If there exists a constant D > 0 such that

n A > 1 then problem (1.2)-(1.3) has at least one solution, where

AD) = lq1l191(D) + l1g21l192(D) + llgzll1¢3(D) + lIgall1pa(D)
7

¥ cotYo + Vo|lu + 1l + s + oy + sy = ——
||q5||1<,05(01)/0 J/0|:11 ntlotlat b5

; T2-h1 ; T3-01
D
TG op) " ”r(4—91)] )

T\

+ g6 1196 (Coz)no + Ao |:l 2+ log + 30 + lag + Isp ——
' IS OIS

T2-b2 T3-02
+ l62 + l72 )]D)

F@3-p2) I'(4 -6,

+Z|Ipz||1%( ) Z”’OJH Vi (F(I: V] )

+2Hp vt ()

Proof Letx € X. Observe that the first property of the multifunction F and Theorem 1.3.5
in [45] imply that Sg is non-empty. Define an operator @ : X — P(X) by

Qx) = {g € X : there exists f € Sp,, such that g(¢) = y(t) forall £ € I},
where

Yy () = ﬁ / (-9 f(s)ds -

[T - (a + b)t]IT (2 — p)
(@a+b)T(a—p)T'-»

-1
W/ (T -9)*"f(s)ds

f (T = )P f(s) ds
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(bpT? — (a + b)2Tt - (2 - p)t)IT(3 - q)
- 2(a+b)2-p)T(a—q)T*
~ ( [b(-6(g-p) + (2-p)3 -p)g)T°
6(a+b)2-p)3-p)(3-q)T(a-y)T37
, b)(6(q - p)T?*t+ (2 -p)(3-p)(-3Tt* + 3 —q)t*)IT'(4 - V))
6(a+b)(2-p)3-p)3-q)T(ax—y)T3>

/ (T - )17 f(s) ds

T
X /0 (T - 5“7 f(s)ds.

We show that the operator 2 satisfies the hypothesis of the nonlinear alternative of the
Leray-Schauder type result (Theorem 4.3). First, we show that Q2(x) is convex for all x € X.
Let g1,2, € Q(x) and w € [0,1]. Choose f1,f> € Sgx such that

_ 1 ! a-1r b ’ a-1r
gim-m/(t—s) fl(s)ds—wf (T - 51 Yfi(s) ds

e / (T - 57 1fis) ds
(bpT? — (a + b)2Tt - (2 - p)t})IT(3 -¢q)
2(a+b)2-p)T(a—-q)T*1
~ ( [b(-6(g -p) + 2-p)B-p)g)T°
6(a+b)(2-p)3-p)B-l'(a-y)T>7
, (@a+D)6l -p)T°t+(2-p)3-p)(=3Tt> + (3 - q)t))I(4 - V))
6(a+b)2-p)3-p)B-qT(a—-y)T?>7

f (T — )T Vfi(s) ds

T
X / (T - )" Yi(s)ds
0
for all £ € I. Then we have

[wg + 1 -w)g] @)
1

g ' _ o)1 _
_F(a)/o(t )" [Wh(s) + A - w)fa(s)] ds

b /T(T—s)"‘l[wf (s) + A= w)fa(s)] ds
(a+ b)) Jo ! ?
(6T —(a+b)AT2-p) (T e
@+ bl a-p) T /0 (T =" [wfi(s) + (L= whf(s)] ds
[bpT? - (a + b)(2Tt - (2 - p)t*)IT(3 - q)
- 2a+b)2-p)T(a-q) T4

T

X /(; (T —s)* 1 [wﬁ(s) + 1 -w) (s)] ds

~ < [b(-6(q -p) + 2-p)B-p))T°
6(a+b)2-p)3-p)B-qT(a-y)T*7

,(at b)(6(g—p)T?*t + (2 -p)(3-p)(-3Tt* + B3 -q)t*))I" (4 — y))
6(a+b)2-p)3-p)B-q)T'(a-y)T3>7

T
X / (T —s)* 71 [wﬁ (s)+(@1 - w)fz(s)] ds
0
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for all £ € I. Since F has convex values, it is easy to check that Sg is convex and so wg +
(1 -w)g € Q2(x). Now, we show that 2 maps bounded sets into bounded sets in X. Let
B, ={xeX:|x|| <r},x € B,,and g € Q(x). Choose f € S, such that

|g()|_ e )/ (t—-s)*" 1[}”(s) ds+ b|F(a / (T -s)*~ 1{f(s)|ds

|bT — (a + D)tIT (2 - p) w1
" la v bT (- p)Tr /O(T_S) )]s
|bpT? — (a + b)(2Tt — (2 - p)t*)IT(3 - q) i1
2+ b2 - T e = )77 [ sl
( |b(=6(q - p) + (2-p)3B-p)g)T°
6la+b|(2-p)3-p)B-g)T'(a—-y)T37

L @+ B)(6(g-p)T% + 2~ p)3-p)3TE + (3~ g)£)IT @ - y))
6la+bI2-p)B-p)B-gT(a—y)T>7

T
_a-r-1
X /0 (T -5s) [f(s)| ds

1 ' a-1 ,
= @ /0 (t—s) |:5I1(S)§01(|x(S)|) + qz(s)¢2(|x (S)D
+q3(8)e3 (|7 (5)]) + ga(s)ea(|x”(s)|)

+5(5)0s (|2(5)]) + g6 ()6 (|¥rx(s)|) + D pils)yri(|“D"x(5)])

i=1

+Zp](s ”D”Jx Z vy CDSkx )‘)i| ds

— 161 T —5)* 7 qu(s) |x(s + (s) (|x’(s)|)
la+bIT (« <P1 q2.8)P2

+q3(s)es (|x” (S)I) +qa()@a(|x”(5)|) + gs(s)es (| px(s)|)

+q6(8)g6 (| W (s)]) + Z ()i (|°D"ix(s)|)

i=1

=3 pw(1<DY(s)) +Z e cngx(S)D}

j=1 k=1
|bT — (a + D)tIT (2 - p)
|a + b|T (o — p)T'-»

T
x /0 (T —s)*# |:q1(5)(/71(’x(5) ) + 229002 (|%'(5)])

+q3(8)es(|x7(5)]) + ga(s)ea(|x”(s)|)

+5(5)95(|9x(9)]) + a6 (s)ge (| w2()]) + 3 pili(| D ix(9)|)
i=1

3 (D) + Zpusw,:(rﬁkx“")} “
k=1

j-1
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|bpT? — (a + b)(2Tt — (2 - p)t*)IT(3 - q)
2|la+b|(2-p)T(a —q)T*1

T
X /0 (T -s) " |:611(S)€01(|x(5)|) +q2(8)ea (|7 (5)])
+q3(8)e3 (|7 (5)]) + ga(s)ea (|5 (s)|)

+q5(8)@s (|¢x(5)]) + g6 () (| wr(s) ) + Z pi(s)¥i(|°D"ix(s)|)
i-1

+ 2 P[¥](|*DIx(s)]) + Zp () ( CDS"x(s)|):|

j=1

( |b(-6(q —p) + (2-p)3B-p)T°
6la+b|2-p)3-p)B-g)T(a—y)T37

(a+h)(6(q Tt + (2 -p)3-p)(-3Tt* + (3 -q)t*))|I'(4 - y))
6la+bl2-p)3B-p)B-g)T'(a—-y)T37

T
X /0 (T-s)* ! |:q1(s)<p1({x(s)]) +q2(8)e2 (|%'(5)])
+q3(8)e3(|x7(5)]) + ga(s)ea(|x”(5)|)
+q5(8)@s (|¢x(5)]) + g6 () (| wr(s) ) + Z pi(s)¥i(|°D"ix(s)|)
-1
+ > 0/ (|°DYx(s)]) + Zp (s)y Cngx(S)I)}
j-1
< |:||611||1<P1(T) + lg2lli@2(r) + g3 lli03(r) + llgalli@alr)

TI*BI

¥ +yolln+ i+ s +lw + s ———
||¢15||1€05<6017/0 7/0|:11+21+31 “TBEITR -8

; T2-h1 T3-6%1
TeTGE o) ¢ ”F(4—91)]r)

T1—52

+ ||q6 ||1§06 (COZ)\O + Ao I:llz + 122 + 132 + 142 + lSZW

; T2-F2 [ T3-02
T TE gy T (4—02)}>

+Z||pl|mm(r(2 ) ZH@HW(

@u i (e )}

[(Iﬂl +2|b) T . (lal +2b)T (2 - p) T
la + b|T («) la+b|T (o - p)
(1blp + |a + b|(4 - p))T (3 — ) T**
2]|a +b|(2 - p)T'(a —q)

)
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< [1bl(6(g —p) + (2 -p)(3-p)q)

6la+b|(2-p)3-p)B-g)'(ax-y)

la+b|(6(q—p)+(2-p)(3-p)6-9)IT4- y)T‘“)]
6la+b|2-p)3-p)B-q)T'(@-y)

for all ¢ € I. In a similar manner, we obtain

lg'®)|

")) <

< |:||¢I1||1<P1(V) + lg2llio2(r) + llg3llie3(r) + llgalli@a(r)

T1—81

i+l +ls + g+l ———
+||615||1<ﬂ5<0011’0+)’0|:11 AT B GTS)

/ T2-H1 / T3-01
TG oA 71r(4—91)}>

T1—52

ho+ro| b +loo + I3 + lag + lsjp ————
+ ||q6||1<p6(cOz 0+ o[w 2ER TR TR LT

T2-b2 T3-02
+ 162 + l72 ]r)

(-4 I'(4-6,)

Do) an,n ()

T35k
+ZH il W(F(‘L—é’) )]

[ T TE-pT? (-prE-@T

Ma-1) [ - p) 2-p)F(a-q)

[2(g-p)+2-p)B-p)(5-q)IT4- V)T“_2:|
22-p)B-p)B3-T(@-y) ’

|:||Q1||1<P1('") + Ig2ll192(r) + g3 ll1@3(r) + lIqalliea(r)

Tl—(Sl

+llg5 1195 <001Vo + Y0 |:111 thith+in+ls r2-46)

’ T2-h1 ; T3-01
TGy ”r(4—61)})

TI—BZ

Mo+ Aol + oy + I3g + lag + sy ———
+ ||6I6||1</?6(602 0 0|:12+ 2t Tlat 2T2-5,)

T2-P2 T3-02
+ 162 ]r)

rE- ,32) T (4-6,)

T2v/
+Z||pl||um(r(2 r)+Z||p,||w(F(3 )

'’ T3k
+ “,0” || 10” (77,)]
kZ=1: KPR T (@ - &)

[ Te? A r@-q1°7° . (4—51)F(4—J/)Ta3:|
Ma-2) Tla-9q) B-g)T(a-v)
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and

lg" (0] < |:||611||1901(V) + | g2llhia(r) + lIgsll1@s(r) + | gallialr)

Tl—(Sl

i+l +ln+ln+ s ———
+ ||q5||1<05(001yo+yo[u+ R N

p T2-h1 . T3-601
+“r6—m)+”ru—&J0

T1—82

+ ||q6 ”1(/76 ((102)\0 + )\0 |:112 + 122 + 132 + 142 + lSZM

; T2-P2 ; T3-62
+ + r
“T3-8) "FM—%J)

+§:nmm%(F@ ) E:Wﬂ|w<r£2w )

T3 T T(4-y)T**
+z||p 1 (e g))}[m_gﬁ Fay

for all ¢ € I. Thus, we get

ligll < M2|:||611||1<P1(V) + g2 lliga(r) + lgsllies(7) + llqallipa(r)

T1—51

+ g5 115 (0011/0 +%0 |:lll thith+ln+ls r2-4)

/ T2-h1 ; T3-%
+“F6—m)+“FM—&Ja

TI—SQ

¥ Ao+ Ao b+ log + ls0 + lag + lsp ————
||6]6||1§06<C020 0|:12 22 T 432 + L42 52r~(2—82)

; T2-F2 . T3-%2
+“Fw—m)+”rm—%ﬁo

+Zﬂmmm( 0+§N@Hw< )

Sttt ()|

This implies that Q maps bounded sets into bounded sets in X. Now, we show that Q

maps bounded sets of X into equicontinuous sets. Let #1,£, € [0,T] with ; < £, x € B,,
and g € Q(x). Then we have

g(t2) —g(t)]

= ﬁ /0 1[(Ifz -8)* " = (6 —9)*]|f(s)| ds + @ )/ (ts — 9“7 |f(s)| ds
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(t-t)L2-p) (T -
+F(O(——p)]—'1_p/(; (T—S) pllf(S)|dS

2T (t - 1) + (2 -p)(&; - )T (3 - q)
22 -p)T(a—q)T*1

[6(q Tt -6)+2-p)B-p)BTHB -)+(B-9) (& -)IT(4E-y)
6(2-p)B3-p)B-q)T(a—y)T3>7

T
X /0 (T—s)“””lws){ds

T(T B [f(s)‘ ds

< {sal(r) +@2(r) + @3(r) + @a(r)

+ @5 (Con/o + Y0 |:111 +ln+l+1lu+1s

; T2-h1 ’ T3-01
TG p) ”r(4—91)}’>

T1782

+ Q6 <C02)\0 + )LQ |:112 + 122 + 132 + 142 + lSzm
— 02

; T2-P2 T3-02
TG gy 72r(4—92)]r)

Tl-wi il T2 o T35k
+Zw’(r(2 ,>) Z‘” (r(a—v, ’)+§"’< r@-£0 ﬂ
1 i a—1 a-1
X[m/o [(62 = = (6 - 9°]

6 m m' m”
X [Z ails)+ Y pils) + Y pj(s) + sz(s)} ds
I=1 i=1 j=1 k=1

1 ty 6 m w / ! )
@) /ﬁ (ty —5)*7* [Z qi(s) + Zpi(s) + };pj (s) + /Z:l: o1 (s)} ds

(152—151)F(2 19)/ (T - 5)er)

[ —p)T?
x [Z qils) + prs) £y pjls)+ sz(s)} ds
=1 i=1 j=1 k=1

2T -t)+(2-p) &3 - )IC (B -9q)
22 -p)T(a—q)T*1

T 6 m m' m'’
x / (T —s)*74" [Z als)+ Y o)+ p+) pZ(S)} ds
0 I=1 i=1 j=1 k=1

[6(q-p)T*tr-1t)+(2-p)B-p)BT(EH5 )+ (B-q)(& - )T (4-y)
+
62-p)3-p)B - (a—-y)T37

T 6 m m m'
x / (T -5y [Z ails)+ Y _pils)+ Y _pj(s)+ ) p,’{(S)} dS}.
0 I=1 i=1 j=1 k=1
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Proceeding as before, one can obtain
|g/(f2) - g'(t1)|

= |:901(") +@o(r) + @3(r) + ua(r)

1-61

Iy +1 I l Isg —————
+(05<C01)/0+7/0|:11+ 21 + 031 + ba1 + 51F(2—81)

; T2-A1 ; T3-%1
PTG op) ”r(4—91)]r)

T1—82
Ao+ Aol !l l l l lsg ———
+<P6(Coz ot 0|:12+ 22 132 + 40 + 52F(2—82)

T2-F2 T3-02
ot gy ””m—ez)]’)
m Ti-ni i (T m' L[ T
' ;"”(F(z—m)’) +,Zl‘/”'<r(3—v;>r> "2 (m—sk)’)}

1 i o—2 a-2
X|:F(oz—1)/0 [(t2 =92 = (1 - 9]

6 m m' m”
x {Z ails)+ Y pils) + Y pj(s) + sz(s)} ds

1 2 6 m m e
TasD , (ty —5)*> |:Z qi(s) + Z pi(s) + Zp}f(s) + Z p]/(/(s)j| ds

I=1 i=1 j=1 k=1

(t-t)F3-q) (T a—g-1
C(a—q)T?1 Jo (T

6 m m' m'"
x |:ZQ1(S) +Y pils)+ Y pj(s) + sz(s)} ds
=1 i=1 j=1 k=1

2T(t, - 1) + B—q)(&5 — )T (4 - y)
2B -g)T (o —y)T37

T 6 m m m’
< (T-sw-v-l[qu(s)+zpi<s>+zp;<s>+zpz<s>} ds},
=1 i

i=1 j=1 k=1

¢ () - g (1)

< |:§01(V) + (7)) + 03(r) + a(7) + @5 (Coﬂ’o + % |:111 +hy+l+1ln+ls

; T2-h1 ; T3-01
Ty “F(4—91)]r>

T1—82
+ Y6 <Coz)»o + o |:112 + 1o + I3 + lgo + ZSZW
— 02

/ T2-P2 ; T3-02
TGy 72r(4—92)]r)

T1—81
re-sé)
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Wl

N Y- T
+,Z"’(F<2 ) ’)+,Zl‘/”<r(3—v, ’)+Zl‘”< r@-&) ﬂ

1 i a-3 a-3
X [m/o [(tz—S) —(ti—s) ]

6 m m m'
x [Z ails) + Y pils)+ Y pj(s) + ZPZ(S)} ds
k=1

11 =1 j=1
6 m m
T 3 / (s —8)*" 3[121:511 ;pl(s Z ;pZ(S)} ds

(L-t)C(4-y) (1 ay-1
e A

6 m m' m”
x [Z ails)+ Y pils) + Y pj(s) + sz(s)} ds}
I=1 i=1 j=1 k=1
and

|g///(t2)_g///(tl)|

Tl—b']
< | @) + @2(r) + @3(r) + @a(r) + @5 corvo + vo| lu + b1 + la1 + Iy + sy ———
r'2-éy)
/ T2-F1 T3-01
HoarETg) T Tas 91)]’)
Tl—(Sg
+ @6 (Coz)no + Ao |:112 +lon + 3+ lag + lszm

; T2-B2 ; T3-62
TGy 72F(4—92)]r)

!

m T1-1i m ) T2 ' . T35k
+Zw( r@- ) r)+2w,( 3-7) r)+z¢( r(-&) )}

i=1 j=1 k=1

1 & a—4 a—4
x[r(a_g)/o[(tz—w ~ (-9

6 m m' m”
x {Z ails)+ Y _ pils)+ Y pj(s) + sz(s)} ds
=1 i=1 j=1 k=1

1 t 6 m m / m’
——— [ =" D @@+ > o)+ Y pjs)+ Y pills) | ds |.
M'a-3) Jy , -
I=1 i=1 j=1 k=1
Itis easy to see that the right-hand side of the above inequalities tends to zeroas £, —¢; — 0
(independent on x € B,). Thus, by using the Arzela-Ascoli theorem, we see that Q2 : X —
P(X) is a compact multivalued map. Next, we show that €2 has a closed graph. Let x,, — x,,
gn € Qxy,) for all n and g, — g,. We show that g, € Q(x,). Since g, € Q(x,,) for all #, there


http://www.boundaryvalueproblems.com/content/2014/1/249

Ahmad et al. Boundary Value Problems 2014, 2014:249
http://www.boundaryvalueproblems.com/content/2014/1/249

exists f, € Sr,, such that

T
_ al _ a-1
&l a)f S Sule) (a+b> @ )/o (T =9 fuls) ds

[bT - (a + b)tIT (2 - p)
(a+b)l(a-p)TH? Jo
[bpT? - (a+ b)2Tt - 2 -p)t)ITB-¢q) (T
- 2(a +b)2-p)T(a-q) T2 f
~ ( [b(-6(g-p)+ (2-p)E-p)T°
6(a+b)2-p)B3-p)B-qT(a-y)T3>7
(a +b)(6(q-p)T*t+ (2 -p)3-p)(-3T¢* + 3—q)t*))|T'(4 - y))
6(a+b)2-p)3-p)(3—q)T(a—y)T3

(T =) fu(s) ds

(T - s)""q’lfn(s) ds

T
X / (T —5)*7" Y (s) ds
0
for all ¢ € I. Thus, we have to show that there exists f, € S, such that

C ey — 2 [
g*(t)—r(a)/o(t ) fils)ds (u+b)F(a),/0 (T —s5)* " fils)ds
[6T — (a + b)t]T (2 - p)
(@a+b)l'(a—-p) TP
[bpT? - (a + b)2Tt - (2 - p)t*)IT (3 - q)
- 2a +b)(2 - p)T(a — ) T>4
~ ( [b(-6(g -p) + 2-p)B-p)T°
6(a+b)(2-p)B-p)B-q)T(ax—-y)T3>7
(a+b)(6(q Tt +(2-p)3-p)(-3Tt* + (3 -q)*))IT'(4 - y))
6(a+b)2-p)B-p)B-q)T(ax—y)T>7

T
(T —5)* P fuls)ds
0

T
/ (T -5, (s)ds
0

T
X /0 (T —5)* 7" (s)ds

for all ¢ € I. Consider the linear continuous operator 6 : L}(I,R) — X defined by f +—
O(f)(t), where

t b T
8()(0) = ﬁ / (4= 5" ) ds — s / (T -9 f(5)ds

[bT — (a + b)t]T(2 - p) )
(a+b)(a—p)Ti» /(T $)* P f(s)ds

[bpT? - (a + b)(2Tt - 2 - p)*)IT (3 - q)
- 2a+b)2-p)T(a—q)T>1
~ ( [b(-6(q -p) + 2 -p)B-p)T°
6(a+b)2-p)3-p)B-qT(a-y)T3>

,(at b)(6(q—p)T?t + (2-p)(3 - p)(-3TE* + (3 - q))IT (4 — y))
6(a+b)2-p)3-p)B-q)T(a-y)T3>7

T
_ oa-y-1
X ‘/0 (T —5s) f(s)ds

/ (T —5)*" 17 f(s)ds
0
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for all ¢ € I. Since 6 is a linear continuous map, therefore, by Lemma 4.1, it follows that
0 o Sr is a closed graph operator. Note that g, € 6 o Sg(x,) for all . Since x, — x, and
gy — g, there exists f, € Sp(x,) such that

/(f-s)“ fils)ds T @@ / (T —5)*"fu(s) ds

[bT (a+b)r (2 - p) )
(a+b)T(a—-pT-r /(T 8)* P (s)ds

[bpT? - (a + )Tt - (2 - P)A)IT (3 - q)
- 2a+b)2-p)T(a—q)T>4
~ ( [6(=6(q-p) +(2-p)3-p)g)T°
6(a+b)2-p)B-p)B-qT(a-y)T%7

(a+b)(6(q pT?*+(2-p)3-p)(-3T* + (3 - q)tB))]F(4—J/)>
6(a+b)(2-p)B-p)B-q)T(ax—y)T>7

/ (T -5, (s)ds
0

T
X /0 (T —5)* 7" (s)ds

forallz 1. Let A € (0,1) and x € AQ(x), then there exists f € Sg, such that

b T
7(a+b)1"(a)/o )L(T—s)"”lf(s)ds

() = ﬁ /0 [A(t—s)“’lf(s) ds —
[bT — (a + b)t]T' (2 - p)
(@a+b)T(a—p)Tt-r
[bpT? — (a+b)2Tt - (2-p))TB-q) (T
- 2a+b)(2-p)T(a-q)T> / M
_ ( [b(-6(q-p) + 2-p)B-p)T°
6(a+b)2-p)3-p)B-qT(a-y)T*7
. (a+Db)(6(q9-p)T*t+(2-p)(3 - p)(=3Tt + (3 — q)1*))]IT'(4 - y))
6(a+b)2-p)3-p)3-qT(a-y)T?>7

T
/ MT =s5)* P (s)ds
0

T —5)*"17f(s) ds

T
X f MT =) 777 f(s)ds
0
for all £ € I. Hence
llx|| = sup|x(t)| + sup|x’(t)| + sup|x”(t)| + sup\x'"(t)|
tel tel tel tel

< Mz[llqﬂll(m(llxll) +llg2li@z(I1x1) + llgsllies (1%0) + lgallga(llxl)

T1—81
re-é)

+ g5 llies (C(n)/o + Y0 |:111 +hy+l+ln+15

/ T2-P1 ; T3-01
+ 61F(3_ﬁ1) + 711.,(4_91)]”75”)

T1752

+ ho+ Aol lin + oo + 130 + Iy + [sp ————
||46||1</’6(0020 0[12 22 t 132 + lao 52F(2—82)
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; T2-P2 ; T3-%2
+ 621_,(3_/32) + 72[‘(4—92)}”96”)

2
+Z||pl||um<r(2 )||x||) ZHp,III/f(F(B )nxn)

+Z”” (e s)""”)]

= MrA(llxll)

and so 3; l‘élx(‘l‘lxll) < 1. Letting U = {x € X : ||x|| < D}, the operator Q: U — Py (X) is upper
semi-continuous and compact. In view of the choice of U, there is no x € U such that
x € AQ(x) for some A € (0,1) and so 2 has a fixed point x € U by virtue of Theorem 4.3.
Obviously, each fixed point of  is a solution of problem (1.2)-(1.3). This completes the

proof. O
Our next result deals with the case that F is not necessary convex valued.

Theorem 4.6 Suppose that F : I x R+ +m’ _y P, (R) is a multifunction such that the

map
(&, %1, %25+« o s X smmemt ) > F(E,X1, %25+« « s X6 4o +m”")
is L) @ BR) ® - - - ® B(R) ® B(R) measurable and the map
(X1, %25 + « o Xeamem'+m?) > F(t, %1, %0, .., Ko wmem +m”)
is lower semi-continuous for almost all t € 1. Assume that there exist continuous non-
decreasing functions ¢; : [0,00) — (0,00) for 1 <i <6, ¥, j/, Vi : [0,00) = (0,00) for

1<i<m1<j<wm,and 1<k <m" and nonnegative functions q; € L'(I) for 1 <i < 6,
Pi» P}, PY, € LMD forl<i<m1<j<wm' and1 <k <m" such that

||F(t,x1,x2yx3,x4,x5;x6,y1,y2,~..,ym,ZpZz,m,Zm/,Wthy--«,Wm“) P
= sup{[y] : y € F(&,%1, %2, %3, %4, %5, X6 Y1 Y25 « -+ Yoms Z1: 221+« 2! s W1 Wy o0 Wy |
<q@®e1(1x1]) + 22 (D@2 (1x21) + g3()es (1x3)

+ qa(t)pa(lxal) + g5()es (1xs]) + g6 ()ws (161

m

+ Y pi@¥i(lyi) Zp,(t (Iz1) Zp(t)w wil),

i=1

forallt eI, xi,yiz,wi € Rfor 1 <i<6,1<i<m,1<j<m',and 1<k <m". Further-

more, there exist positive constants coy, Coy > 0, and Iy, 1 > 0 for 1 <i <7 such that

7

|1y, 5, 11, U2, U3, s, U5, s, U7)| < coj + Z Lijlui
i-1
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forj=1,2,t,seland all u; € R for 1 <i <7. If there exists a constant D > 0 such that

I g( 5 > 1, then problem (1.2)-(1.3) has at least one solution, where

AD) = llq1ll191(D) + l1g21l192(D) + llgzll1¢3(D) + lIgall1pa(D)
T-n

+ llgslhes (cmyo + Y0 |:l11 +hy+ 51+l + s T2

T2-H1 T3-61
D
“rEe- ,31) 1"(4—91)] >
+|1g6 196 <Coz)»0 + Ao |:112 +l + 13+l +1s5

T2-P2 T3-02
Horg Tyt FM—%JD)

T-7v2
['2-y)

m T2v
+;;WMh%<FQ ) ZH@IW(F(3 )

m’ T3k
+ Hp// || l[f” (—D>
kXﬂ: KPR\ T (4 - &)

Proof Inview of the given assumptions and Lemma 4.1 in [46], it follows that F is of lower
semi-continuous type. Thus, by Lemma 4.2, there exists a continuous function f : X —
LY(I,R) such that f(x) € S¢(x) for all x € X. Now, consider the equation

‘Dx(t) = f(x)(2) (4.1)

supplemented with boundary conditions (1.3). Note that each solution of problem (4.1)-
(1.3) with the given conditions is a solution of problem (1.2)-(1.3). Define the operator
Q:X — Xby

Qux(t) = ﬁ/ (t— )" f(x)(s) ds — / (T - 9)*7f(x)(s) ds

(a b)F( )
[T — (a + b)t]T' (2 - p)
(@a+b)T(a—p)T'-r
(bpT? — (a+ b)(2Tt - (2 -p)t)IT(3-¢q) w1
T 2+ D2 pTa- g /‘”') T wls)ds
~ ( [b(-6(q -p) + 2-p)B-p)g)T°
6(a+b)2-p)3-p)3B-q)T(ax—y)T3>7

. (a+b)(6(g-p)T*t+(2-p)3-p)(-3TF + (3 -q)*) T4 - V)>
6(a+b)(2-p)3-p)3B-qT(ax—y)T>

/(T ) P (x)(s) ds

T
x /0 (T = )7L (x)(s) ds

for all ¢ € I. Following the procedure employed in the last result, one can show that  is
continuous and completely continuous and satisfies all conditions of the nonlinear alterna-
tive of Leary-Schauder type for single-valued maps. Consequently, there exists a solution
for problem (4.1)-(1.3). This completes the proof. O
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Finally, we establish the existence of a solution for the case that the right-hand side of

(1.2) is non-convex valued.

Theorem 4.7 Assume that F : I x RE+m+m'+m’” _, P, (R) is a multifunction such that the

map
L F(t,%1,%0, ..., X6 msm’ +m1")

is measurable for all xy,..., % mem'+m € R, the map t —> dy(0,F(¢,0,0,...,0)) is inte-
grably bounded for almost all t € I and there are nonnegative functions ki, ..., ks € L\(I),

Mooy My, ..ol oy, ml, € LNI) such that

dH(F(t)xbx21x31x47x5,x61y1)y2’ e’ YmrZ15225 00 s Zp s W1, W2, v ey Wm”):
F (6,52, 830 Xl X0 Ko V1o Vas o+ s Vigs 215 Zs e+ 2 Zoggts Wos Whs oo, W)
<ki(®)|x1 — &} | + ko (8) |2 — &) | + ks (£) |3 — x5

+ k4(t)|x4 —xﬁl| + k5(t)|x5 —x'5| + kﬁ(t)|x6 —x'6|

m m/ m//
+ Zmi(t)|y,- —y;| + Zm}(t)|z,' —z}| + Zm}(’(t)|wk - w}<|
i1 j=1 k=1

Jor almost all t € I and all x1,...,%6,%5 ;X Y1s o Yms Voo os Vs Zoe v Zm's 215+ 0r Zopys
Wiy eoos Wy, WY, ..,w/m,, € R. Also, suppose that there exist N1, ..., 071, M2, .-, 072 > 0 such
that
7
/ ! / / / / / /
|hj(t)s, Uy, U, Uz, Uy, Us, Ue, I/l7) —h]‘(t,S, Uy, Uy, Uz, Uy, Us, M6,M7)i < E r],]|ul - I/li|

i=1

orallt,sel, uy,...,uz;,uy,....,u, € R,and j=1,2. If ® < 1, then problem (1.2)-(1.3) has at
1 7 J
least one solution, where

© :M2|:||k1||1 +kalle + ksl + llkally

TI—B] T2—/31 T3—6‘1

r@-s) "™rG-pg) "Tr@E- 91))
T1—82 T2—f32 T3—92

r(2-4,) ”’62r<3—ﬁ2) ”’”m—ez))

+ ks ll1vo (7711 + 121 + 31 + Nag + 151

+ [lkslliAo (7712 + 122 +M32 + N4z + 152
T2 T3-6k
+Z||m ||1 +Z||m/||lr +Z||m ”1F4 §)i|

Proof With the given assumptions and Theorem III-6 (the measurable selection theorem)
in [47], one can infer that F admits a measurable selection f : I — R. Since F is integrably
bounded, f € LY(I,R), so Sk, # ¥ for all x € X. Now, we show that the operator Q2 satisfies
the assumptions of Theorem 4.4. First, we show that Q(x) € P;(X) forall x € X. Let u,, €

Page 33 of 40
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Q(x) for all # > 0 and u,, — u for some u € X. For each n, choose v, € Sg, such that

u,(t) = %/t(t—s)“_lvn(s)ds / (T = 8)* v, (s)ds

(a b)F(Ot)
[T — (a + b)t]T' (2 - p)
(@a+b)T(a—p)T'-»
(bpT? — (a + b)2Tt - (2 - p)t)IT(3 - ¢q) w1
T 2 he Pl T / (T =" vals)ds
~ ( [b(-6(q -p) + (2-p)B-p)g)T°
6(a+b)2-p)3-p)B-qT(a~-y)T?>7

. (a+b)(6(g-p)T*t +(2-p)(3 -p)(=3T¢ + (3 -q)*)I (4 - V))
6(a+b)(2-p)B-p)B-qT(a-y)T>7

/(T $)* Py, (s)ds

T
X /0 (T -5)*7"v,(s)ds

for all ¢ € I. Since F has compact values, there is a subsequence of {v,} that converges to v
in L}(I,R). Thus, v € S¢, and

_ 1 ‘ a-1 b ’ a-1
u,(t) = u(t) = m/{; (t=3s)*"v(s)ds — m/o (T =s)*"v(s)ds

(bT —(@a+ )T 2-p) [T vt
@+ D)@ —p)Tir /(; (T - s)* P y(s) ds
[bpT? - (a + b)2Tt - (2 - p)t*)IT (3 - q)
- 2(a+b)2-p)l(a-q) T2 0
_ ( [b(-6(q -p) + 2-p)B-p)g)T°
6(a+b)(2-p)3-p)3B-q)T(ax—y)T3>
(a+b)6(g-p)T?*t+(2-p)B-p)(-3T* + B-q)t*)I['(4 - V))
6(a+b)2-p)3-p)B-qT'(a-y)T3>7

T
(T - $)* T y(s) ds

T
X / (T = 5)* 7" Yy(s)ds
0
for all ¢ € I. This implies that u € Q(x). Next, we show that there exists ® < 1 such that
dn(R(2), @) <6lz-Z|

forall z,z € X. Let z,z € X and g1 € Q2(z). Choose f; € Sg, such that

_L ‘ _ )1 _ al
80 = g [ ot [Nt

[T — (a + b)t]T (2 - p)
@+ b -p)T7 /o (T'-
[bpT? - (a + b)2Tt — (2 - P33 - q)

- 2a+b)2-p)T(a—q)T*1 0

~ < [b(-6(q -p) + 2-p)B-p))T°
6(a+b)2-p)B-p)B-qlla-y)T37

8)* P fils)ds

T
(T - 9)*fi(s) ds
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(a+b)(6(q T+ (2-p)3-p)(-3Tt* + (3 - q)t3))]F(4—y)>
6(a+b)(2-p)B3-p)B-q)T(ax—y)T>7

T
X /o (T —5)* 7" fi(s)ds

for all £ € I. On the other hand we have

dy ( (t:2(9)), (t (1))

< [kl(t) + ko (£) + k3 (£) + ka(£)

T1—51 T2—}31 T3—91
+ks(£)vo (7711 + 121 + N31 + Na1 + 51 r@2—o) + 7161 rG-p) 7771 T 91))
p T1—52 T2—ﬂ2 T3—92
A
+ ke (2) o<7712 + 122 + N32 + N42 + 152 T(2-5,) + n62F(3—,82) + 77721,(4_92))
Tl L ' TZ_V/ " T3—Ek
+ m;(t) ————— mi(t) ———— + Y m(t)———— ||z -z
Z (2 - ) 121 TE-y) ; “ru-g
for almost all ¢ € I. Hence, there exists w; € F(¢,%(¢)) such that
lfl(t) - Wz|
< [/q(t) + ko () + k3(£) + ka(£)
Tl—51 TZ—ﬂl T3—91
+ks(£)vo (7711 + 121 + N31 + Na1 + 51 r@2—o) + 7161 rG-p) 7771 T 91))
p T1—52 T2—/32 T3—(92
A
+ ke (2) 0(7712 + 122 + 132 + N4z + 152 T(2=5,) + n62F(3—/32) + "721“(4-92))
Tl Wi m’ T2 vj m’ T3~k ~
+Zm(t Z TG £y mp Ta—g |lF-A=M
-1 T ka1

for almost all ¢ € I. Define V: I — P(R) by V(t) = {u € R: |fi(t) —u| < M,} forall t € I.
By Theorem III-41 in [47], it follows that V is measurable. Since the multivalued operator
t— V() NE(t2(2)) is measurable (Proposition III-4 in [47]), there exists a function f, €
St such that

@) - f0)]

< |:k1(t) + ko (2) + ks (2) + ka(2)

Tl—él T2—/31 T3—91
+
r@-o) "TG-p) "T@- 91))
T1—32 Tz—ﬂz T3—92
+ +
T2-6) "TG-p) "T4- 92)>

+ks()vo (7711 + 121 + N31 + Na1 + Ns1

+ke(t)ho (7712 + 122 + N32 + N2 + 152

3-&
+Zm,(t) +Zm(t)r(3 Z 2 s)j||z—2||
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for almost all ¢ € I. Define

gz(t)=% / (-9 i(s) s - W / (T = 1Yy (s) ds

[bT — (a + b)t] N
@+ b p)Tlp /‘T A

[bpT? — (a + b)2Tt - (2 - p)t})IT(3 - q) .

T 2ar DT T / (T -5 fe)d

~ ( [b(-6(q —p) + (2 - p)(3 - p)g) T°
6(a+b)2-p)3-p)B-q)T(a—-y)T3

(a+b)(6(q T+ (2-p)B-p)(-3Tt* + (3 -q)t*))IT'(4 - y))
6(a+b)2-p)3-p)3B-q)T(x—y)T>7

T
X / (T —s5)* 7 fy(s) ds
0
for all £ € I. Then we have

llgr — &l
= sup|g1(t) —gz(t)| + sup|g{(t) —gé(t){ + sup|g{/(t) (t)| + sup|g”’ ”’(t)|
tel tel tel

SM2|:||/<1||1 +lkalls + ksl + Nl kalls

T1—51 Tz—ﬂl T3—91

r@-s) "™TrG-pg) "Tr@a- 01))
T1—52 TZ—ﬁz T3—92

r@2-8) "TG-p) "T@E- 02))

+ lksll1vo (7711 + M1 + N31 + Na1 + 151

+ [Iksll1ho (7712 + 122 + M3 + N4z + 152

/
m

" Ti-Hi )
+;||mi|'lm+2|| ’Hll“(g ZH IIIFLL €)}nz—zn

j-1

=0l|z-z|.
Further, interchanging the roles of z and z, we get
dn(Qz2), Q@) < Oz -Zll.

Since ® <1, Q is a contraction and so by Theorem 4.4, Q2 has a fixed point which corre-
sponds to a solution of problem (1.2)-(1.3). O

5 Examples
This section is devoted to the illustration of Theorems 4.5 and 4.7.

Example 5.1 Consider the fractional differential inclusion

“D3x(t) € F(t,2(2), % (£), & (£), & (£), ox(0),

“D3x(£),°D3x(£),*D3 (1), Do x(2), t€[0,1] (5.1)
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supplemented with the boundary conditions x*(0) = 0, %x(O) + %x(l) =0, CD%x(O) =
—CD%x(l), CD%x(O) = —CD%x(l), and ”D%x(O) = —CD%x(l) where

t e—(s—t)/2 et 2x(s) Se—stx/(s)
px(t) = + . +
o 900 [16(1+#2) 517(1 +¢t)(2 +sinx(s)) 327(s%2 +7)

N %x/(s)x//(s) X 3e—c052x(s)xw(s) sinx(s)”D%x(s)
984(1 + |x'(s)]) 895(s% + 1)

1,875\/ 1+ [<DEx(s)| + [<D3x(s)|

e cos? x(s)°D3 x(s) D% x(s)
+ s
3,641(s% +2s +1) 6,795(1 + |x'(s)|)

9 2 4 7 13 1 7
Herea =3, mu=%,w=3588=586=3,p=59=5 V=

NI

1
, 4 = g; b =
11 1 2 5 ¥z 3 1 1
=3 con =15 =355 = 2,289’ b = 555 ln = 5550 ls1 = 1875’ ler = 3,641’ In = 6,795’

Yo = *25561. Define the multifunction F: [0,1] x R® — P(R) by

F(t,%1,%2,%3, X4, %5, Y1, 21, W1, W2)

{ Ek et |5 | 9yl
=lyeR:————— — ——sin“xy — — -
43 + |x1|3) 5 13(4 + sin“x;)2  10(4 + [»1])
3 —t?
- —coszzl ¢ ||
81(¢* + 3)
1 _ t2
I R o L |
201+ |wa]) = — 3 18(1 +tx3)  10(1 + |x4l)
t%|x5 + sinwxs| et ., e 3t
+ sin® y1 +

+
119 t4+2

51+ |z1|3

X3 31wy 3}

t
+ wy +
135(t2+1)’ YT

+ +
140(1 + [wol?) 2

and note that

| ECt 1, 20,5, 20, x5, 71, 20 wi, wa) |, = sup{[v]: v € F(t, 21, 20, %3, 24, %5, 71, 21, w1, wa) }

4591 1
< +
1260 ' 119

1
lws| +1) + EUWII +1)

for all ¢ € [0,1] and xy, x5, %3, %4, %5, y1, 21, W1, Wo € R. It is clear that F has convex and com-

pact values and is of Carathéodory type. Let q1(£) = 1, ¢1(|x1]) = %, q2(t) =1, a(|x2]) = %,

a3() =1, g3(1xs]) = 3, qa(t) = 1, @a(lxa]) = 3, g5(8) = 1, @s5(1xs]) = 5 (15| + 1), pa(8) = 1,

iyl = 5, 1) =L ¥{(lzl) = &5, o/ () =1, ¥{(Iml) = gz(Im| + 1), p5(£) =1, and
7 (wal) = % for all ¢ € [0,1] and xy, x5, X3, %4, X5, ¥1, 21, W1, wo € R. Hence,

||F(t»x11x2’x3’x4-)x5;yl)Zly W11W2)“p
= sup{|v| : v € F(t, %1, %2, %3, %4, %5, Y1, 21, W1, W2) }
<a®ei (1) + @2O)@2(1%21) + g3 s ([x3]) + qa()pa(|xal)

+q5(0)@s (1xs1) + p1(OV1(1p1l) + PV (121]) + o7 O (Iwal) + 5 (V5 (Iwal)
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for all £ € [0,1] and xy, x5, X3, %4, X5, ¥1, 21, W1, Wo, € R. With the given values, it is found that
M, = 8.609986787. Letting D > 33.90317546, all the conditions of Theorem 4.5 hold and
consequently problem (5.1) has at least one solution.

Example 5.2 Consider the fractional differential inclusion

D x(t) € F(t,x(8), %' (£), %" (£), 2" (2), pax(8),

D x(t), ‘DB x(2), DV x(8), D5 x(2)), £ €[0,1] (5.2)

with the boundary value problems x*(0) = x®(0) = 0, x(0) — 3x(1) = 0, D% x(0) =
—D3 x(1), <D x(0) = Dl x(1), and °D 3 x(0) = ~°D 5 x(1), where

© / (s — £)2e 60’ |: t3cos?t lx(s) + %/ (s) + D Bx(s)|
x(t) = +
0 1,350 e (1+1%) 9416w (1 + |x(s) + '(s) + <D x(s)])

£3sin tcoss (3 l¥"(s) + D x(s)] )
ta +

+————— " arctan| —
759(36/7 + &%) 2 1+ /(s) +<Dix(s)|

e e DI x(s)
+ - cosx’ (s) + — 0 o ds.
8,190(1 + &%) (1,200 + arcsin(3)e3")(1 + [<D20 x(s)|)
Herea:%,ul 19’“2 2,\)1 17,51 5,p zo’q 14,)/—9,@ 1,b=-3,6, =

_7p =4 1 1 1
B = g 91 = 900 M1 = M1 = M51 = G965 131 = Hel = 755 36f+1)’ M41 = gig02 71 = 1,200+arcsin(%)’

Yo =1 050 We define the multifunction F: [0,1] x R® — P(R) as

F(t, %1, %2, %3, %4, %5, Y1, Y2, 21, W1)

[ arctan( 1 + el + 2 + &5 + 4] cos? ¢
1+¢2 9,600(% +ef)(1 + |xy +x2 +x3 +x4]) )

sinmt etb’l + 92l
Ul7+ ,20 £2+1 +cos(t3+
[ /2 + t3 ( ) 8,7197‘[(1 + |y1 +y2|)

. |z1 + w1l
5,170(9 + £)*(1 + |z1 + w1 )

3 |x5| 2
-, +5 4 =
2" 7,491(¢ + 25)°(1 + |x5]) 2

for all ¢ € [0,1] and %1, %3, %3,%4, %5, ¥1,¥1,21, w1 € R. It is clear that F has compact values

and

dH(F(trx11x27x3)x4,x5;y11y2; 21, Wl),F(t,xi’x/z,xg’xipx/sryi’y,z,zi’ W/l))
e

< qu — x|+ |2 — x| + s — 5|+ Jxa — 25

T 7491(t+ 25 — x|+ 87197

__

517009 + 1)

o (=1 + 2 -2)

(|1 =z + [wa - wi])
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/ J / / / / / .
for all t € [0,1] and %1, %2, %3, X4, X5, %], %5, X5, Xy, X5 Y1, V2, V15 Vo, 215 21, Wi, Wi € R. Fix ki (£) =

' L
k() = k() = ka(0) = 5 hs(®) = st M) = my(t) = g, my(t) = mi () =

m. As in the previous example, it is found that M, = 4.046590862 and

C) =M2|:||k1||1 + |lkalln + llkslle + l1kally

1 1 1
+ ||k M1+ Ay + M3 + Mg + 11 +n +n
I 5”1V0( nH LS A IS o Ty T T3 ) 71F(3—<91))

1
+||ml||1—+||mz||1F +]

1 , 1 ,/ 1
F@— ) e Imlirg oy I —51)}

~1.922566928 x 1073 < 1.

As all the conditions of Theorem 4.7 are satisfied, the inclusion problem (5.2) has at least

one solution.
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