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1 Introduction
Boundary value problems on an infinite interval arise quite naturally in the study of radially
symmetric solutions of nonlinear elliptic equations and in various applications such as
an unsteady flow of gas through a semi-infinite porous medium, theory of drain flows
and plasma physics. For an extensive collection of results to boundary value problems on
unbounded domains, we refer the reader to a monograph by Agarwal and O’Regan [1].
The study of nonlocal elliptic boundary value problems was investigated by Bicadze and
Samarskii [2], and later continued by II'in and Moiseev [3] and Gupta [4]. Since then, the
existence of solutions for nonlocal boundary value problems has received a great deal of
attention in the literature. For more recent results, we refer the reader to [5-22] and the
references therein.

In this paper, we consider the following second-order nonlinear differential equation
with integral boundary conditions:

(cop()) (t) =f(t, u(t),u'(t)), a.e.te(—o0,00),
1im,— _oo (cp ())(2) = [, g(5)(cqpp (i) (s) dis, 1)
limy_. o (cp () (2) = [, (s)(cgp())(s) ds,

where ¢,(s) := |sIP™%s, p > 1, f : (—00,00)> — (—00, 00) is a Carathéodory function, i.e., f =
f(t,u,v) is Lebesgue measurable in ¢ for all (4, v) € (—o0,00)? and continuous in (i, v) for
almost all £ € (—00, 00). Throughout this paper, we assume that the following assumptions
hold:

(H1) g, e L' (~o0,00) satisfy [ g(s)ds= [ h(s)ds=1;

(H2) c:(~00,00) — (0,00) is a continuous function which satisfy

9" (2) € L, .(~00,00) \ L' (=00, 00);
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(H3) let w(z) := fot (plgl(ﬁ) ds, and there exist nonnegative measurable functions «, 8
and y such that (1 + |w|)?a, B/c,y € L' (-0, 00) and

[f (&, u,v)| < a@lul’™ + BE)VI" + ¥ (), ae. te(-o00,00);
(H4) there exists a function k(¢) such that (1 + |w(-)|)e*©) € L}(—o0, 00) and
A= ana — apdn 70,

where ay; := Qo(w(-)e ™M), a1y 1= —~Qu(W(-)e ™)), az 1= —Qa(e™¥V)), an := Q(e™V)),
and Qq, Qs : L' (—00, 00) — (—00, 00) will be defined in Section 3.

A boundary value problem is called a resonance one if the corresponding homogeneous
boundary value problem has a non-trivial solution. Resonance problems can be expressed
as an abstract equation Lx = Nx, where L is a noninvertible operator. When L is linear,
Mawhin’s continuation theorem [23] is an efficient tool in finding solutions for these prob-
lems. However, it is not suitable for the case L is nonlinear. Recently, Ge and Ren [24]
extended Mawhin’s continuation theorem from the case of linear L to the case of quasi-
linear L. The purpose of this paper is to establish the sufficient conditions for the existence
of solutions to the problem (1) on the real line at resonance with dim(kerL) = 2 by using
an extension of Mawhin’s continuation theorem [24].

2 Preliminaries
In this section, we recall some definitions and theorems. Let X and Y be two Banach spaces
with the norms || - |x and || - ||y, respectively.

Definition 2.1 A continuous operator M : X Ndom M — Y is said to be quasi-linear if
(i) ImM := M(X NdomM) is a closed subset of Y;
(i) KerM :={x € XNdomM : Mx = 0} is linearly homeomorphic to (—00, 00)" for some

n<oo.

Definition 2.2 Let M : X NdomM — Y be a quasi-linear operator. Let X; = Ker M and
2 C X be an open and bounded set with the origin 6x € 2. Then N; :Q— Y, xe[0,1]is
said to be M-compactin QifN, : Q — Y, % € [0,1] isa continuous operator, and there exist
a vector subspace Y; of Y satisfying dim ¥; = dim X; and an operator R : Q x[0,1] = X,
being continuous and compact such that, for 1 € [0,1],
(i) I - QN.(RQ) CImM C (I - Q)Y;
(i) QN,x =6y, 2 €(0,1) & QNyx = Oy;
(iii) R(-,0) is the zero operator and R(-,A)|x, = (I — P)|x, , where
3, = {x e Q: Mx=Nx};

(iv) M[P +R(;,2)] = - Q)N;.

Here, X; is a complement space of X; in X, fy istheoriginof Y and P: X — X;,Q: Y - Y}

are projections.
Now, we give an extension of Mawhin’s continuation theorem [24].

Theorem 2.3 Let Q2 C X be an open and bounded set with 0x € Q2. Suppose that M :
X NdomM — Y is a quasi-linear operator and N, : Q@ — Y, A € [0,1] is M-compact. In
addition, if the following conditions hold:


http://www.boundaryvalueproblems.com/content/2014/1/255

Jeong et al. Boundary Value Problems 2014, 2014:255 Page 3 of 14
http://www.boundaryvalueproblems.com/content/2014/1/255

(Al) Mx # N,x for every (u, 1) € (domM N 32) x (0,1);
(A2) deg{/QN;, 2N KerM,0} #0, where ] : Im Q — Ker M is a homeomorphism with
J(0x) = Oy,
then the abstract equation Mx = Nix has at least one solution in Q.

Finally, we give a theorem which is useful to show the compactness of operators defined

on an infinite interval.

Theorem 2.4 [1] Let Z be the space of all bounded continuous functions on (-0, 00) and
S C Z. Then S is relatively compact in Z if the following conditions hold:
(i) Sisbounded in Z;
(ii) S is equicontinuous on any compact interval of (—o0, 00);
(iii) S is equiconvergent at o0, that is, given € > 0, there exists a constant T = T(€) >0
such that |¢(t) — ¢(00)| < € (respectively, |p(t) — p(—o0)| <€) forallt > T
(respectively, t < —T) and all ¢ € S.

3 Main result
Let X be the set of the functions u € C'(—00, 00) such that

u
1+ |w|

s, (©)u € L™ (~00,00),

where w is the function in the assumption (H3). Then X is a Banach space equipped with

anorm ||ulx = |lully + |lu]l2, where

|M(t)| -1 ’
lulli= sup ——— and |ulla= sup [(¢, (u')()|
! te(—oo,oo)1+|w(t)| 2 te(—oo,oo)|( P ) |

Let Y denote the Banach space L!(—o0, 00) equipped with a usual norm

Wil = / ()| ds.

(o]

Remark 3.1

(1) Itis well known that, for any u,v € (—00,00) and g > 0,
lu+v|?< max{l, 2‘7_1}(|u|q + |v|q).

2
Thus, ¢, " (1 +v) < a,(p, () + ¢, (v)) for all u,v > 0, where @, := max{1, 95 %
(2) Since q)};l(%) € Llloc(—oo, o0) \ Y, then w is a continuous function which satisfies
lim;_, o W(£) = 00 and lim;_, _o, w(t) = —00.
(3) For any continuous functions w(z), we can choose a function k(¢) which satisfies
(1 +|w(-)])e X € Y. For example, put k(t) = fot(l + |w(s)|) ds, then

1L+ w())e ) ey.
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Define M : X NdomM — Y by Mu = (cg,(«'))’, where

domM = {u: (cpp()) €Y, tLiEnw(cwp(u’))(t) = / 2(8)(cop(u'))(s) ds,
and tl_i)rglo(cgop(u/))(t) :/ h(s)(cep (1)) (s) ds}.

Then M : X NdomM — Y is continuous. Let 2 be an open bounded subset of X such
that domM N Q # @. For A € [0,1], define N, : @ — Y by Nyx = Af(-,x,%'). By (H3) and
the Lebesgue dominated convergence theorem, N, is continuous. Denote N; by N. Then
problem (1) is equivalent to Mx = Nx, x € dom M. Define Q;,Q; : Y — (—00,00) by

00 [ ¢0 [ ymaras Qo= [ wo [ swdeas

Then Q1,Q, : Y — (—00, 00) are continuous.

Lemma 3.2 Assume that (H1) and (H2) hold. Then the operator M : X N domM — Y
is quasi-linear. Moreover, KerM = {a + bw : a,b € (—00,00)} and ImM ={y € Y : Q;1(y) =
Qa2(y) = 0}.

Proof Clearly, KerM = {a + bw : a,b € (-00,00)}, and it is linearly homeomorphic to

(—=00, 00)%. Next, we show that

ImM={yeY:Qi(y) = Q:(y) =0}

Let y € ImM. Then there exists x € X N dom M such that

(cop(x)) (©) = (1), £ € (~00,00).

For t € (—00, 00),
(c0p(#))(®) = (egp () )(=00) + / J(s)ds

—00

and

/ g(s)(cgop(x’))(s)dS: (cwp(x’))(—oo)+/ g(s)/ y(t)dt ds.

Thus Q;(y) = 0. In a similar manner, Q,(y) = 0.
On the other hand, let y € Y satisfying Q;(y) = Q2(y) = 0. Take

t 1 s
x(t)=/o <Pp_1(®)<pp_l</o y(t)dr) ds.

Then x € X NdomM, and (cg, (%)) =y € ImM. Thus, InM = {y € Y : Qi(y) = Q2(y) = 0}.
Since Q, Qs : Y — (—00,00) are continuous, ImM is closed in Y. Consequently, M is a

quasi-linear operator.

Page 4 of 14
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Let T}, T5 : Y — Y be linear operators which are defined as follows:
1 k()
Tiy = = (a1 Qi) + a12Qa(9))e
and
1 k()
Tyy = B (an Qi) + a2 Q(¥))e™,

where a;; (i,j = 1,2) are the constants in the assumption in (H4). Then, by direct calcula-
tions,

Ti(Twy) = Thy, Ti((T2y)w) =0, To(Tiy)=0 and To((Toy)w) = Toy.
Define the bounded linear operators Q: Y — Y; and P: X — Xj by
QW) =Ty +(Toy)w,  Px) =x(0) + (¢, (c)x') (O)w,
where X; := KerM and Y7 := ImQ = {(a + bw(:))e™*V) : a,b € (~00,00)}. Then Q: Y — Y3,
P: X — X are projections, and dimY; = dimX; = 2. By (H4), A #0, and it follows from

Lemma 3.2 that ImM = Ker Q. O

Lemma 3.3 Assume that (H1)-(H4) hold. Assume that Q2 is an open bounded subset of X
such that lomM N Q #@. Then N, : Q — Y, A € [0,1] is M-compact on Q.

Proof Let X; := Ker P. Then X; is a complement space of X; in X, i.e., X = X; @ X. Define
R:Q x [0,1] = X,, for t € (—00,00), by

t

R(x, M)(t) = ./o 90;1(5) |:90;1 ((app(x/))(O) + A/O (- Q)Nx(r)dr)
_ ((p;(c)x’)(O)j| ds.

Since Q is bounded, there exists a constant > 0 such that |lx||x < r for any x € Q. For
x € ©, and for almost all ¢ € (-o0, 00), by (H3)

|((N®)@)] = |f(6%(2), ' (2))]

p-1
5(1+\w<t)|)f“a<t)( ) ) Lol ex) 0 + v

1+ w(t) c
pr-1 B p-1
<@+ WO e + @) )15l + ), @)
which implies that
p-1 p-1 B .
INxlly < 1+ W) a+ = +lyly =1
Y
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Since |Q;(Nx)| < |Nx|ly and |Q2(Nx)| < || N¥||y, for x € €,

!@MMMsLnMxM+Mnmmme}

(MMMMWHHmMQMWH

IAI
+ (Jaz || QUN®)| + laga|| Qau(Nx)[) [w(r) )™
< ||lely(M1 +M2’W t)’) k(®) <l (Ml +M2‘W D k(t). (3)
Here,
M = N [|tl11| + |6112|] and M;:= 1Al [|ﬂ21| + |ll22|]
Thus
|QNx) |, < DIINxlly, (4)
where
D:= /oo(Ml + M |w(z)|)e " dr. (5)

First, we prove that R : Q x [0,1] — X, is compact by using Theorem 2.4. Let Z =
C(—00,00) N L*®(—00, 00) with the usual sup norm. For x € ,

|R(x, 1) (®)]

te(—00,00) 1+ |W(t)|

< ((pp1(|(c¢7p(x/))(0)| +/ INx(7)| + | QUN®) (7)) d‘L’) + |(<pp1(c)x/)(0){>

1 1
-1 -1

<(ap +Dr+a,(( +D)|Nxlly)"" < (op + 1)r + (1 + D)1,) 7

and

sup  |(," (OOR(x, 1)) (0)]

te(—00,00)

go;l((cgap (x'))(0) + A/ (- Q)Nx(r)dt) - ((p;(c)x/)(O)‘

0

= sup
te(—00,00)

1
71

<(011/,+1)r+ozp((1+D)||Nx||y)Ll <(x +1)r+ap((1+D))

Here «,, is the constant in Remark 3.1(1). Thus (& :x € Q) and {e, Ye)R(x, 1) :x € Q)

1+|w(x
are bounded in Z.

Let T'> 0 and let € > 0 be given. First, for any #, ¢, € [0, T] with £ < £,, we have

R(x, M)(t1)  R(x,2)(t)
1+ w(ty) 1+ w(ty)

w(tz) — w(h)
T (L4 w(a)d + w(ta))

’w(t1)|((ap +1)r+ap ((1 + D)||Nx|| y) %)
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1

iy (M)~ W) (@ + )+ (1 D)) )

1

< 2(w(t2) - w(tl)) ((ozp +1)r+ ap((l + D)||Nx|| y) P*I)
and

|2, (©ORGx, 1)) (1) = (¢, (R, 1)) (12|
<pp1((cgop(x/))(0) + A/O

_ (p;((cwp(x’))(O) + )»/0 2(1— Q)Nx(t)dr)

f

(I - Q) Nx(7) dr)

By (2) and (3), there exists z € Y such that
|(I - Q)Nx| <z forallxeQ, (6)

and since (plgl and w are uniformly continuous on a compact interval in (o0, 00), there
exists 8; > 0 such that if |#; — £;| < 8; with £, € [0, T], then

R(x, 1)) R(x, 2)(5) <€
L+ w(t)l 1+ wB)l| 2

and

/ - I €
(¢, (@R, 1)) (1) - (9, (OR®, 1)) (12)] < 5
In a similar manner, there exists 8, > 0 such that if |f; — £5| < 8, with 1,£, € [-T,0], then

R 2)b) _ R@AG)| e
L+ w(t)l 1+ wB)l| 2

and

, _ €
(6 (ORGx2Y) (0) - (5 @R 2 ) e2)] < 5.
Letting § = min{81,8,} > 0, if |, — £5| < § with £, € [-T, T], then

R@1)(6) R 1))
T+ o) L+ wln)]

and

(9, (R, 1)) () ~ (2 (R, 1)) (22)| < €.

R(x,\)
T+[w(x)|

pact intervals in (-00, 00).

Consequently, { :x € Q}and le, Y(¢)R(x, 1) : x € Q} are equicontinuous on any com-
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For x € Q, by LU'Hospital’s rule,

R(x, 1) (¢)
%0 T [w(o)

. 1 L 1 B ,
“im () [ (oo
+ A/S(I - Q)Nx(r)df) - (goljl(c)x/)(())] ds
0

tl_i)r(r)10<p;1<(c¢p(x’))(0) + k/o (- Q)Nx(t)dr) - (gz)[;l(c)x’)(O)

o, ((cwp (2))(0) + 2 /0 - QM) dr) ~ (¢, (0)x')(0)
and
Jim (2, (©R(x, 1)) (2)
=9, <(c¢p (x))(0) + 2 /0 - QM) dr) ~ (¢, (%) 0).

In a similar manner,

R(x, 1)(2)
t==c0 1+ |w(t)]

0
=g, (—(ccpp ())(0) + A / (I - Q)Nx(t) dt) + (¢, (0)x') (0)
and

lim ((pl;l(c)R(x, A)’) ()

t——-00

- ({0 -

—00

0

(i Q)Nx(r)dr) ~ (¢ ©¥)(0).

By (6), we conclude that {lf&:&))l

+00. Thus, R: Q x [0,1] = X, is compact in view of Theorem 2.4.

:x € Q} and {(pljl(c)R(x, A) :x € Q} are equiconvergent at

Next, we prove that R : Q@ x [0,1] — X, is continuous. Let {(x,,,)} be a sequence in
Q x [0,1] such that x, — x in X and A, — A in (—00,00) as n — co. Then {x,} is bounded
in X and x,(¢) — x(¢) pointwise as n — oo. Since R is compact, there exists a subsequence
{5 Ay )} Of {(% Ap)} such that R(x,,, , A, )(£) = L in X as ny — oo. By the Lebesgue dom-
inated convergence theorem, R(x,, A,)(£) — R(x,A)(t) as n — oo. Thus, L = R(x,1). By a
standard argument, R: Q x [0,1] — X, is continuous.

Finally, we show that (i)-(iv) hold in Definition 2.2. Since QU — Q)N () = 0, (I —
Q)N,(R2) e KerQ =ImM. Fory e ImM, Qy=0,and y = (I - Q)y € (I - Q)Y. Consequently,
(I - QN,(Q) c ImM C (I — Q)Y. Since Njx = ANx for any x € %2,

QNyx=0, A€(0,1) < QNx=0,

Page 8 of 14


http://www.boundaryvalueproblems.com/content/2014/1/255

Jeong et al. Boundary Value Problems 2014, 2014:255
http://www.boundaryvalueproblems.com/content/2014/1/255

and R(-,0) =0x. Forx € I = {x € Q: Mx = Ny}, Nox = (cpp(x')) € ImM = Ker Q. Then,
for x € X and ¢ € (-00, 00),

R(x, 1)(t)
-/ tw-l(i) [w-l((ap o+ [ a- Q)Nw(r)dr) - (go-l(c)x')w)} ds
o P \cls)/J|"? L 0 »
! 1 J s — J
= /(; (p;(@) [(p;((cgop(x ))(0) + ‘/0 N,\x(t)dt) - (gopl(c)x )(0)] ds

- [0 (o5 ) @m0 - (g ox) 0 as
= x(£) - (2(0) + (¢, (©)x") (O)w(t)) = (I - P)x().
On the other hand, for x € X and ¢ € (-00, 00),
M[Px + R(x,1)](t)
- M|:x(0) + (9,1 (0) O)w(2) + /0 tgo;l (%) [w,;l ((cwp(x’))<0)
+A fo S(I - Q)Nx(t) dr) - (<pp1(c)x’)(0)] ds:|
= (I - QNwx(t).
Thus, N, is M-compact on . O

Now, we give the main result in this paper.

Theorem 3.4 Assume that (H1)-(H4) hold. Assume also that the following hold:
(H5) there exist positive constants A and B such that if |x(t)| > A for every t € [-B, B] or
[(cop(x))(t)] > A for every t € (—00,00), then Q(Nx) # 0, i.e., either Qi(Nx) #0 or
Q2(Nx) #0;
(H6) there exists a positive constant C such that if |a| > C or |b| > C, then either
(1) aQi(N(a+ bw(-))) + bQy(N(a + bw(-))) <0 or
(2) aQiN(a + bw("))) + bQ2(N(a + bw(-))) > 0.
Then problem (1) has at least one solution in X provided that

[+ wl) e, +

p
C

1 Pl
< < . ) . (7)
Y 20(2 + (4 + |w(B)| +2(1 + D) 71 )alz,
Here, D is the constant defined in (5).

Proof We divide the proof into three steps.
Step 1. Let

Q= {x € domM : Mx = N, x, for some A € (0,1)}.

We will prove that €2; is bounded. For x € 1, Mx = N;x € ImM = Ker Q.

Page 9 of 14
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Thus
Q1(Nx) = Q2(Nx) = 0.
By (H5), there exist £, € [-B, B] and #; € (~00, 00) such that
(o) <A and  [(cpp(¥)) ()] < 4,
which imply that
[ (cep () (O] = [(egp (&) t1) = (egp () 1) + (e (+)) (0)]
< @)@+ | [ (ornle)) 61

<A+ |IMxlly <A+ [INxlly,

1 1 1
and | (¢, (0)x)(0)] < (A + [INx|ly)PT < @, APT + a,||Nx||%" . Then we have

x0)] -

to 1 s ,
x(to)—/o 40,;1(@)@1[(6%(96’))(&)+/tl (cop(x)) (r)dt] ds
< st + i8] [ (| cop )+ [ I(ewpte)) 0] |

1
-1

1
<A+ |wB)|(cpAPT + 0, |Nx||57).

Thus,
I1Px]lx = IIPx]l1 + [|Px]l2 < |%(0)| + 2| (¢, " (c)') (0)]
1
<A+a,(2+ |w(B)|)AP%1 +ap(2+ |wB)|)IN%l|} .
On the other hand, by (4),

R(x, )6 1
L+ w1+ w@)

t 1 ) s
[ (55)[ e (entn© -+ [ a-amstorar)

- ((oljl(c)x/)(O)] ds

< (ap + D, (| (cp (x))(0)]) + pio, (IINx[ly + | QNx] )

1
-1

1 1
<(op + 1)(A + [INxlly) 7T + (1 + D)7 | Nx|| 4"

1 1 1
= ap(ap + DAPT + ap(ap +1+(1 +D)1’Tl)||Nx||§71

and

(6" (R 2)) @)

1 1 1
< oyl + DA + (et + 1+ (1 + D)7 1) ||Nx|| 3
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Thus,

1

1 1
1RGx, 2| < 2etp(etp + AT + 20, (et + 1+ (1+ D)7T) [N .
It follows that

lxllx = ||Px + (I—P)x”x
< 1Pxllx + | (1 - Pz,

= |1Pxl|x + | R(x, )|,

|-

1
-1

< A+ap(2+ | WB)|)APT +ap(2+ |w(B)|)INxlly?

|

+ 20 (0tp + 1)AP-

1 1
+ 200ty + 1+ (1 + D)7 ) || Nwl| 5

1 1

B
<A +Otp(201p +4+ |w(B)|)AP*1 +Ot;(201p +4+ |w(B)| +2(1 +D)If’*1)||y||,’f1

1

B p-1
= [l x.
Cly

+a;(2ap +4+ |w(B)| +2(1 +D)ﬁ)<|| 1+ |w|)p’1a I, +

By (7), €2 is bounded.
Step 2. Define a homeomorphism J : Im Q — Ker M by

]((a + bw(~))ek(‘)) = aypa — apb + (—ana + apnb)w(-).

Assume (H6)(1) holds, i.e., there exists a positive constant C such that if || > C or |b| > C,
then aQi(N(a + bw(-))) + bQ2(N(a + bw(-))) < 0. Let

Q= {x ekerM: —ix+ (1 - X1)JQNx = 0, for some A € [0,1]}.
Let x € Q5. Then x = a + bw for some a, b € (—00,00). If A =0, JQN(a + bw(-)) = 0. Since
J is homeomorphism, QN (a + bw(-)) = 0. By (H6), we obtain |a| < Cand |b| < C.If 1 =1,
thena=b=0.
For A € (0,1), by Ax = (1 — A)JQNx, we obtain
ra=(1-1)Q; (N(a + bw(~))), Ab=(1-2)Q, (N(a + bw(~))).
If |a| > C or |b| > C, then, by (H6)(1), we obtain

M@ +8%) = (L= 2)(aQuN (@ + bwl) + bQN (a + bw()) <O,

which is a contradiction. Thus, €2, is bounded.
In the case that (H6)(2) holds, we take

Q= {x e kerM : Ax + (1 — 1)JQNx = 0 for some A € [0,1]},

and it follows that €2, is bounded in a similar manner.
Step 3. Take an open bounded set 2 D Q; U Q, U {0} in X. By Step 1,
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(Al) Mu # N,u for every (u,A) € (domM N 32) x (0,1).
Now we will show that

(A2) deg(JON,2NkerM,0) #O0.
Let H(x,A) = £Ax + (1 — A)JQNx. By Step 2, we know that H(x, 1) # 0, for every (x,A) €
(ker M N 92) x [0,1]. Thus, by the homotopy property of the degree, we obtain

deg(JQN, @ Nker M, 0) = deg(H(-,0), 2 Nker M, 0)
= deg(H(-, 1), 2 Nker M, 0)
= deg(+l, 2 NkerM,0) = +1 #0.

By Theorem 2.3, Mx = Nx has at least one solution in dom M N €2, and consequently prob-
lem (1) has at least one solution in X. O

4 Example

Consider the following second-order nonlinear differential equation:

(| |u') () =f (&, u(t), u/'(t)), a.e.te (-00,00),
limy oo (|t |0)(2) = [ g(s)(|/|u)(s) dis, (8)
limy oo (12 |)(2) = [, h(s)(1u'|/)(s) ds,

where

-2t, te[-1,0], 2t, te][0,1],
g(t) = h(t) =
0, otherwise, 0, otherwise.

Define f : (—00,00)% — (=00, 00) by f(t,u,v) = a(t)u + B(t)v + ¥(t), where

1073¢f, te[-1,0], 107%™, t>1,
alt) = B(¢) =

0, otherwise, 0, otherwise,

el +15e1 -6, te[-1,0],

0, otherwise.
Then
If (&, u,v)| < a(@®)lul+ BOW] + [7(6)| < a@)(ju® +1) + BE)(IVI* +1) + [7(2))|
= a(@)lul® + O+ (2),
where y(£) = a(t) + (&) + [7(£)]. Since c(t) = 1 for £ € (~00,00) and p = 3, w(t) = £, and thus

(H1), (H2), and (H3) hold.
Foryey,

-1 0
Qi) =/ y(t)dt +/1 y(r)r?dr

(o¢]
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and

Q) = /looy(f)df + /Oly(r)t2 dr.
Take k(t) = |£|, then
apn =-14e! + 6, ap =-14e ! + 6, ay =4et -2, Ay = —4e +2,
and
A = anay — apay = (-14e™ +6) (=8¢ +4) > 0.
Thus, (H4) holds.
Take B=1and A = 1. If |x(¢)| > 1, for t € [-1,1], then |Q;(Nx)| = [1073 f_ol e x(t) dt| >

[10-3 f_"l e dt] =1073(=5e1 + 2) > 0. If |(J«'|«')(t)| > 1 for ¢ € (—o0,00), then |x/(¢)| > 1
for t € (00, 00), and

>

mwwﬂ4w4/wﬁ%th
1

o0
10‘4/ el dt| =10"%e1 > 0.
1

Thus, (H5) holds.
Forany C> 0, if |a| > C or |b| > C, then

aQi(N(a + bt)) + bQ,(N(a + br))
=107%(-5¢™" +2)a* +107*(16e™" - 6)ab + 10~*e' b’

8e1-3 \? 8e ! —3)?
107(-5e +2) (as 234} r10t (e =108 =2 )20,
—5el+2 —5e1+2

Thus, (H6)(2) is satisfied.

Sincep=3,0,=1,B=1,and D= —!

—2e7141

1
+ ——15, we have

|+ 1w e, +

EH<4><10—4
Cly

1 2
< 1 1 1
2+(5+2(1+m + m)Z)
and (7) holds. Consequently, there exists at least one solution to problem (8) in view of
Theorem 3.4.
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