Lian et al. Boundary Value Problems 2014, 2014:260 0 BOU nda ry Va | ue PrOblemS

http://www.boundaryvalueproblems.com/content/2014/1/260 a SpringerOpen Journal

RESEARCH Open Access

Periodic and subharmonic solutions for a
class of second-order p-Laplacian
Hamiltonian systems

Hairong Lian'", Dongli Wang', Zhanbing Bai? and Ravi P Agarwal®

“Correspondence: lianhr@126.com
'School of Science, China University
of Geosciences, Beijing, 100083,

PR. China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, the periodic and subharmonic solutions are investigated for a class of
second-order non-autonomous ordinary differential equations with a p-Laplacian.
With the perturbation technique and the dual least action principle, some existence
results are given of solutions to the convex p-Laplacian systems.
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1 Introduction
In this paper, we consider the second-order ordinary differential equations with a p-
Laplacian

d
afbp(a’c(t)) + VF(t,x(t)) =0, aetekR, (1)
where p > 1, x = (x1,%2,...,%x), @p(¥) = |¥[P~2x. Here | - | stands the Euclidean norm in RV,
In what follows we always suppose that F: R x RN — R, (t,x) — F(¢,x) is measurable and
T-periodic in ¢ for every x € RN, continuously differentiable and convex in x for a.e. t € R.
When p =2, (1) reduces to the second-order Hamiltonian system

%(t) + VF(t,x(t)) =0, ae.t€eR. 2)

Since F is T-periodic in ¢, it is natural to seek T-periodic solutions of (1) and (2). Also, F
is kT -periodic for k € N, one can search the kT -periodic solutions, which is called subhar-
monic solutions. By a subharmonic solution, it means a kT periodic solution with k > 2
an integer, that is, the minimal period is strictly greater than 7. When k = 1, it is a peri-
odic solution or harmonic. Clearly, a solution x of (1) over [0, kT] verifying x(0) = x(kT)
and x(0) = x(kT’) can be extended by kT -periodicity over R to give a kT-periodic solution.
So, it is fine to study the periodic boundary value of problem of (1) over [0, kT] to present
conditions for the existence of the periodic and subharmonic solutions of (1). For the study
of the subharmonic solutions, we refer to [1-5] for a few examples.

The dual action principle was firstly introduced by Clarke [6] and developed by Clarke
and Ekeland [7-11], which is from the spirit of optimal control theory and convex analy-
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sis; see [12]. Following this use and the direct variational method, the periodic solutions
are obtained for the Hamiltonian system of (2) in [2, 5, 13, 14] and the references therein.
Mawhin and Willem [2] presented the existence results of solutions to the more general
systems by using such a principle and the perturbation technique argument. In 2007, Tian
and Ge [15] generalized the existence results to the p-Laplacian system (1). By transform-
ing the variable, they found a first-order Hamiltonian system equivalent to the second-
order p-Laplacian system (1). Then by applying the Clarke duality, the perturbation tech-
nique, and the least action principle, they obtained the existence result of the periodic
solution. The authors [16] also discussed the multi-point boundary value problem of a
second-order differential equation with a p-Laplacian.

Motivated by the work listed above, we aim to discuss the periodic and subharmonic
solutions to the p-Laplacian systems of (1). The proofs are depending on the dual least
action principle and the perturbation arguments. To the best of our knowledge, there is no
paper discussing the subharmonics solutions of p-Laplacian system by using the dual least
action principle. This paper is a first try. The existence of the periodic solutions obtained
in this paper slightly improves the result in [15]. New arguments are considered for the
posterior estimates of the periodic solutions and the existence of subharmonic solutions
are presented, which extend those in [2, 5].

Other existence results for periodic and subharmonic solutions of the p-Laplacian dif-
ferential equation using other variational methods can be found in [4, 17-24].

The paper is organized as follows. In Section 2, we establish the variational structure
of (1) and transfer the existence of the solution into the existence of a critical point of the
corresponding functional. The dual action is mainly discussed here. In Section 3, sufficient
conditions are presented to guarantee the existence of the periodic solution of (1). We
also estimate the prior bounds of all the periodic solutions of (1). The existence of the

subharmonic solutions are given in the last section.

2 Preliminary and dual action

Let k > 1 be any integer and p > 1 a constant. The Sobolev space Wg (0,kT;RN) is the
space of functions x : [0,kT] — RN with x € L?(0,kT;RN) having a weak derivative x €
17(0,kT;RN) and x(0) = x(kT). The norm over W,i{f is defined by

kT kT 2
”’“”W;;f:(fo w(0)|/ e + /0 |§c(t)|Pdt>.

Here, we recall that

N kT 3

»
E |2, l%llzr = </ |x(2)] dt) , [%lloo = max |x(2)].
i1 0 te[0,kT]

Consider the spaces X and Y defined by

X= {u = (uy, 42) : [0,kT] = R™, uy; € Wg(o,kT;RN),ug € W,if(o,kT;RN)},
Y =

{v=(v1,1) : [0,kT] — RN, vy € W(0,kT; RN, vy € W2 (0,KT;RY)},
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with the norm |Ju|[x = ||u1||Wk1¥ + ||u2||Wk1¥ and ||v|y = ||V1||Wk1,Tq + ||V2||W;,7{7, respectively.
Here g is a constant such that 1% + % = 1. It is easy to verify that X and Y are reflexive
Banach spaces and X* =Y.

For any /1 = (1, hy) € LY(0,kT; RN x RN), the mean value is defined by

1 qkr
h=— h(t)dt.
kT/O ©

Similarly, we can define h; and /5. We denote by Y the subspace of Y by

We easily find the following inequality.
Lemma 2.1 For every u; € W,iff and u; = 0, we have
loallr < KT |2 |l1e-
For every u; W,iz? and iy = 0, we have
luallze < KT |lita]lza-

Let u; = %, auy = P, (%), then the second-order p-Laplacian system (1) can be changed
to the first-order ones,

i = O,4(aus(2)),

. 1 (3)
ity = -LVF(tu(2)),

where « > 0 is a parameter. Define H; : [0,kT] x RN — R,i=1,2,and H : [0,kT] x R?N —
R by

1 ol
H(t,u) = EF(t’ u1), Hy(t,uy) = 7|M2|q,

H(t,u) = Hi(t,u) + Ho(t, up)
for u = (u1, u) € R?N. Then the system (3) can be written by

Jis(t) + VH (¢, u(t)) =0, (4)
where J = (?}Xl éf\’l ) is the symplectic matrix. Obviously, J?> = —Ix and (Ju,v) = —(u, Jv) for

all u,v e R?N.

By the kT -periodic property, we have the Hamiltonian action of (4) on X given by

kT 1 .
Y () = /O (—E(Ju(t),u(t))—H(t,u(t))) dt (5)

Page 3 of 15
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where (-, ) is the inner product in R?V, Because the first part of v is indefinite, the dual
least process is applied to discuss the existence of the periodic solutions of (4).

Let Ty the set of all convex lower semi-continuous functions from R2N to (—o0, 0]
whose effective domain (not equal to 0o) is nonempty. Then the Fenchel transform H*(t, -)
of H(t,-) € I'y is defined by

H*(t,v) = sup ((v,u) — H(t,u)). (6)

ueR2N

Similarly, we also can define

F*(t,v1) = sup ((vl,x) —F(t,x)).

xeRN

For more properties of the Fenchel transform, we refer to [2, 12]. By Theorem 2.2 and
Proposition 2.4 in [2], we have the following conclusion.

Lemma 2.2 Suppose the following condition holds.

(Ao) Thereexist positive constants a, §, and positive functions 8,y € L1(0,kT; [0, +00)) such
that

S 1xP = B&) < F(6x) < L1l + v (@)
p p

holds for a.e. t € [0,kT) and x € RN,

Then

1 1
Sa il = y(8) < F*(t,m) < ~8 p w7 + B(t), ae. t e [0,kT].
q

BN

Furthermore, we have F*(t,-) € C(RN) and

q-1
|VF*(t, V1)| < <§(|V1| + B(t) + y(t)) + 1) , a.e tel0,kT].
From the definition of H; and Lemma 2.2, we have the following result.
Corollary 2.3 H;(t,v;) = 1% [va|P.

Easily we find H*(¢,v) = éF*(t, v1) + H;(t,v;). So when F satisfies the condition (Ay),
H*(¢,v) is continuously differentiable in v for a.e. t € [0,kT] and

H*(t,v)=(v,u)-H(t,u) < v=VH(t,u) < u=VH'(v). (7)

Let v = —Ju and by duality, we have
kT 1
Y(u) = / (_E (Juu(e), u(e)) - H(t, u(t))) dt
0

kT 1
_ /0 (E(i/(t),u(t))—H(t,u(t))> dt
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kT
- /0 (—%({/(t),u(t))+(f/(t),u(t))—H (W(f))> dt

kT 1
_ / (5(]{/(t),v(t))+H*(t,1'/(t))) dt.
0

So the dual action can be defined on Y by

Ko o
X(v)=/0 (E(Iv(t),v(t))+H (t,v(t))) dt. (8)

X is the functional we needed since the critical points of X on Y coincide with the solu-
tions of (4). Because X (v +¢) = X'(v), it suffices to find a critical point in Y. Similarly to the
discussion of the related lemmas in reference [15], we have the following results.

Lemma 2.4 Suppose the condition (Ag) holds. Then X is continuously differential on Y.
Forany h € Y, we have

kT 1 . . 1 .
(X'W),h) = / <§(Jv(t),h(t)) + (VH* (&) - E]v(t),h(t))) dt. 9)
0
Lemma 2.5 Suppose the condition (Aq) holds. If v € Y is a critical point of X, then the
Sfunction u(t) = VH*(t,v(t)) is the kT -periodic solution of (4) in X.
Lemma 2.6 Forevery u € X, we have

ko UT . UT
/ (0, ) de = == i = = Vi,
0

Foreveryv e Y, we have

kr - 2T . 2T .
/ (150 v) de = ===l = = =l
0

Remark 2.1 There are some extended versions of the inequalities in Lemmas 2.1 and 2.6;
see [24, 25].

3 Periodic solutions
In this section, we discuss the kT -periodic solution of (4). Here we note that the H(t, u) is
T-periodic in ¢ for each u € R?,

Theorem 3.1 Suppose the following conditions are satisfied.

(A1) There exists [ € LP1(0,kT;RN) such that for all x e RN and a.e. t € [0,kT], one has
F(t,x) = (I(2), Dp(x)).

(Ay) There exists a € (0,(KT)~™paVa) o e [maPa}(0,kT; RN) such that for all x € RN
and a.e. t € [0,kT], one has

2
F(t,x) < %le’” +y(0).


http://www.boundaryvalueproblems.com/content/2014/1/260

Lian et al. Boundary Value Problems 2014, 2014:260 Page 6 of 15
http://www.boundaryvalueproblems.com/content/2014/1/260

(A3) (fTF(t,x)dt—> +00 as |x| = +00, x € RN,

Then the problem (4) has at least one solution u = (u1,uy) € X such that u is the kT-
periodic solutions of (1) and

kT
v(t) = —]|:u(t) - kiT/o u(s) ds]

minimizes the dual action
5 kT 1
X:Y — (—o0,00], Vi / (E(ﬁ(t)’ v(t)) + H*(t, {/(t))> dt.
0

Proof From the discussion in Section 2, we can see that if the problem (4) has one solution
u = (u,us) € X, then g € W,if is for the kT-periodic solutions of (1). Now we need to
prove the problem (4) has at least one kT -periodic solution in X. The proof is divided into
three parts.

Step 1: Existence of a solution for the perturbed problem.

Choose ¢ > 0 such that

O<a+ep< min{(kT)l_p, (kT)’l},
and for any 0 < € < €, let

€
Hy(t,m) = Hi(t, u1) + 1—7|M1|p-

Clearly, H¢ (¢, u;) is strictly convex and continuously differentiable in u; for a.e. ¢ € [0,kT].
From (A;) and (A,), we have

o +e€

1 € 1
——|l@|lm P + = |m|P < Hie(t,u1) < lm|? + =y (2).
o p o

Because the function g(s) = —s” — éll(t)lsp‘l, s > 0, attains its minimum at s = 2(p —

2p
|{(¢)|/ae, we have

o +€

1 (Z(p—l)

oe

p-1
) |l(t)|p + i|M1|p S Hie(tu) <
ap 2p

1
lur [P + —y ().
o

Let Hc(t,u) = Hie(t,u1) + Hy(t, uy). Easily we find H}(¢,v) = H; (¢, v1) + H;(t,v5), where
v=(v,v;) € Y. From Lemma 2.4 and Lemma 2.5, we find that the perturbed dual action

kT
X.(v) = / (%(]i/(t),v(t))+H:(t,1'/(t))> dt (10)
0

is continuously differentiable on Y and if v, € Y is a critical point of A, the function u,
defined by

ue(t) = VHZ (£, Ve(t))
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is a solution of

Jis(t) + VHe(t, u(t)) = 0,

(11)
u(0) = u(kT),

i‘le(t) - ¢q(au26(t)) =0,
e (£) + € Py (1 (8)) + LVF(t,u1c(2)) = 0, (12)
ue(0) = u (kT),

where we rewrite u, = (41¢, #2e) € X. Meanwhile, from Lemma 2.2, we have
* . 1 —qlp|; q 1 -1+ p 1
HE (6, 9(0) = =(a + €)™ [in(0)|" + —a7 [12()|" = =y (1),
q p o
which together with (10) and Lemma 2.6 implies that

kT
X.(v) > ((a +e)P kT)/ ‘vl(t)‘th
0

|-

1 kT kT 1
+=(a! —kT)/ ]1‘/2(t)|”dt—/ —y(t)dt
p 0 0o o

> 10l ll7q + 82021l — v0 (13)

with 810 > 0, 859 > 0. Thus every minimizing sequence of X, on Y is bounded by (13) and
Lemma 2.1. From the continuity of H, and the definition of H}, we can see that the second
term of X, is weakly lower semi-continuous on Y. Meanwhile the first part of X, is weakly
continuous. So X, is weakly lower semi-continuous. This implies that &, has a minimum
at some v, € Y. So (11) has a solution u. = VH(t, ve(2)).

Step 2: Estimation of ..

It follows from a similar discussion to Lemma 2.2 that
_q _ -1
|VH(t,u)| < (pa 7 (I ] + [ L&) [l + v ()7 + 1.
So for any u; € RN, VH,(t,u;) € L1[0,kT]. Then the function
~ kT
H:RN > R, U — Hi(t,uy)dt
0
is continuously differentiable. By (A3), H; has a minimum at some point iz; € RN such that
kT
/ VH(t,up) dt = 0.
0

Easily, VH,(¢, us) = ®,(au,) and

KT
/ VH,(t,0)dt =0.
0
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So, let i = (i11,0) € R*M, and then ¥(¢) = VH(¢, ) has a unique solution » € Y. By duality,
we also have

H*(t,0) = (o, u) — H(t, ),

and H*(-,&()) € L'[0,kT]. From the inequality H(t,%) < Hc(t, 1), we have H'(t,») <
H*(t,w), and from (13), we obtain

810l ll2g + 820l 11 — Yo < Xe(ve) < Xe(w) < X(w) = ¢1 < +00.

By Lemma 2.1, we have ||v, ||y < cp, where ¢; and c; are constants independent of €, as well
as the following constants ¢;, i = 3,4, 5. Furthermore, from i, = Jv., we have

e lle + lit2ellza = IViellza + Vaellr < llvelly < cas

and from f(fT i (t)dt =0, i.e

KT
/ U () dt
0

we have ||| x < c3.

|1 (t)| < < (KT)Y)|itse || + (KT)YP |l itae | 1,

Meanwhile, by the convexity of F(t,-), we have

H(t,u./2)
<1y L (e, —i
=3 (t,ug(t))+§ (t,—iic(2))
1 1 1 - 1 q-1 .
< SH(bu () - SH(,0) + SH(,0) + ;—p|u15(t)|p +ooy(O)+ O;—q|u2€(t)|q
< L VHu®)u ) + L i@ + 0] + 0
=9 )y Ue yUe 2[9 le 2q 2e Oly
1. ® o . o, @l . s 1
= 5(—1ue(t),ue(t)) — €(Pp(1e(8)), w1 (2)) + E|ule(t)| . 2—q|u2€(t)| + v
So,
kT
f F(t,u./2)dt
0

q-1

kT
1 _
< / 3 (JieOuc0) e+ Sty +

~ q
2 ||M2€||Lq + %Yo

= ” 6” ” 6” ” 6” ” 6” || 6”[!7 ” e”zq
—= UtellLr [|Ue || L9 UtellLr [|U2e || La u us 0

< c4.
This together with condition (A3z) implies that || is bounded. Consequently,

llotellx < llstellx + llzellx < cs.
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Step 3: Existence of a solution for the problem (4).
Since | u.||x is bounded, there is a sequence €, — 0 (n — 00) with ¢, € (0,¢) and a
function # € X such that
Ue, =~ U asn— 00.
Moreover, from v, = —Jiz., we have

Ve(t) = _](Me(t) - ﬁe)

So {v.,} converges weakly to v(¢) = —J(u(t) — u). From (12), we have the integrated form

e, (t) = thie, (0) — [§ Dylttine, (s)) ds = 0,
Uz, () — 26, (0) + €, [y Pplaie, () ds + [y LVE(s, s, (s)) ds = 0.

Because u,, converges weakly to « in X, u,, converges uniformly to z in C3. (see Propo-

sition 1.2 in [2]). So, let # — o0 and we have

u1(t) — u1(0) — fot O, (auy(s)) ds =0,
s (8) = U, (0) + L [ VF(s,u1(s)) ds = 0,
that is, « is a solution of (4) in X.
Finally, we show v = —=J(u(t) — #) minimizes the dual action X on Y. Because Ve, is a
minimum of X, and H; (¢,v) < H*(¢,v), we have
X, (ve,) <X, (h) < X(h), Vhe?.

n

By the duality between ., and 7, and the definition of H,, (¢, v), we have

kT 1
Xe,(Ve,) = /() <§ (]f/sn (8), Ve, (S)) + (f/sn (), te, (S)) -H,, (S, Ue, (S))) ds
KT /1 .,
= A (5 (]fjen (5): Ve, (S)) + (uen (S)¢ f’en (S)) - H(S, Ue, (S)) - ; |ulen (S) |p) ds.

Moreover, as v,, converges weakly to v in Y, J¥,, converges weakly to Jv. Letting n — 00
we obtain, by v(t) = VH(¢, u(t)),

lim A, (ve,)
n—00

T
lim (% (76 (), e, (8)) + (e, (), Ve, (5)) = H (s, e, (5)) = % |41c,,(s) |p> ds
0

n—00

f T(% (7s),v(s)) + H* (s, v<s>)) ds=X().
0

So X(v) < X(h) for all h € Y. The proof is complete. O
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Remark 3.1 Theorem 3.1 still holds if condition (A;) is changed to:

(A4) There exists [ € LP2/?=+D (0, kT; RN) such that for all x € RN and a.e. t € [0,kT], one
has

E(t,%) > (1), D)),
where m is an integer such that 2 <m < p.

When the parameter « is smaller, we can obtain the prior bound for all the solutions of
the p-Laplacian system (1).

Theorem 3.2 Ifthere exist a € (0, min{(2kT)?'4, p(2kT)™}), 8 >0,y >0, and & > 0 such
that

2
Slx| — B < F(t,x) < %lxl” vy

fora.e. t € [0,kT] and x € RN, then each solution of (1) satisfies the inequalities

kT
Y PKT(B + )
IR )
kr kT(B +y)

Proof We still set u; = x, auy = ®,(%), and the equalities (3) hold. Easily we find
1 _Z_q q
—a” 7 |VE(t,m)|" < (VF@tm),m) + B +v.
q
It follows from
1
(VH(t,u),u) = " (VE@, w1), ) + (Pglomz), ur)
that

éa_l_%q ’VF(t, ul)‘q + (qu(auz),ug) < (VH(t, u), u) +

R ™
SN

That is,

1 _q

Zah |itz(t)|q + ol uy|? < (—Jau(e), u(t)) + p L

q a o
Integrating over [0, kT'] and using Lemma 2.6, we have

1 _q . .

~a P |liallfg + @ Hluall

q

KT (B +y)

kT
< _./o (Jis(e), u(t)) dt + ————=

o

Page 10 of 15
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2kT . 2kT . kT(B+7y)
< —||M1||€p + 7””2”201 L —
2kT 2kT kT(B +y)

= ——auzllfy + —llitallfq +
p q

So,

1 _a 2kT . a 2kT kT(B+y)
(—a ’ - —)nuzniq ¥ (oﬂ - —oﬂ)nuznzq < BV
q p o

q
Hence
KT(B +y) , gkT(B +y)
1 pi 1, <=
”u2”Lq = aq(p _ 2kTOl)’ ”quLq — al-r — 2kTa
and
_ pkT(B + )
linllf, = | @q(eu)|?, = a?uallfy < p-2kTa

Meanwhile, by the convexity of F, we have
kT
8 / |ui(t)| dt — BKT
0

kT kT
< / F(t,m(0) de < / (E(,0) + (VE(t,(0)), ia(0))) di
0 0

kT

kT
<ykT +a / (VH(t, u(t)), u(t)) dt —a / (CDq(auz), uz) dt
0 0

kT
Yk -a / (ictt), u(t)) dt — o 1y
0

2kT . 4 2K2T%(B + y)
< VkT"'aT”MZ”Lq <ykT + " d kT
which completes the proof. 0

4 Subharmonic solutions
Theorem 4.1 Assume that F: R x RN — R is continuous. Suppose further that

F(t,x) — +00 (16)
and
F(t,x)
P -0 17)

as |x| — +oo uniformly in t € R. Then for each k € R\{0}, the system (1) has a kT -periodic
solution xi such that

%kl oo — +00

and such that the minimal period T of xi tends to oo when k — +00.

Page 11 of 15
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Proof Let ¢; = max;cr |F(£,0)|. Then condition (16) implies that there exists a r > 0 such
that

Flt,x) > 1+

for all £ € R and x € RV with |x| > r. By the convexity of F, we have

1+ §F<L‘, Lx) < LF(t,x) + (1— L)F(t,o)

lxI") = Ix| |x]

=< LF(t!x) + <1 - L>C17

|| |x|

1
F(t,x) > =|x| + c1
r

for all £ € R and x € RN with |x| > r. Furthermore, the continuity of F implies that there
exist positive constants §, 8 such that

F(t,x) > 8lx| — B (18)

forallt e Randx € RN,
By the condition (17), there exists a € (0, (2kT)~™&{»:4}/7) such that

2
F(t,%) < “ZW +y (19)

for all £ € R and x € RV, Then from Theorem 3.1, we can see that the problem (4) has at
least one solution uy = (u1x, Usx) € X such that uyy is the kT-periodic solution of (1) and

kT
velt) = —J[uk@) _ kiT /0 (s) ds]

minimizes the dual action
. 1
X:Y — (—o0,00], Vi / <§(]1'/(t), v(t)) + H* (t, 1'/(t))> dt.
0
Next we estimate the upper bound of ¢ = X (v¢). For any & = (I, hy) € Y, we have
KT /1 )
c=X) < X(h)= f <§(Ih(t),h(t)) + H* (t,h(t))) dt
0
kT o1, 1, . 1.
= / —(Jh(0), h(t)) + —=F*(t, n(2)) + — |2l ) dit. (20)
0 2 o po

Let p = (o1, p2) € RN x RN with |p;| =1, i=1,2, and € < 278/kT. Define the function

h(t)—EkT Znt 7 ,n2nt
=5 pcoskT +Jpsi Tt )
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Obviously, 1 € Y and Jh(¢) = —i—’;h(t). Meanwhile, from (18), we can see that when z € RV
with |z| < §, we have

F*(t,2) < sup((z,%) — F(t,x)) < sup((z,x) - §|x| + B) < B.

xER" X€ER"

So it follows from (20) that

kT
o< X(h) < /O (%(Jl%(t),h(t)) + g . Iimzw) dt

272 p
- _ikz + (é + 6—)Tk. (21)

o pa

If ||xk |l o — +00 does not hold when k — +00. Then there exist a subsequence {k,,} and a
constant ¢; > 0 such that

”xkn ”oo <.

From (1), we have

<c,
00

d _ .
” % cbp (xkn)

and so [|%, [loo < c3 for some constants ¢y, c3 > 0. This implies that

Vi, I < ca, Vi, Il < cs.
On the other hand, the inequality
Cky = X (Vi)

kyT 1
= /0 (E(Jf/kn(t),vkn(t))+H*(t,i/kn(t))> dt

T /1
2/ <—5||{/kn||oo||vkn||oo—H(txo)) dt
0

1
> —(—c4c5 + Z) Tk, (22)
2 o

is incompatible with (21) when # is sufficiently large. Thus ||xk|lc — +00 when k — +00.

It remains to prove that the minimal period T} of x; tends to +oo as k — +o0. If not,
there exist R > 0 and a subsequence {k,} such that the minimal period T}, of xx, is less
than R. Meanwhile, by (18), (19), and Theorem 3.2, we have

Ty T,
. PT,(B+y)
/o |x(t)|p dt < a?lluy g < m» (23)
T Ty, (B +7)
L M 24,
/o ()] de < 5(1— 2Ty, o) (24)
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We notice that

1%, lloo = 1%k, + Xy lloe < 1Rk, | + 1%k, oo

1 Tkn Tkn . 1/p
. /0 |x(t)|dt+T1/q< /0 |x(t)|pdt> .

Inequalities (23) and (24) imply that {||xx,|l~} is bounded, which is a contraction. The

proof is complete. O
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