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Abstract

We are concerned with the following elliptic equations with variable exponents:
—div(g(x, Vu)) + |ulP¥?u = Af(x,u) in RY, where the function ¢(x,v) is of type |v[P¥-2y
with continuous function p: RY — (1,00) and f : RY x R — R satisfies a
Carathéodory condition. The purpose of this paper is to show the existence of at least
one solution, and under suitable assumptions, infinitely many solutions for the
problem above by using mountain pass theorem and fountain theorem.
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1 Introduction
The differential equations and variational problems with p(x)-growth conditions have
been much interest in recent years since they can model physical phenomena which arise
in the study of elastic mechanics, electro-rheological fluid dynamics and image process-
ing, etc. We refer the readers to [1-4] and references therein.

In this paper, we establish some results about the existence and multiplicity of nontrivial
weak solution to nonlinear elliptic equations of the p(x)-Laplacian type,

—div(<p(x, Vu)) + P92y = Af(x,u) inRY, (B)

-2y with continuous function p : RN — (1, 00)

where the function ¢(x,v) is of type |v|?t
and f : RN x R — R satisfies a Carathéodory condition. The essential interest in study-
ing problem (B) starts from the presence of the p(x)-Laplace type operator div(¢(x, Vi)),
which is small perturbation of the p(x)-Laplace operator div(|Vu[?®-2Vy). The study for
the p(x)-Laplacian problems has been extensively considered by several authors in vari-
ous ways; see for example [5—8] and references therein. Fan and Zhang [6] established the
existence of solutions for the p(x)-Laplacian Dirichlet problems on bounded domains by
using the variational method. For the case of the entire domain RV, the existence and mul-
tiplicity results of solutions for the p(x)-Laplacian equations have been discussed in [5].
Concerning the p(x)-Laplace type operator, Mihdilescu and Réddulescu in [3] investigated
a multiplicity result for quasilinear nonhomogeneous problems with Dirichlet boundary
conditions by adequate variational methods and a variant of mountain pass theorem which
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are crucial tools for finding solutions to elliptic problems. In particular, in order to obtain
the existence of solutions for equations like (B) in [3], they assume that the functional ®
induced by ¢ is uniform convex, that is, there exists a constant k > 0 such that

<1>(x,5 : ”) < S 0wE) + S @) ~KlE ~ P,

for all x € Q and &, € RN, where Q is a bounded domain in RN. When p(x) = p and
1< p <2,itis well known that this condition is not applicable for the p-Laplacian problems
because the function ®(x, £) = t” is not uniformly convex for ¢ > 0. Recently the authors in
[9] have studied the existence of infinitely many solutions for a class of quasilinear elliptic
problems involving the p(x)-Laplace type operator with nonlinear boundary conditions
without using the uniform convexity of ®.

The aim of this paper is to show the existence of at least one nontrivial solution and
infinitely many nontrivial solutions for problem (B) without the assumption of the uni-
form convexity of the functional ® as in [9]; see also [10]. We give our main results in a
more general setting than those of [5, 6] because (B) is a problem which involves the usual
p(x)-Laplacian operator. Especially, our proof as regards the existence of infinitely many
nontrivial solutions for (B) is different from those of [5, 6, 9].

This paper is organized as follows. In Section 2, we state some basic results for the vari-
able exponent Lebesgue-Sobolev spaces. In Section 3, under certain conditions on ¢ and f,
we establish several existence results of nontrivial weak solutions for problem (B) by em-
ploying as the main tools the variational principle.

2 Preliminaries
In this section, we recall some definitions and basic properties of the variable exponent
Lebesgue spaces L”)(RN) and the variable exponent Lebesgue-Sobolev spaces W"*()(RN)
which will be treated in the next sections. For a deeper treatment on these spaces, we refer
to [11-13].

Set

C,(RN) = {h e C(RN): inf h(x)> 1}.

xeRN

For any / € C,(RYN), we define

h, = sup h(x) and h_= inf h(x).

N
xeRN xeR:

For any p € C,(RN), we introduce the variable exponent Lebesgue space

L”(')(RN ) = {u : u is a measurable real-valued function, /

’u(x)’p(x) dx < oo},
RN

endowed with the Luxemburg norm

u(x) p(x)

”u”[}’(')(]RN)zinf{)\.>OI/ dxfl}.
RN

The dual space of LZO)(RN) is LZ O)(RN), where 1/p(x) + 1/p/(x) = 1.



Lee et al. Boundary Value Problems (2014) 2014:261 Page 3 0of 17

The variable exponent Sobolev space W?0)(RY) is defined by
WHPO(RN) = {u e IPO(RN) : |[Vu| € IPO(RN)}],
where the norm is

”u”Wl,p(J(RN) = ||u||yﬂ(<)(]RN) + ”VM”LP(')(RN)' (2.1)

It has the following equivalent norm:

u(x) p(*)

A

P Vu(x)
+
A

||u||W1,p(,)(RN)=inf{)»>0:] dxgl}.
R

N

Lemma 2.1 ([11]) The space L*V(RN) is a separable, uniformly convex Banach space, and
its conjugate space is LF'O(RN) where 1/p(x) + 1/p'(x) = 1. For any u € I’O(RN) and v €
P O(RN), we have

/ uvdx
RN

Lemma 2.2 If 1/p(x) + 1/q(x) + 1/r(x) = 1, then for any u € I’)(RN), v € LIORN), and
we L'ORN),

uvwdx
RN

1 1
= <P_ + (PT) ”u”LP(')(]RN)”V”Lp’(»)(]RN) = 2”””[}7(')(RN)”V”Lp’(-)(RN)'

1 1 1 )
<\ —+ — lull oy 1V o @ W o @y
<p PR ®Y) ®N) ®Y)

=< 3||u||Lp(-)(RN)||V||Lq(-)(RN)||W||Lr(A)(RN)'

Lemma 2.3 ([11]) Denote
p(u) =/ [ult® dx, for all u e LFY(RY).
RN

Then
1) p(u) >1(=1; <1) if and only if |ull poygny > 1 (= 1; < 1), respectively;
(2) if”””uﬂ(')(]RN) > 1, then ”u”i;(-)(RN) =< P(u) =< ”u”[[?}:(-)(RN);
3) lf”u”u?(J(RN) <1, then “M”IZ;(A)(RN) <p(u) < ||M||}Z;(A)(RN)'

Remark 2.4 ([5]) Denote

ou) = / (|u|p(x) + |Vu|”(")) dx, forallueX.
RN

Then
1) p(u) >1(=1; <1) ifand only if [|u]l 1,0 @yn) > 1 (=1; < 1), respectively;
(2) if ”u”Wl,p(J(RN) > 1, then ”u”P;\;LP(')(RN) <pu) < HMHI;LP(')(RN);

(3) i el vy <1, then [l oy < 008) < 1l vy

Lemma 2.5 ([13]) Let g € L°(RN) be such that 1 < p(x)q(x) < oo, for almost all x € RN. If
u e L1IOMRN) with u #0, then
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; q- 9+
1) lf”u”u’(‘)q()(RN) > 1, then ||u||Lp(4)q(v)(RN) = |||”|q(x)”u?(-)(RN) = ”u”Lp(.)q(,)(RN)}

() 3f ot poaer vy < 1o ther s ey < 61 oy < 1260000 gy

Lemma 2.6 ([12, 14]) Let @ C RN be an open, bounded set with Lipschitz boundary and
letpe C.(Qwithl<p_ <p,<o0.Ifqe L®(Q) with q_ > 1 satisfies

Nj .

+00 if N < p(x),

q(x) <p*(x):=

for all x € 2, then we have
WLP(-)(Q) s Lq(‘)(Q)
and the imbedding is compact if infcq(p* (x) — g(x)) > 0.

Lemma 2.7 ([14]) Suppose that p : RN — R is Lipschitz continuous with 1< p_ < p, <N.
Let g € L°(RN) and p(x) < q(x) < p*(x), for almost all x € RN. Then there is a continuous
embedding WO (RN) < LIO(RN),

In what follows, let p € C,(RN) be Lipschitz continuous with 1 < p_ < p, < N. We denote
by the space X := W"(RN), and X* be a dual space of X. Furthermore, (-, -) denotes the

pairing of X and its dual X* and Euclidean scalar product on RY, respectively.

3 Existence of solutions

In this section, we shall give the proof of the existence of nontrivial weak solutions for
problem (B), by applying the mountain pass theorem, fountain theorem, and the basic
properties of the spaces L?)(RN) and W*)(RN).

Definition 3.1 We say that u € X is a weak solution of problem (B) if

/ w(x,Vu)-Vvdx+/ |u|p(x)_2uvdx:A/ flx, u)vdx,
RN RN RN

forallveX.

We assume that ¢ (x,v) : RN x RN — RN is the continuous derivative with respect to v of
the mapping @ : RN x RN — R, &y = ®¢(x,v), that is, ¢(x,v) = %Qo(x, v). Suppose that
¢ and P, satisfy the following assumptions:

(J1) The equalities

Dy(x,0)=0 and Pgy(x,v) = Do(x,—v)
hold, for almost all x € RN and for all v € RV.

(J2) ¢ :RN x RN — R¥ satisfies the following conditions: ¢(-, v) is measurable, for all

veRY, and ¢(x, -) is continuous, for almost all x € RV,



Lee et al. Boundary Value Problems (2014) 2014:261 Page 5of 17

(J3) There are a function a € L#O(RV) and a nonnegative constant b such that
|<p(x, v)| < a(x) + blyP@1,

for almost all x € RN and for all v € RN,
(J4) ®o(x,-) is strictly convex in RV, for all x € RN,
(J5) The relation

dvP® < p(x,v) - v < p, Dolx,v)

holds, for all x € RN and v € RY, where d is a positive constant.
Let us define the functional ® : X — R by

1
D(u) = / Do (¥, Vi) dx + / —|uP® gy,
RN RN p(%)

The analog of the following lemma can be found in [3]. However, we will give the proof
of those because our growth condition is slightly different from that of [3].

Lemma 3.2 Assume that (J1)-(J3) and (J5) hold. Then the functional ® is well defined on X,
® € CH(X,R) and its Fréchet derivative is given by

(@' (w),v) = / o(x, Vu) - Vvdx + / |l uy dx. (3.1)
RN RN

Proof A simple calculation as in [3] implies that the functional ® is well defined on X.
For a fixed x € RY, it is clear that ®; € C}(RN,R). Let u,v € X, then given x € R and
0 < |£] < 1, by the classical mean value theorem, there exist 61,0, € R with 0 < |6| < |¢| and
0 < |0,] < || such that

| Do (x, Vi + tVv) = Do, Vi) | \w(x Vi 4 6,97) Vv|
= y V) -

t
and
1 |u+ tofP® — |y p®
|—( ) | | . 7 |11t + 02vP92 (1 + Gv)y|.
plx
Since

’go(x, Vu+6,Vv) - Vv‘ < ‘a(x) +b|Vu + GIVV|1’(’“)_1||VV|

< |a@) + b(1Vul + [Vv))? 7 Wy,
it is easy to obtain
/ !a(x) + b(|Vu| + |VV|)p(x)71’|Vv| dx
RN

(-1
< 2llall o @ IV VI o vy + h/N](|w| +199])"97 9| d
R
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(x)-1
= 20l n) | WVl + 28] (1911 + 199" sy 19Vt

_1
®)-

< 2C|:||ﬂ||Lp’(-)(RN) + b{l + </N (1Vu] + [Vw])* dx) ” Illx

R
1
pi-l ®)-
< 2C[||a||u,/<.>(RN) + b{l +20)- ( / (IVul® + |vyP) dx) ” Ivilx
RN

for a positive constant C. Hence |a + b(|Vu| +|Vv|)?O-1||Vy| € L{(RN). Since t — 0 implies

6, — 0 and 6, — 0, it follows from the Lebesgue dominated convergence theorem that

o (x, Vi + tVv) — Dg(x, Vi)
dx

lim 1(@(14 +tv) - ®(u)) = lim

t—0 f t—0 JpN t
. 1w+ tv]P® — |y p®
+ lim — dx
=0 Jpy p(x) t

= f lim ¢(x, Vu +6,Vv) - Vvdx
R

N 61—0

+ / lim (|u + 0072 (u + 6,v)v) dc
RN 6 —0

=/ go(x,Vu)'Vvdx+/. P92 4y dx
RN RN

= (CID/(u),v).
Let A, : X — L/ O(RN;RN) and A, : X — LPO(RN) be an operators defined by
A()(®) = (%, Vu(x) and  Ax()@) = |u@) | u(x).

Then the operators A; and A, are continuous on X. In fact, for any u € X, let u,, - u
in X as n — oo. Then there exist a subsequence {u,, } and functions v, w; in LPO(RN) for
j=i...,N such that u,, (x) — u(x) as k — oo, and |u,, ()| < v(x) and |(0u,, /0x;)(x)| <
w;(x), for all k € N and for almost all x € RN. Without loss of generality, we assume that

| Ay (o) — Al(u)”[}"(‘)(]RN;]RN) <land [|Aa(uy,) - Az(u)||Lp/(.)(]RN) < 1. Then we have

| Av(atn) = A1) ||g9//)(~+)(RN;RN) < /RN lp(x, Vity,) — p(x, Vir) '™ dx

and

x)—2

[0l = A1 gy = [ 0,00 = )P 2]

Hence (J3) implies that the integrands at the right-hand sides in the above estimates are
dominated by integrable functions. Since the function ¢ satisfies (J2) and #,, — u in X as
k — 0o, we obtain ¢(x, Vi, (x)) — @(x, Vu(x)) and |u, (x) PO 2u,, (x) — |u(x) [PD2u(x)
as k — oo, for almost all x € RV, Therefore, the Lebesgue dominated convergence theo-
rem tells us that A; (i) — Aq(x) in IZO(RN; RN) and As(uy,) — Az(u) in L O(RY) as



Lee et al. Boundary Value Problems (2014) 2014:261 Page 7 of 17

k — oo. Thus, A; and A, are continuous on X. From the Holder inequality, we have
(@' () — @' (), V)|
= ‘/ (¢, V) — @(x, Vi) - Vv +f (|un|p(")’2un - |u|p(")’2u)vdx
RN RN

<2|o, Vi) = 9, Vi) | iy ooy 1V V1 0 vy

o 2 et P20, = 120y ey IV o0 vy
for all v € X, and thus

| @ () — @' ()|

= Sup (@ (1) — D' (w), )|

Ivlix<t
< 2{ ||(p(x, Vu,) - ¢x, Vu) HLp’(-)(RN;RN)

+ ” |24 |p(x)72un - |M|p(x)72M||Lp/(.)(RN)} — 0 asun— oo.
Consequently, the operator &’ is continuous on X. d

Now we will show that the operator @’ is a mapping of type (S,), which plays a key role
in obtaining our main results. To do this, we first prove the following useful result.

Lemma 3.3 Assume that (J1)-(J5) hold. If the sequence {v,} in RN such that
(0@ Vi) = (2, V), v — V) > 0O
as n— oo, for ve RN and for almost all x € RN, then v, — v in RN as n — oo.

Proof Let {v,, } be a subsequence of the sequence {v,} in RN satisfied
((p(x, Vi) = @(%: V), Vigy, — v) -0 (3.2)
ask — oo foranyve RN Then there exists M > 0 such that, for almost all x € RN,

(@ Vi) Vi) < M + |06 vV + [0, 9) | [V | + |, )| IV
This together with assumptions (J3), (J5), and Young?s inequality imply that

Al [P < (@, Vi), Vi)
<M + @@ vu)| [V + |0 V)| [vi | + |0, v) |1V

<M+ (a(@) + bV PO V] + |06, ) ||V | + |0, v) |1V

p&)
d 3\/®
<M +a(x)|v|+ §|Vnk|p(x) +b”(")<2> v

Acs

)
d 3\ r® ,
+ glvnklp"‘) + <2> o) @ + o, v)| v,
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for almost all x € RV, and hence

px) yAC)
d 3\ 7® 3\ 7@ ,
Sl = M+ a@ +b‘”(x)<3> P + (3) e[+ o) v,

for almost all x € RN, where d is the positive constant from (J5). Since d > 0, the sequence
{lv |} is bounded, and then the sequence {v,, } is bounded in RN, By passing to a sub-
sequence, we can assume that v,, — & as k — oo, for some & € RN. Then we obtain
@(x, vy ) = @, &) as k — oo and the relation (3.2) implies that

0= lim (p(x, viy) = (&, 1), v = v) = (0, €) = 9(5,v), & = ).
Since it follows from assumption (J4) and Proposition 25.10 in [15] that ¢ is monotone
on X, this relation occurs only if £ = v, that is, v, — v in RN as n — 00. Since these argu-
ments hold for any subsequence of the sequence {v,}, we conclude that v, — v in RN as

n— 00. O

Next we give the following assertion, which is based on the idea of the proofin [16]; see
[17] for the case of bounded domain in RV,

Lemma 3.4 Assume that (J1)-(J5) hold. Then the functional ® : X — R is convex and
weakly lower semicontinuous on X. Moreover, the operator ®' is a mapping of type (S.),
ie,ifu, ~uinX asn— oo andlimsup,_, (D' (u,) — Y (u), u, —u) <0, then u, — u in

Xasn— oo.

Proof Let {u,} be a sequence in X such that #, — u in X as n — oo and

lim sup(CD’(u,,) - &' (u),u, — u) <0. (3.3)

n—o0

It follows from u,, — u in X as n — oo that (®'(u),u, —u) — 0 as n — o0. Since P is

strictly convex by (J4), it is obvious that the operator ¢’ is monotone, that is,
(@ (un) — @' (), 4 — 1) > 0. (3.4)
By (3.3) and (3.4), we have

lim <(p(x, Vu,) - ¢x,Vu), Vu, — Vu) dx

n—>o0 fpN

+ lim (|u,, P2y, — |u|p(x)’2u)(u,, —u)dx
n—>00 JpN

= lim (CD/(u,,) - &' (u), u, — u) =0.
Hence the sequences {{¢(x, Vit,) — ¢(x, Vit), Vi, — Vi) } and {(|24, [P 2u,, — |eP%20) (u,, —
u)} converge to 0 in L'(RN; RN) and L' (RN) as # — oo, respectively. By Lemma 3.3, we have
Viu,(x) = Vu(x) in RN and u,(x) — u(x) in R as # — oo, for almost all x € RN. Then (3.3)
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holds in the stronger form
lim (@' () — ' (1), 10 — 1) = 0. (3.5)
n—00
It follows from the convexity of ¢ that
D(u) + (' (), thy — 1) > P(us),
and hence we obtain ®(x) > limsup,_, ., ®(u,) by (3.5). Since the functional & is strictly
convex and C!-functional on X, it follows that ® is weakly lower semicontinuous on X.
Then it is immediate that ®(x) < liminf,_, o, ®(u,). Thus it implies

DO(u) = nan;o D (u,,). (3.6)

Consider the sequence {/,} in L}(RY) defined pointwise by

hn() = %{d)()(x’ Vu,) + @o(x, VM)} - <x, w>
1 p(x) p) 1 | u,(x) — ulx) p(x)

From (J1) and (J4), it is clear that the sequence %, > 0. Since ®y(x,-) is continuous, for
almost all x € RN, we obtain /,(x) — ®o(x, Vi) + (1/p(x))|u(x)| as n — oo, for almost all
x € RN, Hence, by the Fatou lemma and (3.6), we have

D (u) §liminf/ h,(x) dx
RN

n—00

. Vu, - Vu 1
= ®(u) — limsup $oln, —— ) + —
n—oo JRN 2 P(x)

Thus we get

. Vu, - Vu 1
hmsup/ (CDO <x, 7) + —
n—oo JRN 2 p(x)

U, — U
2

p(x)
) dx.

U, — U
2

p(x)
) dx <0,

U, — U

px)
) dx=0.
2

. Vu, - Vu 1
lim Do, — |+ —
no0 JpN 2 )

Then by assumption (J5), lim,— ||, — #|lx = 0, we conclude that u, — u in X as

n— 00. O

Until now, we considered some properties for the integral operator corresponding to
the divergence part in problem (B). To deal with our main results in this section, we need
the following assumptions for f. Denoting F(x, t) = fot f(x,s)ds, we assume that

(H1) p,ge C,(RN), p(x) <N,and 1< p_ <p, <q_ <q, <p*(x), forallx € RN,
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r()
(H2) m e LT0-a00 (RN) N L®°(RYN), for some r € C,(RN) with g(x) < r(x) < p*(x) and

meas{x € RN : m(x) > 0} > 0, for all x € RN.

(F1) f:RN x R — R satisfies the Carathéodory condition in the sense that (-, £) is
measurable, for all £ € R, and f(x, -) is continuous, for almost all x € RV,

(F2) f satisfies the following growth condition: For all (x,£) € RN x R,

[f(x, t)| =< |m(x)||t|q(x)—1’

where g and m are given in (H1) and (H2), respectively.
(F3) There exists a positive constant 6 such that 6 > p, and

0<6OF(x,t) <f(x,t)t, forallteR\{0}andxeR".

(F4) f(x,t) = o(|t[P+71), as || — O uniformly, for all x € RN,
Then it follows from assumption (F2) that

(F2) |F(x,2)| < l';’((;))' [£]99), for all (x,£) € RN x R.

Define the functional ¥ : X — R by
W (y) = / F(x,u)dx.
RN
Then it is easy to check that ¥ € C'(X,R) and its Fréchet derivative is

(\IJ'(u), v> = / f(x, u)vdx (3.7)
RN
for any u,v € X. Next we define the functional , : X — R by
L(u) = ®(u) — AW (u).

Then it follows that the functional I, € C'(X,RY) and its Fréchet derivative is

(I;(u),v>:/ (p(x,Vu)-Vvdx+/ |u|”(x)_2uvdx—k/ fx,u)vdx
RN RN RN

for any u,v e X.

Lemma 3.5 Assume that (H1)-(H2) and (F2) hold. Then ¥ and V' are weakly strongly

continuous on X.

Proof Proceeding the argument analogous to Lemma 3.2 of [5], it implies that the func-

tionals W and W’ are weakly strongly continuous on X. O

With the aid of Lemma 3.5, we prove that the energy functional I, satisfies the Palais-
Smale condition ((PS)-condition for short). This plays a key role in obtaining the existence

of a nontrivial weak solution for the given problem.
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Lemma 3.6 Assume that (J1)-(J5), (H1)-(H2), and (F1)-(F3) hold. Then I, satisfies the (PS)-
condition, for all ). > 0.

Proof Note that W’ is of the type (S,), since W' is weakly strongly continuous. Let {u,} be
a (PS)-sequence in X, i.e., I, (u,) — c and I} (u,) — 0 as n — oo. Since I} is of type (S,)
and X is reflexive, it suffices to verify that the sequence {u,} is bounded in X. Suppose that
|l ]| x — o0, in the subsequence sense. By assumption (J5), we deduce that

L(uy,) - %(If\(un),u,,) = /1;1\7 (Cbo(x,Vu,,) - %(p(x,vu,,) . Vun) dx

1 1
+/ (_|M|P(x) _ _|M|p(x)) dx
RN \ (%) 0

+ A /];N (éf(x, u,)u, — F(x, u,,)) dx

> (1 - %) (/]RN Do (x, Vu,) dx + /RN lﬁlulp(") dx)

+ A /]RN (éf(x, u,)u, — F(x, u,,)) dx,

where 6 is a positive constant from (F3). By condition (F3), we have

S L) ) 1
(1 0)(/};Nd>o(x,Vun)dx+/RNp(x)lu|P dx | < L(un) 9(1,\(%);%;1).

For n large enough, we may assume that ||z,|x > 1. Then it follows from (J5) and Re-

mark 2.4(2) that
p 1 _ 1
(1 - ?),Z lanllie = ) + 22 o) | L
Since 6 > p, and p_ > 1, this is a contradiction. O

We are now prepared to prove our main results for the existence of at least one solu-
tion and infinitely many solutions for problem (B), following the basic idea in [10]. The
following consequence can be established by applying the mountain pass theorem with
Lemmas 3.4 and 3.6.

Theorem 3.7 Assume that (J1)-(J5), (H1)-(H2) and (F1)-(F4) hold. Then problem (B) has
a nontrivial weak solution, for all A > 0.

Proof Note that [, (0) = 0. Since I, satisfies the (PS)-condition, it is enough to show the
geometric conditions in the mountain pass theorem, i.e.,
(1) there is a positive constant R such that

inf I, (u) > 0;
llull x=R

(2) there exists an element v in X satisfying

L(tv) > —00  ast— oo.
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Let us prove the condition (1). By Lemma 2.7, there exists a positive constant d; such
that ||ull;p. gy < dillullx. Let & > 0 be small enough such that Led]* < min{d,1}/(2p,) for
the positive constant d from (J5). By assumptions (F2) and (F4), for any ¢ > 0, there exists
a positive constant denoted by C(¢) such that

|[F(x,0)] < et + Cle)|m(x)||£]9%),

for all (x,£) € RN x R. Assume that || x < 1. Then it follows from (J5) and Lemmas 2.1,
2.5(2), 2.7, and Remark 2.4 that

1
mm:f <I>0(x,Vu)dx+/ —|u|p(x)dx—A/ F(x,u) dx
RN ’N p(x) RN

in{d, 1
> 7m1n{ }(/ |V [P dx+/ ™) dx)
P+ RN RN

—Af (elulP* + C(e) |m(x)||ul?™) dx
RN

min{d,1} ~ ,
—— 2wl - red” ulll = 20C)|m] 0 ull”
- llzelly 1 el Il ”LW(RN)” 1o @ny

min{d, 1}

+

lully = redy llully = 21C(e)Crillully

for a positive constant Cj. Then it follows that

L > min{d, 1}

> 2Pf+llulllf{ - C(e)Crllully -

Since g_ > p,, there exist R > 0 small enough and § > 0 such that [, (#) > § > 0 when
llullx = R.

Next we show the condition (2). Meanwhile, observe that (J4) implies that, for all s > 1,
xeRN,and £ e RV,

Do (x,58) < s Do(x,§). (3.8)
Indeed, let us define g(k) = ®o(x, k&). Then we have
1 + +
§0) = ol ke)E = 2ol ke) - ks = B (k) = Bk

It implies that

g0 _p.
glk)y = k-’

Integrating this inequality over (1,s), we have
Ing(s) —Ing(1) < p, Ins
and so

86) _ o

gﬁ_
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Hence we find that (3.8) holds. In a similar way, we find that condition (F3) implies
E(x,sn) > sF(x, 1), (3.9)

foralln e R,x € RV, and s > 1.
Take v € X \ {0}. Then it follows from (3.8) and (3.9) that

1
L(tv) =f Dy(x, V) dx+/ —|tvP® dx—)»/ F(x,tv)dx
RN RN p(x) RN

1
< (/ Do (x, Vv)dx+/ — |y dx) —MQ/ F(x,v)dx,
RN RN p(x) RN

where ¢ > 1. Since 0 > p,, we see that [, (tv) — —o0 as t — oo. Therefore I, satisfies the

geometry of the mountain pass theorem. O

Now, adding the oddity on f and using the fountain theorem in Theorem 3.6 in [18], we
shall demonstrate infinitely many pairs of weak solutions for problem (B). To employ the
fountain theorem, we consider the following situation. This lemma holds for a reflexive

and separable Banach space.

Lemma 3.8 ([6]) Let W be a reflexive and separable Banach space. Then there are {e,} C
W and {f} € W* such that

W =span{e,:n=1,2,...}, W*:span{ﬂ;“:n:l,2,...},

and

L=
el =No iz

Let us denote W), = span{e,}, Y = EBf,zl W, and Zi = @2, Wi

Theorem 3.9 Assume that (J1)-(J5), (H1)-(H2), and (F1)-(F4) hold. If f(x,—t) = —f(x,t)
holds, for all (x,t) € RN x R, then I, has a sequence of critical points {*u,} in X such that

L (+u,) — oo as n — oo.

Proof Obviously, I, is an even functional and satisfies (PS)-condition. It is enough to show
that there exist px > 8; > 0 such that

(1) by :=inf{l, (1) : u € Zy, || u||x = 8} — 00 as n — o0;

(2) ax:=max{l;(u):u € Yy, llulx = px} <0,
for k large enough.

Denote

1
ag:=  sup (/ — '™ dx).
ueZp lullx=1 \JRN 7(X)
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Then o — 0 as k — oo. In fact, suppose that it is false. Then there exist g5 > 0 and the

sequence {ux} in Z; such that

1
lualix =1, / L dx = s,
RN r(x)

for all k > k. Since the sequence {u4} is bounded in X, there exists u € X such that u; — u

in X as n — oo and
()= tim (£, =0
forj=1,2,.... Hence we get u = 0. But we have

1 1
&0 < lim — g™ dx = / — u"Wdx =0,
k=00 Jpn 7(x) RN 7(%)

which provides a contradiction.
For any u € Zy, it follows from (F2'), (J5) and Lemmas 2.1 and 2.7, and Remark 2.4 that

1
A00=/ @MmVde+/ ——4mm%m-x/ F(x, u)dx
RN rN p(x) RN

in{d, 1 A
mintd, 1) }</ IVulp(")dx+/ Iul”(’“)dx) ——/ |m(x)| |1 dax
P+ RN RN q- JrRN

min{d,1} ~ ,  2A 7
> ———lully — —Ilmll _x« ull7r.
L e TR
min{d,1} ~ ,  2) @
2 =l = =l
min{d, 1} _ 2A . ;
> ———lully - —al Cllully, (3.10)
R q-
where C = |m| and C, is a positive constant. Choose §; = (2Aq+C2aZ+/
L70-40) (RN)

(q- min{d, 1})),7,1% . Then § — oo as k — oo since p_ < g, and oy — 0 as k — 0o. Hence,

if u € Zy and ||u||x = 8k, we deduce that

1 1
Li(u) > min{d,l}(— - —)8;: -C3—>o00 ask— oo,
p

+ q+

for a positive constant C3, which implies (1).
To show (2), from (F4) we see that, for ¢ = 1, there exists § > 0 such that

Sflxs) < s+, (3.11)

for all x € RN and for all |s| < §. Then we know that there exists w € L*(R") such that

w(x) > 0, for almost all x € RN, and

E(x,5) > o(x)ls|’, (3.12)
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for almost all x € RN and all |s| > §. In fact, by (F3), we have, for all £ > §,

0 _flt) GFG)
: .

Then it follows that
) s LF(x,t
/ —dtf[ it )dt,
s t § F(x, t)
and thus

0
In (£> <In F(x,s)'
8 F(x,8)

Hence we get

0
F(x,s) > S—QF(x,S).

Similarly, we obtain

Flx,s) = %F(x, ~5),

for all s < —§. Thus, F(x,s) > w(x)|s|?, for almost all x € RN and all |s| > §, where w(x) =
min {F(x, 8)/8%, F(x,—8)/8°}. Also assumptions (F2) and (F3) imply that w € L®(RY) and
w > 0.

Assume that ||u|x > 1. For any u € Y%, by (J5), (F3), (3.11), (3.12), Lemmas 2.1, 2.3, 2.7,
and Remark 2.4, we have

L w
L(u) = Do (x, Vi) dx + —ulP¥dx -1 | Flx,u)dx

RN RN p(x) RN

b 1
5/ !a(x)||Vu|dx+—/ |Vu|p(x)dx+—/ |ulP® dx
RN p- JrN p- JrN

1
—A(/ a)(x)luledx—/ — |ulP* dx)
{xeRN :|u(x)|>8} (xRN :|u(x)|<8} P+

max{b, 1}
= 2llall oy @y I Vatll ooy ey + ——lulfy + —/ lulP dx
bp- + J xeRN:|u(x)|<5)

F(x,8) F(x,—6 o
+A] Qmin{ (xe ), (xg )}—M dx—k/ w(x)|ul® dx
(x€RN:|u(x)|<8) 8 3 0 RN

max{b,1} A )
< 2llall o gy lllx + (— + —) lully
p- b+

i ,8)8,f (%, —8)(=8 0-p+
M/ min {f (x, §) {(x SO
(xRN :|u(x)|<5) 8 0

- A/ wx)|ul’ dx
RN

max{b,1} A P
< 2llall o g lllx + [ et 4 2

- +
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§p+-1 §0-p+
+)L/ ) |u|P+ dx—k/ o) ul’ dx
{xeRN :|u(x)| <8} 87 0 RN

b1 A A
% + —>||u||1)7(* + _/ |u|P* dx
bp- b+ 0 Jry

—A /]RN a)(x)|u|9 dx. (3.13)

= 2||a||yﬂ’(<)(RN)”u“X + (

By Holder?s inequality and Lemma2.7, we deduce that

f w@)|ul’ dx < |||l @) / lul? dx < Cqlu|l%
RN RN

for a positive constant C4. Notice that in the finite dimensional subspace Xj, the norm

| - |6 ®ny is equivalent to the norm || - || x. Therefore, it follows from (3.13) that

max{b,1} A A )
—+ —+5)|IMII§( - ACslullk

- +

1) < 201l gy 2l + (
for a positive constant Cs. Since 6 > p,, we obtain

L(u) > —o0  as |lullx —> o0
and thus we can choose py > ¢ > 0. This completes the proof. d

The following consequence is the other way to show the existence of infinitely many

pairs of weak solutions for the given problem (B) without assumption (F4).

Theorem 3.10 Assume that (J1)-(J5), (H1)-(H2), and (F1)-(F3) hold. In addition, suppose
that there exist yo € L'(RN) and y, € L®(RN) with y1(x) > 0, for almost all x € RN, such
that

F(x,5) = n@)lsl” — o), (3.14)

foralmostall x € RN and forall s € R where 6 > p,. Iff(x,—t) = —f (x, t) holds, for all (x,t) €
RN x R, then I, has a sequence of critical points {Zu,} in X such that I,(*u,) — oo as
n— 00.

Proof Obviously, I; is an even functional and satisfies (PS)-condition. It is enough to show
that there exist pg > 8; > 0 such that

(1) by :=1inf{L, (1) : u € Zy, |||l x = Sk} — 00 as n — 00;

(2) ax:=max{l,(u):u e Yy, |lullx = p} <0,
for k large enough. The same argument in Theorem 3.9 implies (1).

To show (2), for k =1,2,..., write

ox= inf </ 1) )’ dx).
ueYplulx=1 \ Jgn
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It is easy to see that oy > 0. For u € Y with |lu||x =1 and ¢ > 1, by (3.14) we have

1
I;L(tu):/ ®o(x,tVu)dx+/ —|tu|p(x)dx—k/ F(x, tu) dx
RN RN p(x) RN

< Cot?* — roxt? + A / vo(x) dx (3.15)
N

R

for a positive constant Cs. Since 6 > p,, it follows from (3.15) that
L(tu) > —00 ast— o0

and thus we can choose p; > ¢ > 0. This completes the proof. d
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