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Abstract

By using Leggett-Williams? fixed point theorem and Holder?s inequality, the existence
of three positive solutions for the fourth-order impulsive differential equations with
integral boundary conditionsx D) = (t)f( ()) 0o<t<1, t#tk, Ax|[_ = [t x (1)),
AX|ioy, =0,k=1,2,..., fo s)ds, x'(1) =0, x"(0 fo s)ds, x""(1)=0
is considered, where w( ) is Lp mtegrable Our results cover a fourth- order boundary
value problem without impulsive effects and are compared with some recent results.

Keywords: triple positive solutions; impulsive differential equations; integral
boundary conditions; Leggett-Williams? fixed point theorem; Holder?s inequality

1 Introduction

Impulsive differential equations occur in many applications. Various mathematical mod-
els, such as population dynamics, ecology, biological systems, biotechnology, industrial
robotic, pharmacokinetics, optimal control, etc., can be expressed by differential equa-
tions with impulses. Therefore, the study of impulsive differential equations has gained
prominence and it is a rapidly growing field; see [1-22] and the references therein. We
note that the difficulties dealing with such problems are that theirs states are discontinu-
ous. Therefore, the results of impulsive differential equations, especially for higher-order
impulsive differential equations, are fewer in number than those of differential equations
without impulses.

At the same time, owing to its importance in modeling the stationary states of the de-
flection of an elastic beam, fourth-order boundary value problems have attracted much
attention from many authors; see, for example [23-53] and the references therein. In par-
ticular, we would like to mention some results of Yang [28], Anderson and Avery [31], and
Zhang et al. [36]. In [28], Yang considered the following fourth-order two-point boundary
value problem:

@) =g()f x(t), 0<t<1,
x(0) =x'(0) =x"(1) =x"(1) = 0.

By using Krasnoselskii?s fixed point theorem, the author established some new estimates
to the positive solutions to the above problem and obtained some sufficient conditions for
the existence of at least one positive solution.
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In [31], Anderson and Avery considered the following fourth-order four-point right focal
boundary value problem:

—x®(t) =f(x(t)), tel0,1],
x(0)=x'(q) =«"(r) =x"(1) = 0,

where 0 < g <7 <1 are two constants, f : R — R is continuous and f(x) > 0 for x > 0. By
using the five functionals fixed point theorem, the authors gave sufficient conditions for
the existence of three positive solutions of above problem.

Recently, Zhang et al. [36] studied the existence of positive solutions of the following

fourth-order boundary value problem with integral boundary conditions:

@) - af(Lx() =0, 0<t<l,

%(0) = x(1) = [} g(s)x(s) ds,
x(0) =x"(1) = [ h(s)x(s) ds,

where 6 is the zero element of E.

However, to the best of our knowledge, no paper has considered the existence results
of triple positive solutions for fourth-order impulsive differential equations with integral
boundary conditions till now; for example, see [54—58] and the references therein.

In this paper, we investigate the existence of three positive solutions for the following
fourth-order impulsive differential equations with integral boundary conditions:

*@(t) = w(t)f (t,x(t), O0<t<l,t#t,

Ax|soty = I(tr, x(t)),

AX |y, =0, k=1,2,...,m, (1.1)
x(0) = [y g)x(s)ds,  x(1)=0,

x"(0) = fol h(s)x"(s) ds, x"(1) = 0.

Here w € [?[0,1] for some 1 < p < +00, t (k=1,2,...,m) (where m is fixed positive in-
teger) are fixed points with 0 =ty <f; <fp <--- <l < -+ < bty < b1 = 1, Ax|s-y, denotes
the jump of x(¢) at £ = &, i.e. Ax|—y = x(t;) — x(¢;), where x(t}) and x(¢;) represent the
right-hand limit and left-hand limit of x(¢) at ¢ = &, respectively. In addition, w, f, I, g,
and / satisfy

(H1) @ € L?[0,1] for some 1 < p < +00 and there exists # > 0 such that w(¢t) > n a.e. on J;
(HZ) f € C([Orl] X [0) +OO), [0; +OO)), Ik € C([Oxl] X [01 +OO), [O’ +OO));
(Hs3) g,k € L[0,1] are nonnegative and u € [0,1), v € [0,1), where

1 1
V= / g(t)de, W= / h(t)de. (1.2)
0 0
Remark 1.1 The idea of impulsive effect for problem (1.1) is from Ding and O? Regan 59].

Some special cases of problem (1.1) have been investigated. For example, Zhang and Ge
[45] studied the existence and multiplicity of symmetric positive solutions for problem
(1.1) with [ =0 (k=1,2,...,m) and w € C(0,1), not w € L”[0,1].

Motivated by the results mentioned above, in this paper we study the existence of three
positive solutions for problem (1.1) by new technique (different from the proof of The-
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orems 3.1-3.4 of [45]) to overcome difficulties arising from the appearances of I # 0
(k=1,2,...,m) and w(¢) is L?-integrable. The arguments are based upon a fixed point
theorem due to Leggett and Williams which deals with fixed points of a cone-preserving
operator defined on an ordered Banach space.

The rest of the paper is organized as follows: In Section 2, we provide some necessary
background. In particular, we state some properties of the Green?s function associated with
problem (1.1). In Section 3, the main results of problem (1.1) will be stated and proved.

2 Preliminaries
Let ]/ :]\{tb L. tm}; and

PC[0,1] = {x : x is continuous at ¢ # tk,x(t,:) =x(tx) and x(t,’(') exists,k=1,2,..., m}
Then PC[0,1] is a real Banach space with norm
[lx]l = max|x(t)|.
te]

Definition 2.1 (See [60]) Let E be a real Banach space over R. A nonempty closed set
P C E is said to be a cone provided that
(i) au+bvePforallu,ve Pandalla>0,b>0 and
(i) ©,—u € P implies u = 0.
Every cone P C E induces an ordering in E given by x < y if and only if y — x € P.

Definition 2.2 The map S is said to be a nonnegative continuous concave functional on
a cone P of a real Banach space E provided that 8 : P — [0, 00) is continuous and

B(tx+ (1 —1t)y) = tB(x) + 1 -1)B(Y)
forallx,ye Pand 0 <t <1.

Definition 2.3 A function x € PC[0,1] N C*(J’) is called a solution of problem (1.1) if it
satisfies (1.1).

We shall reduce problem (1.1) to an integral equation. With this goal, firstly by means of

the transformation
X(t) = —y(8), 21)
we convert problem (1.1) into

') + w@)f (t,x(2) =0, te],

2.2
y(0) = [y ht)y(®)dt, ¥y (1) =0, (22)
and
=x"(t)=y(t), tel,tFtx
Ax|t=y = I(tr, 2 (), (2.3)

Ax,|t=tk:0, k:1,2,...,m,
x(0) = [ g(t)x(t)dt,  *'(1)=0.
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Lemma 2.1 Assume that (H;)-(Hs) hold. Then problem (2.2) has a unique solution y given

by
1
y(2) :/0 H(t,s)o(s)f (s, x(s)) ds, (2.4)
where
1
H(t,s) = G(t,s) + / G(s,t)h(z)dr, (2.5)
1-wJo

t, 0<t<s<l,
G(t,s)={ st=s= (2.6)

s, 0<s<t<l.
Proof The proof of Lemma 2.1 is similar to that of Lemma 2.1 in [61]. O

Write e(£) = t. Then from (2.5) and (2.6), we can prove that H(t,s) and G(¢,s) have the
following properties.

Proposition 2.1 Let § € (0, %), Js =[8,1-38]. If n € [0,1), then we have

H(t,s) >0, G(t,s)>0, Vt,se(0,1), (2.7)
H(t,s) >0, G(t,s) >0, Vtse], (2.8)
e(tle(s) < G(t,s) < G(t,t) =t =e(t) <1, Vtse], (2.9)
pe(t)e(s) <H(t,s) <ys=ye(s) <y, Vtsec], (2.10)
G(t,S) = SG(S:S): H(t,S) = SH(SIS)Y vt 6]8;5 G], (2'11)
where
1
y = L, p:“M, (2.12)
1-wp 1-p

Remark 2.1 From (2.5) and (2.11), we can obtain
H(t,s) > 8s=6G(s,s), Vte]s,se].

Lemma 2.2 If (H;) and (Hs) hold, then problem (2.3) has a unique solution x and x can
be expressed in the form

1 m
x(t) = ./o Hi(t,s)y(s)ds + ZH{S(t, I (6 % (), (2.13)
k=1

where

1 1
Hi(t,s) = G(¢,s) + f G(s,t)g(r)dr, (2.14)
1 0

1
Hi (t,s) = G.(£,s) + %/ G.(t,s)g(z)dr, (2.15)
-vJo
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0, 0<t<s<l,
G.(t,s) = =r=s= (2.16)
1, 0<s<t<l

Proof The proof of Lemma 2.2 is similar to that of Lemma 2.6 in [53]. d

From (2.14)-(2.16), we can prove that H;(¢,s), Hi(t,s), and G(t,s) have the following
properties.

Proposition 2.2 Ifv € [0,1), then we have

Hi(t,s) >0, Vtse]; (2.17)
pre(t)e(s) < Hy(t,s) < yis = yie(s) <y, Vt,se], (2.18)
Hi(t,s) > 8H(s,s), Vte]s,se]. (2.19)
1
Gi(t,s) <1,  O0=<H(ts) < - (2.20)
—v
where
1
1 sg(s)ds
n= ) =1+ f"i (2.21)
1-v 1-v

Remark 2.2 From (2.14) and (2.19), we can obtain
Hi(t,s) > 8s=6G(s,s), Vte]s,se].
Remark 2.3 From (2.20), one can prove that
0<H(t,s)1-v) <1, Vtels;sel0,1). (2.22)

Suppose that x is a solution of problem (1.1). Then from Lemma 2.1 and Lemma 2.2, we
have

1 rl m
x(t) = / / H,(t,$)H (s, D) (T)f (1, %(1)) dr ds + ZH{s(t, I (6 %(0)).-
0o Jo )

Define a cone in PC[0,1] by
K ={x e PC[0,1] :x > 0}. (2.23)

It is easy to see K is a closed convex cone of PCI0,1].
Define an operator T : K — PCJ0,1] by

1 1 m
(Tx)(¢) = /0 /0 H;(t,s)H(s, t)a)(r)f(t,x(r)) dt ds + ZH{S(L‘, tk)Ik(tk,x(tk)). (2.24)
k=1

From (2.24), we know that x € PC[0,1] is a solution of problem (1.1) if and only if x is a
fixed point of operator 7.
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Lemma 2.3 Suppose that (H;)-(Hs) hold. Then T(K) C K and T : K — K is completely

continuous.
Proof The proof of Lemma 2.3 is similar to that of Lemma 2.4 in [53]. O

Let 0 < a < b be given and let 8 be a nonnegative continuous concave functional on the
cone K. Define the convex sets K, K(8,a, b) by

K, = {x e K: x| <a},

K(B,a,b) = {x € K :a < (x), |x]| <b}.
Finally we state Leggett-Williams? fixed point theorem p2].

Lemma 2.4 Let K be a cone in a real Banach space E, A : K, — K, be completely contin-
uous and B be a nonnegative continuous concave functional on K with B(x) < ||x| for all
x € K,,. Suppose there exist 0 <d < a < b < ¢ such that
(i) {xeK(B,a,b): B(x)>a}#0 and B(Ax) > a for x € K(B,a,b);
(i) Ax|l <d for x|l < d;
(ili) B(Ax) > a forx € K(B,a,c) with ||Ax|| > b.
Then A has at least three positive solutions xi, x,, x3 satisfying

lxll <d,  a<Bx) lxsll >d and B(xs) <a.

To obtain some of the norm inequalities in Theorem 3.1 and Corollary 3.1, we employ

Holder?s inequality.

Lemma 2.5 (Holder) Letf € LP[a,b] withp >1,g € L1[a,b] withq > 1, and}? + [11 =1. Then
fegel'la, bl and

Ifglh = [1F1lpllgllg-

Letf € I'a,b), g € L®[a,b). Then fg € L'[a, b) and

gl < I allgloo-

3 Existence of triple positive solutions to (1.1)
In this section, we apply Lemma 2.4 and Lemma 2.5 to establish the existence of triple
positive solutions for problem (1.1). We consider the following three cases for w € L?[0,1]:
p>1,p=1,and p = co. Case p > 1 is treated in the following theorem.

For convenience, we introduce the following notation:

m
D=ynlelgllolly Dy = T
. ), " .| 6
8= min H(t,s)(1-v), §* =min{ —,d; ¢,
teJs,s€(0,1) 4!
t)x . I t,x
fw:limsupmaxf( ), I°°(k) = lim sup max K ), k=1,2,...,m.
X—> 00 te] X X—> 00 te] X
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Theorem 3.1 Assume that (Hy)-(H3) hold. Furthermore, suppose that there exist constants

0<d<a<6* < ¢ such that

(Ha) f* < E,Ioo(k) 2D 5, k=1,2,...,m;
(Fs) (60 > s for (63) € ‘2]
(He) f(t,x) < 2D,Ik(t x) < 3Dy for (t,x)e] x[0,d],k=1,2,...,m

Then problem (1.1) has at least three positive solutions x1, x,, and x3 such that
llx1]l < d, a < Bxy), and x3>d with B(x3) <a

Proof By the definition of operator T and its properties, it suffices to show that the con-
ditions of Lemma 2.4 hold with respect to T.

Let B(x) = min,ej, x(t). Then B(x) is a nonnegative continuous concave functional on the
cone K satisfying B(x) < ||| for all x € K.

For convenience, we denote b = i

Considering (Hg), there exist 0 < o < 2D’ O<oy< 2D ,and [ > 0 such that

ft,x) <ox, Li(t,x) <owx, k=12,....mNte],x>1

Let
= max [f(t LX), n = max L(tx), k=12,....,m
0<x<lte 0<x<lte]
Then
flt,x) <ox+n, L(t,x) <owx+m, VYte],0<x<+oo. (3.1)
Set
2Dn 2Dim  a
¢ > max , )y =
1-2Do 1-2Djo7 6*

Then, for x € K_, it follows from (2.19), (2.22), and (3.1) that

(Tx)(8) = / / Hy(t,5)H (s, D) (T)f (1, %(7)) dr ds + ZH{S(t b I (t %(tx))

k=1

1,1 1
5/0 /0 ylye(r)a)(r)f(r,x(t))drds+E;Ik(tk,x(tk))

1 1 m
< [ [ wre@oiox s ndrdss o> o)
o Jo I-v=

m

= > (ol +m)

k=1

1 rl
5/0 /0 Vlye(f)w(t)(anxn+n)dtds+1

1
<nrtoesn) [ emodr + (s m)
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m
=nyloctnlelgloll, + 7— (o1c+m)

< + =¢

N
N o

which shows that Tx € K.
Hence, we have shown that if (H,) holds, then T maps K, into K.
Next, we verify that {x € K(8,4,b) : B(x) >a} # ¥ and B(Tu) > a for all x € K(B, a, b).
Take ¢ (f) = 526’;14, fort €J. Then

<poe{ ‘xe]((ﬂ a,—) ﬁ(x)>a}

This shows that

{x e K(B,a,b): Bx) > a} Z0.
Therefore, it follows from (Hs) that

ﬂT@=%pHM&)

= min/ / Hi(t, s)H(s,r)w(t)f(r x 7,')) drds + kXI:HIS t, tk)lk(tk,x(tk))

tels

> min/l/lHl(t,s)H(s,t)a)(r)f(t,x(r)) dt ds
0o Jo

tejs
1 pl
28/ / e(s)H (s, T)o(z)f (v, %(7)) dt ds
o Jo
1 pl-s
28/ / e(s)H (s, T)w(7)f (7, %(7)) dr ds

>82/ s ds/l Sw(t (t,x(1)) dr

Ls2n - 2s)— %
> 38 )5(1—2&n

If x € K, then it follows from (Hg) that

(Tx)(¢) = / / H;(¢,s)H(s, t)w(t)f(r x(f) dr ds + ZHI’S(t tk)Ik(tk,x(tk))

k=1

/ / yye(t T,%(t)) dr ds + ﬁ ;Ik(tk,x(tk))

//ylyer)a)(t )—dtds+ T 2D1

=d.
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Finally, we assert that if x € K(8,4,¢) and || Tx|| > b, then B(T%x) > a.
Suppose x € K(8,a,c) and | Tx| > b, then it follows from (2.18), (2.20), and (2.23) that

B(Tx) = Itléi]n(Tx)(t)

= min |:/01 /OlHl(t, S)H (s, r)a)(r)f(r,x(r)) drds+ ZH{S(t, tk)Ik(tk,x(tk))i|

te
/s P}

1 1
28/0 ./o e(s)H(s, )o(v)f (v, (7)) dt ds

1
1-

m
+min 7 H (8 61 = ) 7 Ik (b 1(20)
8
k=1

m

1 rl
=2 [ [ neHE Dty (e ) deds by Y- (o x60)

k=1

) $ 1 1 m 1
> mln{ ;, 81} |:/0 /0 ye(s)H (s, t)a)(t)f(t,x(t)) dr ds +k2=1: :Ik(tk,x(tk))j|

=6" || Tx|

> a.

To sum up, the hypotheses of Lemma 2.5 hold. Therefore, an application of Lemma 2.5
implies problem (1.1) has at least three positive solutions x1, x5, and x3 such that

[l%1]] < d, a<pBxy), and w3>d with B(x3)<a. O
The following theorem deals with the case p = co.

Corollary 3.1 Assume that (H;)-(Hsg) hold. Then problem (1.1) has at least three positive
solutions x1, x5, and x3 such that

lloer || < d, a<Bxy), and x3>d with B(x3) <a.

Proof Let |le|l1||w]l« replace |le]|,llw]l; and repeat the argument above. O

Finally we consider the case of p = 1. Let

(Hy) f< 5, I°() < g, k=1,2,...,m;
(Ho) f(t,x) < 5%, I(t,x) < 55 (k=1,2,...,m) for (t,x) €] x [0,d],

where
D' =yylolh.

Corollary 3.2 Assume that (H;)-(Hs), (Hs)', (Hs), and (Hg)' hold. Then problem (1.1) has
at least three positive solutions xi, x,, and x3 such that

[l%1]] < d, a< Bxy), and x3>d with B(x3)<a.
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Proof Set

¢ > max 207 2D a
1-2D'¢"’ 1-2Do;’ 8%’

where 0 <o’ < Then, for x € K, it follows from (2.19), (2.22), and (3.1) that

2D’

(Tx)(¢) = / / Hi(t,s)H(s, T)w(T )f(‘L' x(t )) drds+ ZHIS (t, tk)lk(tk, (tk))

k=1
1 1 1 "
S/O /0 nye(®w(@)f (v, x(t)) dv ds + m;lk(tk’x(tk))

1 1
5/ / nye(T)o(t)(ox +n) drds+
0 0

/ / nyeo(@) (ol +n)deds + —— > (orlxl + m)

k=1

Z(mx +m)

1
ot [P o s
i

1

< yiy(oc +m)lol+ (o +m1)

<—+—-=C,
2 2

which shows that Tx € K.
Hence, we have shown that if (H,)’ holds, then T maps K, into K.
If x € Ky, then it follows from (Hs)' that

(Tx)(¢) / / Hi(t,8)H(s, T)o(t )f(r x(t)) dr ds + ZHIS (¢, tk)Ik(tk, (tk))

k=1
—dtd
/ / nye(t)w r) vds+ 2D1
d [! 1 « d
<y [ otdes s
2D J, 1-v £ 2D,
=d.
Similar to the proof of Theorem 3.1, one can find the results of Corollary 3.2. O

We remark that the condition (Hs) in Theorem 3.1 can be replaced by the following
condition:

(H )”f0 < 2D,I”l(k)_ S —,k=1,2,...,m, where

Ii(t x)

fx

f0 = max{max X € [O,d]}, Ig(k) = max{rrtla]x e [o, d]}

(Ho)" f° < 55, I°(K) < 55, k= 1,2,.
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Corollary 3.3 If the condition (Hg) in Theorem 3.1 is replaced by (Hg)" or (Hg)"”, respec-
tively, then the conclusion of Theorem 3.1 also holds.

Proof It follows from the proof of Theorem 3.1 that Corollary 3.3 holds. g

Remark 3.1 Comparing with Zhang and Ge [45], the main features of this paper are as
follows.
(i) Triple positive solutions are available.
(i) I #0 (k=1,2,...,m) is considered.
(ili) w(t) is L?-integrable, not only w(t) € C(0,1) for t €.

4 Example

To illustrate how our main results can be used in practice, we present an example.

Example 4.1 Let§ = %, m=1,14 = %, p = 1. It follows from p =1 that g = co. Consider the

following boundary value problem:

*W(1) = w@)f (5, x(£)), 0<t<lt#3,
Axl,_y =h(5,(3)),

Ax|,_y =0, (4.1)

©(0) = [, g&)x(9)ds,  ¥(1)=0,
x"(0) = [1 h(s)x"(s)ds,  «"(1) =0,

where w(t) = 2t + 3 € L'[0,1], g(¢) = h(t) = ¢, Li(t,x) = 55,
4 te],xc[0,d]
18’ ) ) )
) = % X %+64a%, te/,xeld,al,
64a, te],x€la, 5,

64a+t,/x—5%, te],xe[s%,oo).

Thus it is easy to see by calculating that w(¢) > n =3 for a.e. t € J, and

! 1 ! 1
= h(t)dt = —, = t)dt = —,
w [ moae=5, v [Cetde-
-, R -
V—I_M— ) )/1—1_1)— ) 1—4’ =5
Therefore, it follows from the definitions w, f, 1, g, and & that (H;)-(H3) hold.
On the other hand, it follows from w(t) = 2¢ + 3 and e(¢) = ¢ that

1 1 % 1 %
[lwollz :/ (2t +3) dt = 4, llelly = llelloo = lim </ tth) = lim (—) =1
0 9=\ Jo g\ g +1

Thus, we have

D=ynlolhleleo =16,  Di= =2, P Pl
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Choosing 0 < d < a < 8a < ¢, we have

1 1
4 2D,

1 1 1
<

©_0c—=—, I®°0)=-
Jm=0<5%=%p =3

3a 13
f(t,x)=64ﬂ>32ﬂ= m, V(t,x)e [Z’ Z} X [ﬂ,Sa],

d d d d d
o Il(t)x) S—o< == V(t,x) G] X [O,d],

ty = i
¥ = 5<%~ 54 2D

which shows that (H4)-(Hg) hold.
By Corollary 3.2, problem (4.1) has at least three positive solutions x;, x, and x3 such
that

[l1]] < d, a<fB(x), and x3>d with 8(x3)<a.

Remark 4.1 In Example 4.1, we consider the norm of L*°[0,1], which is different from
that used in [28, 31, 36, 45].
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