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1 Introduction
For some animal species, different groups may live in different habitats separated by free
boundaries (see [1]). For the case of one-species and one-dimensional, Kim and Lin [1]
proposed a model to describe the evolution of the free boundary. In this paper, we consider
the one-dimensional ecological models with N-species where the mankind?s influence is
taken into account. Assume that there are N species sharing the same habitat, the one-
dimensional domain (0, d). For some 1 < n < N, assume further that each of the # species
is divided into two groups, whereas each of the rest of N — n species has a single group.
To describe the free boundary problem, we introduce some notations:
Qr :=(0,d) x (0, T] is the open rectangle (and upper horizontal line).
Qr is the entire closed rectangle.
St is made up of the closed left and right boundaries of Q7.
FIT :={(x,1):x = ¢!(t),0 < t < T} is the free boundary for species [, [ € {1,...,n}.
QIT’ ={(x1):0<x <@ (t),0<t<T}, QITJr i={(x, 1) : 0'(t) <x <d,0 <t < T} are the
subdomains of Qr separated by rt, lefl,..., n.
Qur:={(x8) : "1 (t) <x < 9*(£),0 < t < T} is the region between consecutive
boundaries, k € {1,...,7 + 1}, where ¢°(t) =0, " (t) =d for 0 <t < T.
Let u! = u!(x,t) be the population density of the /th species. For any [ € {1,...,n}, the
diffusion coefficients of the /th species in Q, Q% are positive constants ' and @', respec-

tively. For any / € {n + 1,...,N}, the diffusion coefficient of the /th species in the whole
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domain Q7 is positive constant a’. Then Fick?s law shows that the flux of the population
density can be represented as

v (W eQp)i=1...n,
Jh=3-dul (1) eQ)l=1,..,n
L ((x,t)€Qr)l=n+1,...,N.

Assume that for each [ € {1,...,N}, harvesting rate or stocking rate for the /th species
depends on its density and flux. Using the principle of conservation, we conclude that the
vector functions u = (i!,..., ") and @ = (¢, ..., ¢") are governed by quasilinear reaction-

diffusion equations

fdt, + Bl + Gl tw)  ((nt) e @),

u, = ~ I=1,...,n, 1.1a
! Zzlufm + bl(ul)ufc +Glx,t,u) ((xt) € QIT*), (L1a)

ui = alufm + bl(ul)ui +Gl(x,t,u) ((x, t) e QT),l =n+1,...,N, (1.1b)
where bi(u)u, b ()il (i=1,...,n) and B ()i, (j=n+1,...,N) represent the mankind?s
influence, and G'(x,t,u) (I = 1,...,N) are the reaction functions defined by (see the exam-
ple in Section 5)

Gt =gi(u) ((xt)eQurk=1...,n+1).
Here and below,

ub:=dul1dt,  ul=09u'lox,  ul,:=8%u'fox’.
On the parabolic boundary, u is required to satisfy the condition

u =ylxt) ((x,t)€SruU([0,d] x {0})),l=1,...,N. 1.2)
For each / € {1,...,n}, on the free boundary FIT, assume that the density and the flux are
continuous (see [1]). By the conservation law of population, the rate of increase of popula-
tion wf(t)ul‘(wl(t), t) is equal to the flux —&lui‘(gol(t), t), where u/~(¢'(t), ) and u!* (¢!(t), 1)

represent the limits of z! from left and right for the space variable, respectively. Then u
and ¢ are required to satisfy the free boundary conditions

U= (@h(t), £) = u* (p'(2), 1),
X N (1.3)
aul- (@' (0), 1) = @l (9!(t), 1) (t€[0,T)),I=1,...,n,

0'0)=d', ol (gz)l(t), t) = —a'ut ((pl(t), t) (t e [0, T]),l =1,...,n (1.4)

Condition (1.4) is used to describe the rates of change of the free boundaries.

The motivation to deal with problem (1.1a)-(1.4) are some real processes. For example,
consider 4-species system with two predators and two preys, where two predator species
comprise two groups of wolves and two groups of lions, two prey species comprise a herd
of sheep and a herd of horses, and four species share the same habitat. In each of predator
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species, the two groups live in different habitats separated by a free boundary and have
different diffusion coefficients and biological habits. Then this ecological system can be
described by problem (1.1a)-(1.4).

The aim of this paper is to investigate: (i) the global existence and uniqueness of the
solutions for diffraction problem (1.1a)-(1.3); (ii) the local existence of the solutions for
problem (1.1a)-(1.4).

The free boundary problems often appear in different fields, such as physics, ecology
and chemistry. They have been investigated extensively in the literature (see [1-13] and
the references therein). For the free boundary problems of single equations, the linear
problems describing the flow of fluids in a one-dimensional porous medium were studied
by Kamynin [2] and Evans and Friedman [3-5], and the quasilinear problem was studied
by Liang [6]. The work in [1] is concerned with the other quasilinear problem describing
ecological model with one-species. For the free boundary problems of parabolic systems,
Mimura et al. [7], Ling et al. [8] and Lin [9] investigated the problems arising from two-
species models in ecology, where the number of the free boundaries is one and the condi-
tions on the free boundary are Stefan conditions. In this paper, there are # free boundaries
in problem (1.1a)-(1.4) and the vector functions g;(u) := (gl.l(u), ... ,gf\[(u)), i=1,...,n, are
mixed quasimonotone.

Since for any given ¢(t), problem (1.1a)-(1.3) is a diffraction problem, we must first in-
vestigate the corresponding diffraction problem. In the study of diffraction problem, I'},,
i=1,...,n, are called inner boundaries. The papers in [14-16] are concerned with the
diffraction problems of parabolic systems with the inner boundaries in the special form
{x:@(x) =0} x [0,T], k =1,...,K, where ¢(x) € C2**0. In this paper, by the approxi-
mation and estimate methods, we show the existence and uniqueness of the solutions
for diffraction problem (1.1a)-(1.3) with the inner boundaries in the form I'}. : x = ¢'(¢),
i=1,...,n, where ¢'(t) € W;(0, T).

The rest of this paper is organized as follows. In Section 2, we state the notations, defi-
nitions, hypotheses and main results. Section 3 is devoted to investigating the global ex-
istence and uniqueness of the solutions for the corresponding diffraction problem (1.1a)-
(1.3). Section 4 is concerned with the local existence of solutions for the free boundary
problem (1.1a)-(1.4) by Schauder?s fixed point theorem. Finally, in Section5 we give an

example.

2 The notations, hypotheses and main results

Fist, let us define some basic function spaces (see [17])

W, (D)= {v(x):v,v, € L7(D)} (p=1),
W,°(Qr) := {ulx, 8) 1 u,u, € L*(Qr)},

Wy (Qr) = {ulx, ) e, uy € L*(Qr)}5

equipped with the norms

IVl o) = Vlle @) + 1velle o),

1l y20r) = Il z2(gy) + el 2y
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lullyin gy = Nl 2@ + Nxll 20y + el 20p)s

respectively, where D C R is an arbitrary interval.

V2(Qr) is the Banach space consisting of all elements of Wzl’O(QT) having a finite norm

IVllvaQr) = esssup VIl 20,4) + Vel 2(0p)-
0<t<T

VZI'O(QT) is the Banach space consisting of all elements of V5(Qr) that are continuous in ¢
in the norm of L2(0, d) with a finite norm

||V||V2L0(QT) = max IVllz20,0) + IVallz2(Qp)-

VOVZM(QT) is the set of all functions in Wzl‘l(QT) that vanish on S7 in the sense of trace. We
write H'(0,d) := W3 (0, d).

C*(Qr) is the spaces of Holder continuous functions in Q7 with exponent o € (0,1).

The product function spaces with N-components of WZI’I(QT), Vo2(Q7), Vzl’O(QT) and
C*(Qr) are denoted by Wi (Q7), Va(Qr), Va°(Qr) and C*(Qr), respectively, and the
product function spaces with n-components of W;(O, T), L(0,T) and C%([0, T]) are de-
noted by W},(O, T),17(0, T) and C*([0, T), respectively. We note that the norm of ¢(t) in
L#([0, T]) is defined by

||t
”‘p”Lp([O,T]) = ”(P ”L!’([O,T]) +eeet Hwn HL”([O,T])’
Let us recall the following definition. Write the vector u in the split form

u= (i, [u] 4, [u],0),

and rewrite the functions f* as

flatw) =f (%t [l 0, [u],), [=1,...,N,

! are two nonnegative integers such that p’ + w/ = N — 1 and [u], denotes a

where pl , W
vector with o number of component of u. The split form of u varies with respect to / and

is determined by the quasimonotone property of f* given as follows.

Definition 2.1 (see [16]) The vector function f(-,u) := (f'(-,u),...,fN(-,u)) is said to be
mixed quasimonotone in J C RN with index vector ([u] ol -3 [ul,n) if for each I =
1,...,N, there exist nonnegative integers o', o/, satisfying the relation

pl+wl:N—1,

such that f!(-, #/, [u] o> [a],0) is nondecreasing in [u],/ and is nonincreasing in [u] ,; for all

ue J.

Q

Throughout the paper we make the following hypotheses:
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(H)
(i) d',i=1,...,n, are constants satisfying the relation 0 < d' < --- <d" < d. ¥'(x, 1),
l=1,...,N, are all positive functions, and they possess the following properties: for
some constants ag € (0,1) and xo € (0, min{d", d — d"}),

¥l (% 8) € C*([=x0,d + X0l x [0, T1) N Wy ((=x0,d + x0) x (0, T)),

¥ (x,1) € C**([=x0, x0] X [0, T1) N C**°([d - xo,d + xo] x [0, T1),
[=1,...,N,

¥'(x,0) € H'(0,d) N C***([0,d']) nC***([d',d]), i=1,....n,

¥(x,0) € C**([0,d]), j=n+1,...,N,
and
ayi(d,0) =aly*(d,0), i=1,..,n

(ii) There exist constant vectors M := (M?,...,MN)and m := (m',...,m"N), 0 < m < M,
such that for each /= 1,...,N,

g, M), [m],) <0,
g(m',[m] 1, [M],) >0, k=1,...,n+1, (2.1)
mt < Ylx,t) <M ((x,t) € ST U{Q x {0}}),

where the component [u] ; is independent of k. Let
= {ueC(QT):mfufM}.
The vector functions gi(u) = (g} (w),...,g~ (), k =1,...,7 + 1, are mixed
quasimonotone in . with the same index vector ([u] ,1;...; [u] ).
(iii) B (), b (u), ¥ (/) € CH*O(R), i = 1,...,mj=n+1,...,N,and g,l((u) e Ch (),
k=1,...,n+1,1=1,...,N. There exists a positive nondecreasing function p(6) for

0 € [0, +00) such that

b (), b ()| < (i), i=1,...,n,

(1) j ; (2.2)
V()| < u(lw]), j=n+1,...,N.
Hypothesis (H)(i) implies that there exists a positive constant u; such that
1968 ceo iy * 19/ @D [y + 1916 0 00
+ H ‘/fai(x’o)”cqo,so]) + H walc(x’ 0) ”C([d—ao,d]) + HWW ) HCIWO([O,XO]X[O,T])
+ ||wl(x, t) ||Cl+a0([d—)(0,d]><[0,T]) < M1, l: 1,,,,,N, (2.3)

.....

antee the existence of the coupled weak upper and lower solutions for the approximation
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problem of (1.1a)-(1.3). (H)(iii) shows that on Q7 the coefficients of the equations are al-
lowed to be discontinuous, but on Qi r the reaction functions are required to be indepen-
dent of (x, ) and have Holder continuous derivatives with respect to u, and on Q; and Q%
the remaining coefficients of the /th equation are also required to be independent of (x, £)
and have Holder continuous derivatives with respect to u.

For convenience, let

&l ((xtt)tef)1l=1)"'1n)
Al ty:={a (ko) eQh)i=1,..,n
ad (xt)eQr)l=n+1,...,N,

and

bl (x0)eQh)l=1,...,n,
Bl(x, t, ul) ={ b)) (%0 e QIT*),I =1,...,n,
V) ((xt)eQr)l=n+1,...,N.

Definition 2.2 Fora given ¢(f) € W (0, T), a vector function u(x, £) is said to be a solution
of diffraction problem (1.1a)-(1.3) corresponding to ¢(¢) if (i) For each [ =1,...,N, u' €
C2(Qr) for some 0 <« < 1, u! € V,°(Qr), Al(x, t)ul. € Va(Qr), ul € L*(Qr), and u! €
C*1+2(Q)) for any given k € {1,...,#n + 1} and any given subdomain Q, Q' C Q. 1; (ii) u
satisfies pointwise the equations in (1.1a) and (1.1b) for (x,¢) € Qxr (k=1,...,n + 1) and
the parabolic boundary condition (1.2), and satisfies the inner boundary condition (1.3)
for almost all ¢ € [0, T]; (iii) For any vector function 5 = (n,...,nN) € V%’I(QT) and any
7 € [0, T, the following equalities hold:

d
/ uln dx
0

=0, [=1,...,N. (2.4)

T
0

+ // {—ulni + Al tyulnl - [Bl(x, t,u)ul + G(x, t, u)]nl} dxdz
L..,N

Definition 2.3 {u(x,t),¢(f)} is said to be a solution of problem (1.1a)-(1.4) if (i) u is a
solution of diffraction problem (1.1a)-(1.3) corresponding to ¢ (2); (ii) ¢(¢) is in C**%((0, T]),
and (1.4) holds for ¢ € (0, T].

Throughout the paper, oy, a3, C(---) and Ci(- - -) (j =1,2,...) denote constants depend-
ing only on T, d, &, 1/m’, M’ (i = 1,...,n), u(|M]), w1, and the quantities appearing in
parentheses. Constant C in different expressions may be different.

The main results in this paper are the following theorems.

Theorem 2.1 Let hypothesis (H) be satisfied.
(i) If ¢ is in W(0, T) and satisfies

i=1,..,n+1

9(0)=(d",....d"), min tér[l()ir%]{wi(t) -7 ()} =86>0 (2.5)

forsome § > 0, then the corresponding diffraction problem (1.1a)-(1.3) has a unique solution
u in .. Moreover, the following estimates hold:

“”l“C“b%/Z(QT) =G (O<a<l), (2.6)
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|l V10 (gp = C2(110), 2.7)
eossstssujP||”§c||L2(o,d) + ”ui”LQ(QT) + ” (A, t)”fc)x ”LZ(QT)

< C3(18, l@llz01))s (2.8)
|42 ey = Ca(1i8,ll@ll20m), =10, N. (2.9)

(i) If @1, @, are in W3(0, T) and satisfy (2.5), and if w;, u, are the solutions in . corre-
sponding to ¢, and @,, respectively, then

I 12

[ =431 g,y = Cllor = @220 (2.10)
l 12

”"‘1 — U, ||Loc,4(QT) <Clo; - @slli20r) (=1...,N. (2.11)

(iii) If @ is in C2((0, T]) and w is the solution in ., then for any given t, € (0, T) and any
givenl e {l,...,n}, ul(x,t) and ul(x,t) are continuous with respect to x in [¢'(t) — §/4, ¢ (¢)]
and in [¢!(t), o' () + 8/4] for almost all t € [t,, T], and uit is square integrable in Q'(8,t1),
where Q(8,81) := {(x, ) : x € (¢'(£) — 8/4, ' (t) + §/4),t € (1, T)}.

Theorem 2.2 Let hypothesis (H) hold. Then there exist T > 0 and a pair of vector functions
u(x, t), @(t), such that {u(x, t), (t)} is a solution to free boundary problem (1.1a)-(1.4).

3 The corresponding diffraction problem
Let ¢(t) be given and let (2.5) hold for some § > 0. The aim of this section is to prove
Theorem 2.1.

3.1 An approximation problem
We will construct an approximation problem of (1.1a)-(1.3). We first construct some ap-
proximation functions.

For an arbitrary ¢ > 0, choose @, = (¢L(¢),...,¢”(t)) € C*([0, T]) such that ¢,(t) — ¢(t)
in Wé(O, T) as € — 0. Then, for small enough ¢,

”‘Pg”wé(oj) =< ||‘P”W§(O,T) +1. (3.1)

Let s, = s.(0) be a smooth function with values between 0 and 1 such that |ds,(9)/d6| <
Cle forall® e R, s.(0) =1for 6 <0 ands.(6) =0 for 6 > ¢, and let

[T —9i(®) (xt)eQr) k=1,
Ze,k(xx t) = ngl [1 - Ss(x - 90;9 (t))] ((xx t) € QT); k=n+ 1;
[T s =X O [T - sex -0 ()] (%8) € Qr)k=2,...,m.

Define

alse(x— @l () + a1 -s:(x - @l (®)]  ((x,8) € Qr)l=1,...,m,

Ai(x,t) =1
a (xt)eQr)l=n+1,...,N,

B (h)s: (x — L (2)) + B ()1 = s.(x — 9 (£))]
Bi (x, t, ul) = ((x,t) e Qr),l=1,...,n, (3.3)
V@) (xt) eQr)i=n+1,...,N,



Tan Boundary Value Problems (2015) 2015:4 Page 8 of 24

and

n+l

Gl tu) =Y g(Wzek(x,t) (%) €Qr),l=1,...,N.

k=1

Then according to hypothesis (H)(ii) and (iii), it follows that the vector function G.(-,u) =
(Gi(-u),...,GN(-,w)) is mixed quasimonotone in . with index vector ([u] i;...; [u] ),
and

Al(x,t) € CY*0(Qr),  Bl(xt,u) e C**(Qr x R),

_ (3.4)
G, (xt,u) € C"(Qr x %),
v<Alwt)<C,  Bi(xtu) < p(ld]), (35)
Gl t,w)| <C () eQrue.?), [=1,..,N, (3.6)
where v :=min;_;_j-p1,.., ~nl@',a',a/}. The definition of function s,(9) implies that
~1l _ t 0),
Ay =17, Fre0=0 (37)
a (x—gy(t) > e),
P, ol
Bl (xtu) = {’l(”[) (e wj(t) =0 y_in (3.8)
b'w') (x—g.(t) >e),
In addition, it is obvious from (2.5) that
k -
U or =T ={@ 1) :x—¢"6) <0} N Qr, (3.9)

where Qr, Q,,r are the closure of Q7 and Q,,r, respectively. Thus by (3.9) and the defini-
tion of functions z. x(x,£), an argument similar to the one used in [16, Lemma 3.2] shows
that

n+l

Yzt =1 (1) eQr),

and
g ifx-gl) <0,
%Jwim—%m>a
! if x — k1 k
Gi(x, fu) = g () ifx <p (t) > eandx - (£) <0 (3.10)

for some k € {2,...,n},

g (Wse(x — 9571(1) + gL (W) [1 - 5. (x — 951 (2))]
if 0 <x — p*7L(t) < & for some k € {2,...,n}.

We next construct the approximation functions of ¥(x,t). Let w(|x|) be a sufficiently
smooth nonnegative function such that w(|x|) = 0 for |x| > 1 and flxlsl w(x)dx = 1, and
let A = A(x) be a sufficiently smooth nonnegative function taking values in [0, 1] such that
AMx)=0ford <x<d-6,Alx)=1forx <é/20orx>d—-35/2,and A.(x) < C/8 forallx € R.
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Define
w£=w£(x,t):=f ‘ o(lx =) (1-20)) ¥ @0 dy + Ax) ¥ (x,8), 1=1,...,N.
x—y|<e

Then hypothesis (H)(i) and [17, Chapter II] imply that

ng(x, t) € CaO(QT) n W2L1(QT): I/J‘El(x,O) € C2+a0([0:d])r (3 11)
vl(0,1),yl(d,t) e C**([0,T]), [=1,...,N, ’
and
Iﬂsl(x, t) — I//‘l(x, ) in C*(Qr)and in WZI’I(QT),
¥l(x,0) — ¥'(x,0) in H(0,d),
and (2.1) and (2.3) imply that
m' <yl ) <M ((x1) € SrU{Qx {0}}), (3.12)
[0 oo i) < 11+ 1, (3.13)
w0 wilop * I wé(x’o)”Hl(O,d) + [ O)HC([o,ao])
+ 95 0) | camsyay < CA/S) 1=1,..,N. (3.14)
In addition, for € < §/8,
Yl t) =y t) (1) e {[0,6/4]U[d - 8/41} x [0,T1). (3.15)

Employing the above approximation functions, we consider the following approxima-
tion problem:

I _ gl 3 (3.16)
u' =vyi(xt) ((xt)eSrU([0,d] x {0}),l=1,...,N.

&

{ug —(AL(x, Dul), = BL(x, £, ul)uil + GL(x, ,u)  ((x,) € Qr),

Lemma 3.1 Problem (3.16) has a unique classical solution u, in ., and the following es-

timates hold:
”ui ”cﬂzﬂz/Z(QT) <C (a2 € (0, 1)): (3.17)
”uﬁ I VIO = C(1/s), (3.18)
|ul(0,8)] + |ul(d, )| < C(1/8) (te(0,T)), (3.19)

r[g‘%’]‘||"‘ix||L2(o,d) + “ ufet”LZ(QT) + H (Ai(x, t)“f?x)xHLZ(QT) < C(U/8, 19.llL20,m)> (3.20)

!
|tes]l s gy = CUS, N0NI201)),  1=1,...,N, (3.21)
where constants ay and C are independent of €.

Proof In [15], by using the method of upper and lower solutions, together with the as-
sociated monotone iterations and various estimates, we investigated the existence and
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uniqueness of the global piecewise classical solutions of the quasilinear parabolic system
with discontinuous coefficients and continuous delays under various conditions includ-
ing mixed quasimonotone property of reaction functions. The same problem was also
discussed for the system with continuous coefficients without time-delay.

It is obvious that problem (3.16) is the special case of [15, problem (1.1)] without discon-
tinuous coefficients and time delays. Hypothesis (H)(ii) shows that @ = M, @ = m are the
coupled weak upper and lower solutions of (3.16) in the sense of [15, Definition 2.2]. By
(3.4)-(3.6) and (3.11)-(3.14), we conclude from [15, Theorem 4.1] that problem (3.16) has
a unique classical solution u, in .#. Furthermore, using (3.1), (3.5), (3.6) and (3.12)-(3.14),
the proof similar to that of [16, Lemma 3.3] shows that estimates (3.17) and (3.18) hold.

To prove (3.19), we first fix [ € {1,..., n}. In view of (3.7), (3.8), (3.10) and (3.15), we find
that u! is the solution of the following problems for single equation:

ul, — @), = B by + gl [ 0, [w],)  ((x8) € (0,8/4) x (0, T1), (322)
ué:xﬁl(x,t) x=0,0<t<Tor0<x<8/4,t=0), '

and
ul, — (@ul, )y = b (ul)ul, + gl (ul, [, (] )
((x,t) € (d—8/4,d) x (0,T]), (3.23)

ui:wl(x,t) (x=d,0<t<Tord-8/4<x<d,t=0).

By (3.22), (3.23), (3.12) and (3.14), the proof similar to that of [17, Chapter VI, Lemma 3.1]
gives (3.19) for [ € {1,...,n}. The similar argument shows that (3.19) holds for [ € {n +
1,...,N}.
We next prove (3.20). For any fixed [ € {1,...,n}, let
y=x- (pé(t), ¢ =t (denoted by ¢ still),
and let

a0, 0) = u, (y + 92.(0), 2).

By a direct computation we have

qy(y; t) = uix(xr t)r qt(y, t) = %1()/, t)@ét + ulgt;
qy(d - ¢£~ (t)r t) = uéx(d: t)) Qy(—%{ (t)r t) = uéx(or t)r

l I ! l (3.24)
qt(d - ‘ps(t)’ t) = ugx(d’ t)(pg[ + wgg(d’ t)r
%(—fﬂé(t); t) = uéx(oy t)‘ﬂé; + wét(o, t)'
Then (3.16), (3.2), (3.3) and (3.10) imply that the function g = g(y, t) satisfies
qr - {[@'s:(y) + @ (1= s. )]y }y — a9,
=BL(y + ¢L(6),t,q)qy + GL(y + 0L(1), t,us (y + ¢L(£),1))  ((9,2) € E}), (3.25)

q(_(pé(t)x t) = ‘ﬁé (01 t): q(d - §0£ (t)r t) = I/fé (d’ t) (t € [O’ T])’
4(,0) = YLy + ¢1(0),0) (v € [-¢L(0),d - ¢ (0)]),

where EZT ={(y,0): —<p£(t) <y< d—(pé(t),() <t<T}.
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A double integration by parts gives

— /‘/;l {[21158(37) + Ell(l - Ss(y))]qy}yqt dydt

d-gL(®)

-5 [, @0 da-sonar o]
—pe(t -
T —d— é
+/'m%4w+é%1—&@nﬂ—%qr+%@A%Vﬂy e (3.26)
0 y=—¢e

Thus multiplying the equation in (3.25) by g;, integrating it on E. and using (3.5), (3.6),
(3.24) and (3.26), we find that

d-¢k(7)
1 /_ [a%s. ) + @ (1-5:0))] (2,0, 7)) dy + / fE (@) dyde

2 J gk
d 2
< C/ (1//}6(96,0)) dx + C//z (|<pét| + 1)(|qy| +1)|qt|dxdt
0 E

+C£{W@QNW@@@@Aﬂﬂﬂ+mgimw&mﬁ¢Aw%ﬂ
+ |0l | [(,00,0)° + (. (d, )]} d.

Furthermore, by (3.12)-(3.14), (3.19) and Cauchy?s inequality, we deduce that for anyo > 0,

1 d—wé(r) ) )
E”/ (2,3, 7)) dy+//l (qe)* dyds
— E.

oL (1)

<o .//Eé (q.)* dydt + C(U)//Eé [1 + (qy)z][l + ((pé,)z] dydt + C(I/S, ||¢t||Lz(0yT)).

Choosing o = v/4, we get

/_dl—wé(r)(qy(y,t))z dy + //Eé(qt)z dyd

¢e (1)

T d-gL(®)
f/{ﬁ+@ﬁﬂf, (%@ﬂf@}a+au&wmwMﬂ (3.27)
0 —

@z (£)
Consequently,

d-¢k(r)

e )] [, @0o)’

—¢e (1)

d—gk(t)

<[1+ (wit(f))z]for{[l‘r (‘Pif]/ ,

—@e ()

(2,0,1) dy} dt
+ [1+ (00)"JCW5, l@idhzom)-

This, together with Gronwall?s inequality (see 17, Chapter II, Lemma 5.5]), implies that

//Ez [1 + (9”£t)2][1 + (%)2] dydt < C(1/6, ||¢t||L2(0,T>)~
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Hence we deduce from (3.25), (3.27), (3.5) and (3.6) that

d- ‘ﬂE
max f (g))*dy + // (g +[((a Ise(y)+a'(1- sg(y)))qy)y]z} dyde
0<t<T —gl (t
< C(1/8, lgcllizo,m),

which, together with (3.24), yields (3.20) for [ € {1,...,n}.
For any fixed / € {n +1,..., N}, we consider the equality

/f ~ (Al tu lx) - B (x,t,ul)ul, — GL(x, t,u,) }ul, dxdt = 0.

A similar argument gives (3.20) for [ € {n + 1,...,N}. Therefore, (3.20) holds for all / €
{1,...,N}.

It remains to prove (3.21). For each [ € {1,...,N}, since Aé(x, t)uéx is in V5(Qr), then
(3.20) and [17, Chapter 2, formula (3.8)] show that

V[t soaopy = 1400 Dy sy
= ” (A €2 t)uex) ”L2 (Qr) + oil:ET“Aé(x’ t)ulsx”Lz(O,d)
< C(1/8,1l9:l200,1)-
Thus (3.21) holds. O

Lemma 3.2 Let u,, (x,1), e, (x,t) be the solutions in ./ for problem (3.16) corresponding
to @, (¢) and @, (t), respectively. Then

e = s 3100,y = C(US I19cli20.m) B0, (3.28)

N
where I := Y Wl (x,0) - ¥l (=, 0)|If{1(0,d) +9s — @, llL20,1) + €1 + €2

Proof Letw = (wl,...,wN) =u,, —u,,, and let [ € {1,...,N} be fixed. We see from (3.16)
that

= AL 00) = AL G Ol )+ (AL, (0wl
I !
+ [BL (x, £, ul )um B! (x,t,ul,)ul ] (3.29)
+[GL (%, t,u,) - G! (x,t,usz)] ((x,8) € Qr),
=y t) -yl (1) (1) e SrU((0,d] x {0}).

In view of (3.15), we find w/(0,¢) = w/(d,t) = 0. Multiplying the equation in (3.29) by w/
and integrating by parts on Q;, we deduce that, for any 7 € [0, T],

1 d t=1
5/ (wl)de o7 // Aiz(x, t)(wi)2 dxdt

// Al (@, 7) Al , (% t)]uglxwx dxdt
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// Bl x,tu slx -B (x,tu Ju Szx]w dxdt
// G (x,t u,) Giz (x, 2, ugz)]wl dxdt
I iy
=iy, + L, + L. (3.30)
Let us estimate I}, I , and I} 5. Since (3.2), (3.3) and (3.10) imply that

[se, (x — 9L, (8)) = sy (x — @l (@' =), 1=1,....n,

Al x,t _Al x,t =
51( ) sz( ) {0, l=n+1,...,N,

—Bl (x,tu ) ! ’

szx

‘Bil (x, t, ul )

le

= 0, 6) =5 — o, (DD ) = B

+ 50, (0 — @l ()0l )il — B (udl )udd,, ]

+[1=se,(x— (pﬁz(t))][bl(u )uslx—bl(u )uszx]| I=1,...,n,
|[bl(uél)—bl(u ) +bl(u )(uslx gzx)l, l=n+1,...,N

&1x

dl!

n
= O llse (= 02, 0) =00 (5 = 01, )]Huelx|+CZ [/ 1dess] +

=1

and

Gil xtu,) - Giz (*,t,u,)

gi(u) - gi(u,,) if x < min(g} (£), ¢l (2)),
Ghn(ue) —gh, (ug,) i x> max (gl (£) + &1, 07, (£) + &2),
g,i(ugl) —g,l((usz) ifx < min(wfl(t), <p§2 (¢)) and
x > max(pf(2) + e1, 051 (8) + &) for k € {2,...,n},
Gil (x, t,ug) — Géz (%, t,u,,)
if min(gf (£), of () <x < max(e¥ (&) + &1, 0F, (£) + £2)  fork e{l,...,n},

then it follows from Cauchy?s inequality that, for anyo > 0,
Bozo [ i ddes cos (331
Qr

L,<o // [wy|? dxdt + C(o) // lwi2dxdt + Clz4 + Cls5 (3.32)
Qr Qr

and

n+l

I < Z// gt (u.,) - g (u.,)| W] dredt

ma F+8 F+s
+Z/ / X(pl 1L%ey 2|Gél(x,t,u51)_Giz(x7t'u52)|lwl|dxdt

min (ﬂal (ﬂaz

<C// [w] dxdt+CX:|||<,osl (p62|+81+82||L20t (3.33)

k=1
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where

n 2
La:=) / / [1 + Z(ui,x)z] [56 (% = @ () — 56 (x — L, (1) ] dxdlt,
I=1 4 j=1
N 2
L5 = Z /f |:1 + Z(ui}x)2i| (wl)2 dxdz.
I=1 T j=1

According to the definition of function s, (6), we see that s, (x — wél (2)) = 8¢, (x — (oéz )=0
if < min{gaél(t), (péz ()} or x> max{tpél(t) + &1, (péz(t) + &2}. Thus by (3.21) we have

., . ) 2 12
2
Ly < Z{/o (1 + Z”u«ls,x ||L°°(0,d)) dt}
I=1

Lj=1

! 4 2 1/2
—¢ _ o 2
x { /0 |:/0 (Ssl (x Pey (t)) Sey (x Pe, (t))) dxi| dt}

T max[(p£1+sl,(pé2+£2] 2 1/2
< (18, ll9llizi0,m) D {/ [/ ldx] dt}
0

o min{p, ¢k, )

n
< C(U8, I llrom) Y llleh, — ol + &1+ 1200y (3.34)
I=1

and

T 2 d
L5 < / |:(1 + Z ”us,'xllioc(o,d)) / lwl* dx:| dz. (3.35)
0 . 0
j=1

Summing equality (3.30) with respect to / from / =1 to [ = N, using (3.31)-(3.35) and
Minkowski?s inequality, and choosingo = v/8, we then conclude that

d T d
/ lez(x,r)dx+/ / [w,|? dxde
0 0 Jo
T 2 d
=< C(l/& ”‘pt”L2(0,T)) {/ |:<1 + Z ”ue/'x”ioom'd)> / |W|2 dx:| dt + 13,() }
0 0

j=1

This, together with Gronwall?s inequality, yields

T 2 ¢
0 j=1 °
T 2
< C(U8, 19, l20m) o exp{C / (1 £y ||u€,x||im<o,d>) dt}
0 -
j=1
T 2
X / (1 + Z ||u£jx||i°°(0,d)) dz.
0

j=1

Combining the two inequalities above and (3.21) leads us to estimate (3.28). O
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3.2 The solutions of the diffraction problem
Proof of Theorem 2.1 We divide the proof into three steps.

Step 1. We prove the global existence of the solutions. Let us discuss the behavior of the
solution u, associated with ¢, (¢) by Theorem 2.1 as ¢ — 0.
We first see from (3.16) that for any 7 € [0, 7] and any vector function n € Wzl'l(QT),

/ ndx

=0, [=1,...,N. (3.36)

// —ul Ny +Al (x, B)u ﬁxni — [Blg(x, t, uﬁ)uix + Gi(x, t, ug)]nl} dxdt

Furthermore, according to estimates (3.17), (3.20), (3.28) and the Arzela-Ascoli theorem,
we conclude that there exists a subsequence (we retain the same notation for it) {u.} such
that

u, —u inC(Qr), u,; —u, weaklyin L2(Qr),

u, —u in Vzl’o(QT).
Thus u is in C**1/2(Q7), u satisfies the parabolic condition (1.2), and estimates (2.6) and
(2.7) hold.

We next show that for each [ = 1,...,N, the sequences {Aé(x, t)uéx}, {Bi(x, t, ué)uix},
{G (x,t,u,)} converge in L>(Qr) to A’ (x, t)u Bl(x, ¢, ul)ufc and G(x, t, u), respectively. Since

mes{(x, t): min(gof;( ), @ (t)) <x< max(<p£(t) +8,0'(t) + s),O <t< T}

—0 ase—>0,i=1,...,n,
and
(uéx)2 = (ul, - ul + ufc)z <2(uf, - ui)2 + 2(ui)2,
then it follows from (2.2), (3.3) and Lebesgue dominated convergence theorem that

// [BL(x, 2, ul)u, — B (x,t,u')ul ]’ dxcds
Qr

ll)

T min (pg,¢°) R N
T b - by
0 0

N

max((pf3 +e,0l+¢)

max(gg +&,¢" +¢) 9
+/ [Bl(x,tu) —Bl(x,t u') i] dx}dt

min(g} ¢!)

<C// 1+|u dxdt+C// dxdt
Qr

max (ps +& (p +€) 9 9
+c/‘/ [ =16)" ¢ ()" + 1] s

min(e} )

—0 ase—0,le{l,...,n},
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and
f/ [Blg (%2, ui)uix -B (%2, ul)ui]2 dxdt
Qr
- / [b'(ul)ul,, — bl(ul)ufc]2 dxdt
Qr
< c// (i =) (1 + i) ded + c// (il — ) deds
Qr Qr

—0 ase—>0,/le{n+1,...,N},

and from (3.10) that

// [Gﬁ(x: Z, us) - Gl(x; t, u)]2 dxdt
Qr

n+l

<Z// gi(u,) - )] dxdt

max{wg+ew +e} 9
+Z/ / Gl(x,t,us)—Gl(x,t,u)] dxdt

m{‘ﬂs

max (pg+s<p +s}
5(3// .-l dxdt+CZ/ / ldxdt
Qr n{gk ok}

—-0, lefl,...,N}.

The similar argument shows that |4’ (x, t)uix — Al(x, t)uille(QT) — 0 foreach/=1,...,N.

Based on the above arguments for sequences {Aé(x, t)ulgx}, {Bé (x, 2, ué)uéx}, {Gé (x, t,u,)}
and {u,}, by letting ¢ — 0, we conclude from (3.36) that (2.4) holds.

We also see from (3.20) that there exists a subsequence {u,’} (denoted by {u,} still) such
that for each [ =1,...,N, {(A.(x, t)uéx)x} converge weakly in L*(Qr) to @'(x, t). Recalling
that A (x, t)ul, — A(x, t)ul in L?(Qr), we deduce m; = (A(x, t)ul),. These, together with
(3.20), imply that u!, € L2(Q%}) N L*(QY) for each [ =1,...,n, ul, € L*(Qr) for each I =
n+1,...,N, Alx, t)ui € V5(Qr) for each [ =1,...,N, and (2.8) holds. Thus (2.4) implies
that u satisfies the equations in (1.1a) and (1.1b) for almost all (x,¢) € Qr and the inner
boundary condition (1.3) for almost all ¢ € [0, T] (see [17, Chapter 3, Section 13]). As we
have done in the derivation of (3.21), estimate (2.8) yields (2.9).

For fixed [ € {1,...,N} and k € {1,...,n + 1}, u’ satisfies the linear equation

up—aul, = b 0ul+ g6 t)  ((68) € Qur)s

where
a k<ll=1,...,n P(ul(x,t) k<li=1,...,n,
ad=1a k>il=1,...,n, Vx,t) = { b (x,0)) k>Ll=1,...,n,
ad l=n+1,...,N, b(ul(x,t) I=n+1,...,N,

and

&', 1) =g (ulx, 1)).

Page 16 of 24
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Then for any subdomains Q' and Q" satisfying Q C Q" and Q" C Qi 1, we have b'(x, 1),
g'(x,t) € C21/2(Q"). The parabolic regularity theory shows that u! € C*rl+/2((Y).
Hence u satisfies pointwise the equations in (1.1a) and (1.1b) for (x, £) € Q7. Consequently,
u is a solution in . of problem (1.1a)-(1.3) and estimates (2.6)-(2.9) hold.

Step 2. In what follows, we will show that the solution in . for problem (1.1a)-(1.3) is
unique and estimates (2.10) and (2.11) hold.

Let uy, u; be the solutions in . corresponding to ¢, and ¢,, respectively. Set w = u; —u,.
Thenw € W%’I(QT). We choose 5 =w in (2.4) to find

T( el
// uftwldxdt+/ {/ [alul w bl( )u Wl] dx
. o Lo

n+l

d
+/1 [a Mlex—bl( )ul w dx} Z/ / gk(ul)w dxdt
@;(6)

=0, i=12Il=1,...,n,

and

n+l

o1, 1 I
//r[uw+au w —b( u w dxdt—Z/ / i gk(u,wdxdt
=0, i=1,2,l=n+1,...,N.

For each/=1,...,N, by a subtraction of the above equations for i = 1,2, we conclude that

d T { R R
1/0 (Wl(x,'())2 dx+/0 {/Ow [&l(wi)z — (b ()il — B (udh )t ) W' e

2
' fwd[é’(wi)2 - (B () = B (1), 0] dx
+/<ﬂ2(i)[( 1) zl( l))uéxwldx} dr

n+l

Z/ {/ i gk (ug) — g,l((ug)]wldx

<ﬂ27 0] %) k)
+ (/ +/ )g,l((ul)wldx}dt, le{l,...,n},
PO ok

and

—/ w(x,f) dx+// bl(ul)ulx—bl(uz)uéx)wl]dx

n+l

Z/ {_/ g [gh(w1) — gt (wo) W dix

) oK)
+</ +/ )g,l((ul)wldx}dt, le{n+1,...,N}.
G ()



Tan Boundary Value Problems (2015) 2015:4 Page 18 of 24

Then

/ w(x, dx+// dxdt

= [ [+ e ) v

+C‘/ f ‘u2x||wl|dxdt

+C2[ / ‘wl|dxdt

<e// w2 dxdt+C(e)//[

+CZ/ ok (6) - k@) dt, 1=1,...,N.
k=10

n+l

Z/f g () — g (wo) |[w/| dwedt

:||w| dxdt

Setting € = 1/2 and summing the above inequalities with respect to / from /=1to [ = N,
we have

/ !w(x, ‘ dx+/ |w, |2 dx d¢

<c// [1+Z|u;x|2}lwl dxdt + Clley — @, ll1200,1)

§C/ |:<1+Z”u£,x”m°(od)/ |wl dx:|dt+C||<p1 @2 ll2200,7)-
0

j=1

Again by Gronwall?s inequality we deduce 2.10), which, together with [17, Chapter 2, for-

mula (3.8)], gives (2.11). Therefore the solution in .# for problem (1.1a)-(1.3) associated
with ¢(¢) is unique.

Step 3. For ¢ € C2((0, T]), we discuss the regularity of u.
For any fixed € {1,...,n}, let

y=x-¢(2), t' =t (denoted by ¢ still),
v(y,0) = ' (y + ¢ (8), 2).

Then v satisfies
vi=H,t,v)

_ v+ vywt L+ Dl (), +g,(u(y+<o (t),1)) ((x1) € (=5,0) x (0,T1),
a’vyy + vy<pt + bl(v)vy +gl+1 (u@ + @' (t),1)  ((x,t) €(0,8) x (0, T]),

v (0,8)=v*(0,2),  a'v,(0,6)=a'v}(0,8) (¢el0,T]).
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We will use the result of [18] to obtain the regularity of v. To do this, we need the estimate of
eSS Sup,, ;< f 52 (v;)* dy for any fixed t; € (0, T). Let & = £(y, ) be a smooth function with
values between 0 and 1 such that £ =0 for |y| > 8 or t < #/2,& =1for (y,t) € [-8/2,58/2] x
[ti, T] and |§,] + |&| < C(1/6,1/t1), and let

Vi = [v(x £+ At) - v(x, )]/ At.

For any small enough At, consider the equality f;lz f_’ss v = H(y, £, V)]V (€)* dxdt. By
employing the formula of integration by parts and [17, Chapter II, formula (4.7)], we get

1

) . 5
_ 2 _ )
0= ) /:5 (V(t)(y’f)é(y,f)) dy A/Z ‘/_S(V(t)) S%‘t dydt

T 0
+ f {/ [(&Z(Vy(t)g) + 24! Vy(t) égy) (( ) oWt ot + At)Vy(t))V(t)(f)Z
172

+((B'W) vy + B (vt + A0V (§) + (&1 ((y + 9 (1), 1)) v €)* ] dy

5

+ /(; [(le("y(t)f)2 + 2élVy(t)V(t)§Ey) + ((gog)(t)vy + @t + At)vy(t))v(t)(f)z

((b (V)) V}/ + b (V()/ t+ At))Vy(t) (t)(E)Z
 eha00+6'01))) 0 €] |

where vy = (v,)(y. Some tedious computation and Cauchy?s inequality yield

T 8
/ (Vy(t)éj)2 dy dt
)

/2 J—

5
l/ (V(t)()”f)g()/,f))zdy+vo

2
/ / (vy( t)é) dydt
/2

T )
‘Pl”cZ([mz,T])) /ﬁ/Z /-a [1+ )" + (o) + (V&) vy | dyde

al 2 2
C(||¢'] o i (x, t i(x, 1)) drdt.
(') 2 [, 00" i)

C(e,1/8,1/8,

We choose € = vy/4 and employ (2.8) to find

S P
/( 0 T)EG ) dy + /(wgf®w
-8 /2 J -8

T 8
i
¥ ||C2([O’T])){1+/tl/2 [S(V(z)S)ZVy dydt}

T 8
1
@ “C2([t1/2,T])){1+l/2 ||Vy||L°°(—5,5)/ (V(t)s)2 dydt}
" _

8

C(1/8,1/1,

< C(Us, 18,

As we have done in the derivation of (3.20), by Gronwall?s inequality we get

J 2
/(mMJEWﬂ)@+/
=5

/2

/ (vyé)* dydt < C(1/8,1/4, W ||C2([0 T]))
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Consequently,

§/2 T 8§12
/ (v)? dy+/ / (vy0)* dyde < C(1/8,1/ty, <pl||cz(m/2,ﬂ)).
- t J-

8/2 8/2

By [17, Chapter II, Lemma 4.11], this inequality implies that

812 T (812
ess sup/ (ve)*dy + /t / (vyt)2 dydt < C(I/S, 1/t | ¢ || C2([t1/2,T]))' (3.37)
_ L -

n=<t<T J-5§/2 812

Hence ul, € £2(Q%(8,11)). Using (3.37), hypothesis (H)(iii) and [18, Theorem 1.1], we de-
duce that v,(y, t) is continuous with respect to y in [-8/4,0] and in [0, §/4] for almost all
t € [f, T], and v; is continuous in [-8/4,8/4] x [t1, T]. Since ufc(x, ) =vy(x - o), t) and
ui(x, ) = v (x—¢'(t), t) - vy(x— o'(t), )¢ (t), then for almost all ¢ € [#, T], ufc(x, t)and ul(x, t)
are continuous with respect to x in [¢!(£) — 8/4, ¢'(t)] and in [/ (£), ' (£) + 8/4]. O

The following corollary follows directly from Theorem 2.1.

Corollary 3.3 Assume that ¢,,(t) € C*([0,T]), m =1,2,..., satisfy (2.5) and the sequence
{0,,(8)} converges in W1(0,T) to ¢(t). If w,, u are the solutions in . of (1.1a)-(1.3) cor-
responding to @, and @, respectively, then there exists a subsequence (we retain the same
notation for it) {u,,} such that

w, —u inC(Qr), W, —u, weakly in L*(Qr), u, —>u in Vé’O(QT).
4 The free boundary problem

The goal of this section is to prove the local existence of solutions for problem (1.1a)-(1.4).
In this section, let

2/3 1/9 nooap -12
To:mm{(ﬁ_o) ,[@(z,(é_o) ) ﬂ_.] }
4 80 4 i m'
B:={r(@) = (1 @),....,”" ) : [r@)] 0.y < 1}-

Then, for r(¢) € B, we have
T 1 2/3 || .0 2/3
/0 (0]t < T2 [P0 50, = T2 = S0/,
T . .
/ |F'@) - r ()| de <272 < 80/2, i=1,...,n.
0
Thus ¢(t) =d’ + fot rit)de, i=1,...,n, satisfy
T 3 r 3
dozd- [ Fr0lde= 10 d-gOzd-a'- [ [o]de=Ta @
0 0
and

T
(pi(t)—wi_l(t)zdi—di_l—/ |ri(t)—rf‘1(t)|dtz%°, i=2,...,n. (4.2)
0
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For r(¢) € B, define

au (9 e)t)  a"uy (p"(e).t)
ul(@'(e),t) T w(en(0), 1)

Gr)(t) = <— ) fora.e.t € [0, T],
where ¢(t) = d' + fot ri(t)dz (i=1,...,n) and u is the solution in .# of problem (1.1a)-(1.3)
associated with @(£) = (¢'(¢),..., 9" (2)).

Proof of Theorem 2.2 By a slight modification, we use the methods and the framework of
[3, 5] to prove Theorem 2.2. We only sketch the main steps and omit most of the detailed
proofs.

Step 1. We will show that G(B) C B.

Employing (4.1), (4.2), (2.9) and Holder?s inequality, we get

lo:lz0,m < l@:lz0n T < (6o/4)"°

and

n

19®® 0 = Y

i=1

n &i T i3 1/3
= Z o </0 ||”xHL°C(o,<pi(t>) dt)
i=1

n &z )
= Z i H Uy ||L0°'4(QT) T
i=1

1/9 noooAp
qug, (2 (% @
50 4 i1 mt

<1

a'u (¢'(t),t)
ui(pi(t),t)

L3(0,T)

Consequently, G(B) € B.

Step 2. By (2.11) and a slight modification of the proof of [3, Proposition 3.4], we can
prove that G : B — B is continuous and G(B) C B is precompact in L3(0, T).

Step 3. It follows from Schauder?s fixed point theorem thatG : B — B has at least one
fixed point r(¢). Then the curves ¢(t) = d* + fot ri(r)dr,i=1,...,n,and the vector function
u(x, £) associated with ¢(t) by Theorem 2.1 satisfy (1.4) for almost all ¢ € [0, T']. Moreover,
(1.4), (2.6) and (2.9) imply that ¢(¢) is in W1(0, 7).

Step 4. Using the regularity result of Theorem 2.1(iii) and the approximation result
of Corollary 3.3, and calculating fOT % fod(Al (%,2))3(ul)* dx d¢, we can conclude from the

proof similar to that of [5, Lemma 2.5] that

d
sup / (uh)* dx < C(1/80, To), [=1,...,N. (4.3)
[o,71J0

In addition, for each I =n +1,...,N, u! satisfies the linear equation

u —d'ul, =_fl(x, t):= bl(ul)ufc +Gl(x t,u) ((x,0) € Qr).
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Estimate (4.3) yields f !(x,t) € L*(Qr). Thus, according to the local parabolic L? estimates,
we get u € WZ'I(Q/ ) for any interior domain Q' of Qr. This implies that

U, e C**%(Q) (4.4)

for some « € (0,1).

Step 5. By (4.3), (4.4) and hypothesis (H)(iii), a similar argument as that for [5, Theo-
rem 2.6] shows that for each [ = 1,...,n, ¢'(£) € C***((0, T). Then (1.4) holds for ¢ € (0, T
and {u(x, £), @(¢)} is a local solution of problem (1.1a)-(1.4). O

Remark 4.1 Theorem 2.2 concerns the local existence of solutions for (1.1a)-(1.4). For
the case n = 1, the global existence of solutions of (1.1a)-(1.4) can be proved by the same
argument as that in [4]. For the case n > 1, the difficulty to prove the global existence of

solutions may be that the free boundaries can intersect with each other.

5 An example
In this section, we give an example satisfying the conditions in hypothesis (H).
Consider the Lotka-Volterra reaction-diffusion model with two predators u!, %2, and

1

one prey u?, where each of predators u!, u? has two groups and the prey # is native and

has only one group. Then the reaction-diffusion functions are defined by

g = yiur1 - Bu' - ciu? + olu?),
g,%(u) = ykzuz(l - ,3,%1/52 - g,ful + akzu?’), (5.1)
G =y3uP(1- 2 - tut —ofu?), k=1,2,3,

where y,f, ﬂ,l(, g,f, o,f (Lk =1,2), y%, B3 ¢ and o3 are all positive constants. For the

mankind?s influence, we assume that

bul) = 314l bd) = —3lul, 1=1,2,
iu)3 Xb; X ') =~X'u (5.2)
b*(w’) = x°u’,
where 3/, ¥ (I=1,2) and x? are constants. Thus u = (!, 4%, 4%) and ¢ = (¢, ¢?) are gov-
erned by system (1.1a)-(1.4), where n = 2, N = 3 and the coefficients are replaced by (5.1),
(5.2).

Assume that

1 1(p3)\-1 1 2(@p3)-1 1 1 1
max { + 9 (B7) , + 9 () } < min { 7}, (5.3)
k=1,2,3 k=1,2,3

1 2 1’ 2" 3 3
B B Sk Sk Sk T %%

0 < ¥'(xt) < min {i 1 %} ((x, t)eSru ([O,d] X {0})),1: 1,2, (5.4)

1’ 27 3
k<1231 S Sk Sk + 0%

and

0<y’x 1)< (%) (5.5)
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We will look for M = (M*, M?, M3) and m = (m!, m?, m®) satisfying (2.1). This requires

that
1-BM! - gpm?* + ol M? <0,
1-BEM? - gtm' + o M3 <0, (5.6)
1-B3M3 - gim' —olm? <0, k=1,2,3,
1-Bim' — i M? + olm® > 0,
1-Bim? - GIM' + o}lm?® > 0, (5.7)
1-B3m® — M —o2M? >0, k=1,2,3,

and

m <yl t) <M ((x,8) € STU{Q x {0}}),1=1,2,3. (5.8)

Choose m! = m? = m® and M' = M?. It is obvious that (5.6) and (5.7) hold if

1-BM! + o M3 <0,

1- M + oM <0, (5.9)

1-p3M3 <0, k=1,2,3,
and

1-gim' — ;M > 0,

1-Bim' - gtM' > 0, (5.10)

1-Bm' - M - olM' >0, k=1,2,3.

By (5.3)-(5.5), we can first choose m' = m? = m> small enough such that

0 <m < ¢¥'(x,t) < min
Vi) k=123

{l—ﬂiml 1-Bim? l—ﬁ,f’ml}
s st si+o

((x,2) € ST U ([0,d] x {0})),1=1,2,

and

1 ’ 2 4 3 2
Sk Sk Sk T Ok

{ L+oi(B3)™ 1+ sz(ﬁs)_l }
max
k=12,3

{l—ﬁiml 1- Bim! l—ﬂlfml}
BB '

Furthermore, choose M!, M? and M?® such that

M3 = (53) )

M = M? > max
k=1,2,3

1+0(B) ! 1+02(B?)? }
[
M =M*> ') (0 eSru([0,d] x {0})), [=12,

and

2

1-Bim' 1-pB2m* 1-B3m!

1_ a2 ~ & & k

M =M §kr_1}12r13{ T 3 .
25 Sk Sk Sk + 0k
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The relations (5.8)-(5.10) are guaranteed by the above M and m. Hence M and m satisfy

(5.6)-(5.8); and consequently, M and m satisfy (2.1). Moreover, g (u) = (gi (), g,%(u), g,?(u)),

k=

1,2, 3, are mixed quasimonotone in .% with the same index vector ((#%); (u3); [u]o). The

above argument shows that the conditions in hypothesis (H) can be satisfied. Then we get

the following corollary from Theorem 2.2.

Corollary 5.1 In problem (1.1a)-(1.4), let n = 2, N = 3, and let the coefficients be given by
(5.1), (5.2). Assume that the conditions in (5.3)-(5.5) and hypothesis (H)(i) are satisfied.
Then there exist T > 0 and a pair of functions u(x, t), ¢(t) such that {u(x,t), p(t)} is a solu-
tion of (1.1a)-(1.4).
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