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Abstract

Based on a variational approach, we prove that a second-order singular damped
differential equation has at least one periodic solution when some reasonable
assumptions are satisfied.
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1 Introduction
The purpose of this paper is to study the existence of T-periodic solutions for second-
order singular damped differential equation

u'(8) + q(Ou (&) + f(u(d)) = g(t), (1.1)

where ¢q,g € C(R/TZ,R) with fOT q(t)dt = 0, and the nonlinearity f € C((0, 00), R) admits
a repulsive singularity at # = 0, which means that

lim f(u) = —o0.
u—0*

Second-order singular differential equations have attracted many researchers? attention
because of the wide applications in applied sciences. For example, they can describe the
dynamics of particles under the action of Newtonian-type forces caused by compressed
gases [1]. If g(t) = 0, then Eq. (1.1) reduces to the following singular differential equation:

u"(6) +f (u(t)) = g(8). (12)

The existence of periodic solutions for Eq. (1.2) has attracted the attention of many re-
searchers, and some classical tools have been used in the literature, including the method
of upper and lower solutions [2, 3], degree theory [4], some fixed point theorems in cones
for completely continuous operators [5, 6], Schauder?s fixed point theorem ], a nonlinear
Leray-Schauder alternative principle [7, 8] and variational methods [9-11].

Recently, Eq. (1.1) has also been investigated by several authors; see, for instance, [12, 13]
(application of Leray-Schauder alternative principle) and [14] (using Schauder?s fixed point
theorem). In general cases, it is very difficult or impossible to apply variational methods to
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Eq. (1.1) when fOT q(t)dt > 0. In this paper, we consider the case fOT q(t)dt = 0 and under
some reasonable assumptions, we establish the corresponding variational framework of
T-periodic solutions for Eq. (1.1) on an appropriate Sobolev space and give a new criterion
to guarantee the existence of at least one nontrivial T-periodic solution of Eq. (1.1) using a
variant of the mountain pass theorem. We refer the reader to [15-17] for the details about
variational methods.

In order to state our main result, we need the following assumptions:

(H1) ¢,g € C(R/TZ) with [, q(¢)dt = 0;

(H2) f € C((0,00),R) has a repulsive singularity at u = 0, i.e.,

lim f(u) = —o0;

u—0%

(H3) lim,_o+ F(u) = +00, where F(u) = [ f(s)ds;
(H4) M =sup{f(s):0 < s < +oo} is bounded;
(H5) limy,_, o0 (F(u) — gu) = +00, where g is defined by

_ def 1 T ( T )
= ds | dt.
¢ Jy exp(fy Q(S)dS)dt./o g(D)exp /0 a()ds ) dt

Theorem 1.1 Assume that (H1)-(H5) are satisfied. Then Eq. (1.1) has at least one nontrivial

T-periodic solution.

The existence of T-periodic solutions for the following singular damped differential

equation

u'(€) + q(0)u () + p()ule) + £ (u(®)) = g(t) (1.3)
was discussed in [12—-14] by using the Leray-Schauder alternative principle or Schauder?s
fixed point theorem. However, all of them required that the Green function associated to

the linear equation problem

u’(t) + q()u'(¢) + p()ult) = 0,
u(0) = u(T), u'(0) =u/(T)

is positive for all (¢,s) € [0, T] x [0, T]. For example, in [13] and [14] it is supposed that
T
/ q(t)dt > 0. (1.4)
0

In [12], two criteria to make the Green function positive were given. In particular, one
criterion was proved when fOT q(t)dt = 0 and

T
/ p(£)elo 19 gy 5 0, (1.5)
0

Note that in Theorem 1.1, conditions (1.4) and (1.5) do not hold because p(¢t) = 0 and
foT q(t)dt = 0 in our case.
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From (H1), it is obvious that
eIl < gQO < glalp (1.6)
where Q(t) = fot q(s) ds. In addition, it is easy to find the functions f(u) and g(¢) which

satisfy assumptions (H2)-(H5). For example, if we take

e

S)=-— 1.7)

ur’

where e > 0 and y > 1 are constants and choose g € C(R/TZ,R) such that

T
/ gt)dt <0, (1.8)
0

then (H2)-(H5) are satisfied.

Remark 1 If we take () =0 in (1.1) and e =1 in (1.7), then (1.1) reduces to the following

repulsive-type equation:

1
u (t)

u'(t) - =g(t). (1.9)
It was proved in [18] that Eq. (1.9) (with y > 1) has a positive T-periodic solution if and
only if (1.8) holds. One open problem is whether we can obtain the sufficient and necessary
conditions to guarantee the existence of positive T-periodic solutions for the following
special form of Eq. (1.1) with y > 1:

1
u (t)

u’(t) + q(t)u(¢) - =g(¥).

The remaining part of this paper is organized as follows. Some preliminaries are pre-
sented in Section 2. In Section 3, the proof of Theorem 1.1 is given.

2 Preliminary results
In this section, we present some auxiliary results, which will be used in the proof of our
main result. First, we define the truncation function f; : R - R, 0< X <1, by

) = lﬂu), u=a,

f), u<a.

Note that condition (H2) implies that f; is continuous with respect to u € R.
In what follows, for A € (0,1), we consider the following modified equation:

u'(t) + q(O)u (t) + f.(u(0)) = g(2). (2.1)

Let

Q(l‘):/0 q(s)ds and Fk(u):/lf,\(s)ds.
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Then the problem of the existence of T-periodic solutions for Eq. (2.1) has a variational
structure with corresponding functional ¢, given by

T 1
@, (u) = / e [Eu’(t)z — Fy (u(®) + g(t)u(t)] dt, (2.2)
0
and defined on the Hilbert space
H}. = {u:[0,T] — R is absolutely continuous; u(0) = u(T),u’ € L*([0, T};R)},

equipped with the norm

T T %
fll| = (/0 u(t)zdt+/0 u’(t)Zdt)

for u € H}..

Lemma 2.1 [15, Proposition 1.3] (Wirtinger?s inequality) Ifu € H} and foT u(t)dt = 0, then

T T2 T
/ u®)dt < — / u(t)? dt.
0 42 Jo

Under the conditions of Theorem 1.1, similar to [19, Theorems 2.1 and 2.2], it is easy to
verify that ®; is continuously differentiable, weakly lower semicontinuous on H7. and

T
P (u)y = /0 QO OV (8) — £, (u(®))v(®) + g(Ov(D)] dt. (2.3)

Moreover, critical points of ®; on Hr. are T-periodic solutions of Eq. (2.1).
In order to obtain the existence of T-periodic solutions of Eq. (2.1), the following version
of the mountain pass theorem will be used in our argument.

Lemma 2.2 [15, Theorem 4.10] Let X be a Banach space, and let ¢ € C*(X,R). Assume
that there exist xo,%, € X and a bounded open neighborhood Q2 of xo such that x; € X\Q
and

max{@(xo), (1)} < inf ().
Let

I ={heC([0,1],X) : h(0) = x0, (1) = x1}
and

= inf h(s)).

¢ = jnf max o (4(5)
If ¢ satisfies the (PS)-condition (that is, a sequence {u,} in X satisfying ¢(u,) is bounded
and ¢'(u,) — 0 as n — +00 has a convergent subsequence), then c is a critical value of ¢

and ¢ > max{p(xg), (x1)}.
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3 Proof of Theorem 1.1
In this section, we give the proof of Theorem 1.1.

Proof The proof will be divided into four steps.

Step 1. @, satisfies the (PS)-condition.

Let {u,,},en be a sequence in HlT such that {®] (1)} ,en is bounded and & (,) — O as
n — +00. Then there exist a constant ¢; > 0 and a sequence {¢€,},eny C R* with €, — 0 as

n — +00 such that, for all #,

T
[ Bu;mz ~F (mnl0) +g<r)un<t>] e (31)
0
and for every v € HL,
T
/0 eQO[u (6)V (&) — f.(un () V(D) + g(E)V(D)] dt‘ < €nllVllp.- (3.2)

Using a standard argument, it is sufficient to show that {u,},cn is bounded in H 1 and this
will be enough to derive the (PS)-condition.
Taking v(¢£) = -1 in (3.2), we obtain that

T
’ / QO[f, (u,(0)) - g(®)] dt‘ =e&VT.
0

So that
T T
/ eQOf, (un(t)) dt| < e,VT + / eg() dt‘
0 0
T
<e, T+e”qHL1/ |g(t)|dt
0
=, VT + el ||g|| 1 := c. (3.3)
Let

Ly ={t€[0,T]:fi(un(t)) = 0},
and
Ly ={t€[0,T]:f(us(t)) < 0}.

It follows from (3.3) that

/ Q0L (un(0)) dt’ <co+ / eQOf, (un(0)) dt < ¢y + TMeI11,
12,;'1

Iyn

where M is defined in (H4). Hence, there exists ¢3 > 0 such that

T
/ e?OIf, (un(t))| dt <c; foralln. (3.4)
0
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On the other hand, if we take, in (3.2), v(£) = w, (t) := u,(¢) — u,,, where i, is the average
of u, over the interval [0, T], we get (taking into account (3.4))

callWalyg, =

T
fo Q0 [%W/n(f)z = fo (n(2)) Wi (2) +g(t)wn(t)] dt‘

—llqli;1
e L 2
=2 = [Will72 = (e + M gla) Iwa o

el

>

= w2 = esliwallg,

Using the Poincaré-Wirtinger inequality for zero mean functions in the Sobolev space Hr.,
we know that there exists ¢ > 0 such that

[l ;2 < Wall s, < co. (3.5)
Now suppose that

IIu,,IIH%" — +00 asu—> +00.
Since (3.5) holds, we have, passing to a subsequence if necessary, that either

m,,:minu,,—>—oo as 7 — +00, or

M, =maxu, - +00 as#u — +0oQ.

(i) Assume that the second possibility occurs. We have

T
[ @018 () - o]
0

T 1y (t)
_ / eQ<t>[( / £6) ds) - g(t)u,,(t)] dt
0 1
T My My
_ Q) _ _
—/0 e |:(/1~ fils)ds /Mn(t)ﬁ(s) ds> g(t)u,,(t)} dt

T T My
- / eQO[F,(M,,) - M,g(t)] dt — / [ / e (f(s) - g(t))ds] dt
0 0 u,

n(t)

T

> / O [F (M) - M,g(®)] dt — !t | M - g | M,y — .

0

Thus, using the Sobolev and Poincaré inequalities to M,, — u,(-), we have, from (3.5),

T T

/ eQO[F, (M) — M,g(t)] dt < / eQO[F, (un()) - g)un(t)] dt
0 0
+ eV || M = gll 3 [ My = ullc

T
< / QO[Fs (un(0)) - g(O)un(0)] dt
0

+ell | M- gl VTes.
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In view of (3.1), we see that

T
| e0lE 1) - Mgto] e
0

is bounded, which contradicts (H5).

(i) Assume that the first possibility occurs, i.e., m, — —00 as n — +00. We replace M,
by —m,, in the preceding arguments, and we also get a contradiction.

Therefore, @, satisfies the (PS) condition. This completes the proof of the claim.

Step 2. In what follows, let

Q:{ueHlT:minu>l},
and
Q2 = {u € HlT :u(t) >1forall ¢ € [0,T],3t, € (0, T) such that u(t,) = 1}.

We show that there exists m > 0 such that inf,,cyq O, (1) > —m whenever A € (0,1).

For any u € 02, we have minu = u(¢,) = 1 for some ¢,. By (2.2), we obtain that

ty+T 1
@5 (u) = / eQ(t)[Eu’(t)z—F,\(u(t))+ g(t)u(t):| dt

tyu+T 1 tutT
> /t 5eQ(t)u’(;j)Z dt — I:/t‘u Q) (M —g(t)) (u(t) -1)dt

U

ty+T
- / eg(t) dti|.
ty

The Holder inequality and the fact that #/(¢) = (u(-) — 1)'(¢) imply that

el

@) = ——— [ (1) 1)’ 12 = €'t |M = gllz2 | () = 1) | 2

— el gl
Applying the Poincaré inequality to u(-) — 1, we get

—ligll;1
e ML
D, (1) >

|72 - T eVl a1 - gllpo '] 2 — €l gl
The above inequality shows that
D, (u) = +00 as HL/HLZ — +00.
Since min « = 1, we have that ||u(-) — 1||H1T — +00 is equivalent to ||#'||;2 — +00. Hence

@, (1) > +00  as ||u||H1T — +00,u € 082,
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which yields that @, is coercive. Thus it has a minimizing sequence. The weak lower semi-
continuity of ®; implies that

inf @, (u) > —o0.

ued2

It follows that there exists »2 > 0 such that inf,cyq ®; (1) > —m for all A € (0,1).

Step 3. We show that there exists 1 € (0,1) with the property that, for every A € (0, Ao),
any solution u of Eq. (2.1) satisfying &, (x) > —m is such that minu > X, and hence u is a
solution of Eq. (1.1).

On the contrary, assume that there are sequences {A,},cn and {u,,},en such that

(i) An <3

(ii) u, is a solution of Eq. (2.1) with A = A,;
(ili) @, (1) =
(iv) minu, < %

Since

T
/ e, (un(t)) —g(®)] dt = 0, (3.6)
0
we have
||eQ(')fM (u,,(-)) ||L1 <c¢; for some constant ¢; > 0.
On the other hand, since u,(0) = u,(T), there exists t,, € (0, T') such that
u,(t,) =0.
Therefore, we obtain that
t
0w, (1) - ¥ (z,) = / Q[ (un(s)) - g(s)] ds,
which, from (3.6), yields that

|| u, ||L°° <c¢g for some constant cg > 0. (3.7)

Since @, (u,) > —m, it follows that there exist two constants R; and R, with 0 < R; < R;
such that

max{u,(t): t € [0, T1} € [Ry, R,).

If not, u,, would tend uniformly to 0 or +00. In both cases, in view of (H3), (H5) and (3.7),
we have

D, (u,) > —00 asn— +00,

which contradicts the fact that ®; ,(u,) > —m.
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2

Let 7}, 72 be such that, for # large enough,

1
un(1y) = - <Ry = uy (7).

Multiplying Eq. (2.1) by «/, and integrating the resulting equation on [}, 2] (or [t2,7]]),
we get

J = / 1" W (O () dt + / 1nq(t)u/,,(t)2dt+ / 1" oo (0(8)) () dt

2

} / 1 2Oy (¢) d.

n

It is clear that

1 o
J=h+ E[ug(r;) - ug(zj)] + /fl q®)u(t) dt,

n

where

Ji= / ln S (1 (0)) 11 (2) dlt.

Since g is bounded, g is integrable and ||u), [z < cg (see (3.7)), it follows that J is
bounded, and consequently, /; is bounded. On the other hand, we have

Suln®)i0 = S 1B, (1,0)],

which yields that

1
J1=F,,(R)-F,, (—>
n

However, due to (H3), it follows that /; is unbounded. This is a contradiction.
Step 4. We prove that @, has a mountain pass geometry for A < Ao.
Fix A € (0, A¢] such that f(X) < 0. It is possible because of (H2). Therefore, we have

0 1
1—3(0):/1 ﬂ(s)ds:—/oms)ds
A 1
=_f0 ﬁ(s)ds—Aﬁ(S)dS
r 1
=_/0 f(k)ds—/)\f,\(s)ds
1
:_)Lf()h)—/kf;\(s)ds‘
This implies that

1 A
F,\(O)>—/ f)\(s)ds:/ fi(s)ds = F,(X).
A 1



Li et al. Boundary Value Problems (2015) 2015:5 Page 10 of 11

Hence

T T
®,(0) = — / eQVF, (0)dt + / eQDg(1)0 dt
0 0

T
<- / eQOF, () dt. (3.8)
0
By (H3), choose X € (0, 10] such that
m
F,(A) > ?e”q”L1 forall £ € [0, T].

It follows from (3.8) that ®,(0) < —m.
Also, using (H5), we can find R large enough such that R > 1 and

- /T eQO[F;,(R) - g(t)R] dt < —m,
0
which implies that
@, (R) < —m.
Since €2 is a neighborhood of R, 0 ¢ €2 and
max{db,\(O), QDA(R)} < uler}ig D, (u).
Step 1 and Step 4 imply that ®; has a critical point u; such that
(1) = inf max @, (n(s)) > inf @, (u),

where I" = { € C([0,1], H}) : n(0) = 0,n(1) = R}.
Since infy,cyq ©; (4) > —m, it follows from Step 3 that u; is a solution of Eq. (1.1). Now
the proof is finished. d
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