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Abstract

In this paper, we study the existence of multi-bump solutions for the semilinear
Schradinger equation —Au + (1 + Aal))u = (1 = Ab)|ulP~2u, Yu € H'(RN), where
N>1,2<p<2N/IN-2)ifN=>3,p>2ifN=2orN=1,a(x) € CR")and alx) > 0,
b(x) e CRM) and b(x) > 0. For any n € N, we prove that there exists A(n) > 0 such that,
for 0 < A < A(n), the equation has an n-bump positive solution. Moreover, the
equation has more and more multi-bump positive solutions as A — 0.
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1 Introduction and main results

In this paper we study the following time independent semilinear Schrodinger equation:
(S)) —-Au+ (1 + ka(x))u = (1 - )»b(x))|u|p_2u, YueH' (RN),

where N > 1, 2 < p < 2%, 2* is the critical Sobolev exponent defined by 2* = % ifN>3
and 2* =00 if N=2 or N =1, and A > 0 is a parameter.
This kind of equation arises in many fields of physics. For the following nonlinear

Schrodinger equation:

2

L0k
ih="==5—A¢ + Nx)g —f(x1el)e, (11)

where i is the imaginary unit, A is the Laplacian operator, and % > 0 is the Planck constant.

A standing wave solution of (1.1) is a solution of the form
_iEt
o, t)=ulx)e”n, ux)eR.
Thus, ¢(x, £) solves (1.1) if and only if u(x) solves the equation
—R?Au+ V(x)u = g(x, u), (1.2)
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where V(x) = N(x) — E and g(x, u) = f(x, |u|)u. The function V is called the potential of
(1.2). If g(x, u) = (1 — Ab(x))|u|P~2u, then (1.2) can be written as

~I*Au+ V(x)u = (1-1b®))|ul>u. (1.3)

If h=1and V(x) =1 + Aa(x), then (1.3) is reduced to (Sy).

The nonlinear Schrédinger equation (S;) models some phenomena in physics, for ex-
ample, in nonlinear optics, in plasma physics, and in condensed matter physics, and the
nonlinear term simulates the interaction effect, called the Kerr effect in nonlinear optics,
among a large number of particles; see, for example, [1, 2]. The case of p =4 and N =3 is
of particular physical interest, and in this case the equation is called the Gross-Pitaevskii
equation; see [3].

The limiting equation of (S,) is

—Au+u=|ulf?u, ueHl(RN), (1.4)

as . — 0. It is well known that (1.4) has a unique positive radial solution z, which decays
exponentially at co. This z will serve as a building block to construct multi-bump solutions
of (S,). Forn e N, let y,...,7, € RN be the sufficiently separated points. The profile of the
function ), z(x — ;) resembles n bumps and accordingly a solution of (S;) which is close
to Y 1L, z(x — ;) in H'(RYN) is called an n-bump solution.

As we know, multi-bump solutions arise as solutions of (1.2) as i — 0, under the as-
sumption that V has several critical points; see for example [4—7]. Particularly, in the in-
teresting paper [5], the authors proved that the solutions of (1.2) have several peaks near
the point of a maximum of V. These peaks converge to the maximum of V as i — 0.
Actually, there have been enormous studies on the solutions of (1.2) as & — 0, which
exhibit a concentration phenomenon and are called semiclassical states. In the early re-
sults, most of the researchers focused on the case inf,.zv V(x) > 0 and g is subcritical.
Here and in the sequel, we say g is subcritical if g(x,u) < ClulP™! for 2 < p < 2* with
2% := 2N/(N -2) (N > 3), and g is critical or supercritical if ¢ |u|*" ™ < g(%, u) < c|u|* ' or
only ¢;u|* ™' < g(x, u) for all large |u|. In the case of inf, gy V(%) > 0, Floer and Weinstein
in [8] first considered N =1, g(u) = u3. Using the Lyapunov-Schmidt reduction argument,
they proved that the system (1.2) has spike solutions, which concentrate near a nonde-
generate critical point of the potential V. This result was extended to the high dimension
case with N > 2 and for g(u) = |u[P~2u by Oh [7, 9]. If the potential V has a nondegen-
erate critical point, Rabinowitz [10] obtained the existence result for (1.2) with % small,
provided that 0 < inf, gy V(%) < liminfj,_, o V(x). Using a global variational argument,
Del Pino and Felmer [11, 12] established the existence of multi-peak solutions having ex-
actly k maximum points provided that there are k disjoint open bounded sets €2; such that
infyepq, V(%) > infyeq; V(x), each ©; having one peak concentrating at its bottom. For the
subcritical case, Refs. [1, 6, 13—15] also proved that the solutions of (1.2) are concentrated
at critical points of V. There have also been recent results on the existence of solutions
concentrating on manifolds; for instance, see [16—18] and the references therein.

If g is subcritical, Refs. [19, 20] first obtained the semiclassical solutions of (1.2) with
critical frequency, i.e., inf.pn V(x) = 0. They exhibited new concentration phenomena
for bound states and their results were extended and generalized in [3, 21, 22]. Later,
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if inf_pn V(x) = 0, Ding and Lin [23] obtained semiclassical states of (1.2) when the

nonlinearity g is of the critical case. Recently, if the potentials V' change sign, that is,

inf,.gv V(%) < 0, Refs. [24, 25] proved that the system (1.2) has semiclassical states.
Some researchers had also obtained multi-bump solutions for the equation

—-Au+ V@u=f(x,u), ueH (RY), (L5)

where V and f are T; periodic in x;. Coti Zelati and Rabinowitz [26] first constructed
multi-bump solutions for the Schrodinger equation (1.5). The building blocks are one-
bump solutions at the mountain pass level and the existence of such solutions as well as
multi-bump solutions is guaranteed by a nondegeneracy assumption of the solutions near
the mountain pass level. Later, under the same nondegeneracy assumption, Coti Zelati and
Rabinowitz in [27] constructed multi-bump solutions for periodic Hamiltonian systems.
Multi-bump solutions have also been obtained for asymptotically periodic Schrédinger
equations by Alama and Li [28]. For subsequent studies in this direction, for example, see
[29-35] and the references therein. Recently, Refs. [36—38] also proved the existence of
multi-bump solutions in other elliptic equations.

In this paper, we are interested in constructing multi-bump solutions of (S; ) with A small
enough. Similar results have been obtained in [39, 40] for the equations

—Au+ (1 + Aa(x))u =|ulfu, uecH' (RN) (1.6)
and
—Au+u= (1—Aa(x))|u|”_2u, ueHl(RN). 1.7)

To state the main result for (S;), we need the following conditions on the functions a
and b:

(R1) a(x) >0 and a(x) € C(RN), b(x) > 0 and b(x) € C(RN), and

lim a(x)= lim b(x)=0.

|x]— 00 |x]— 00

(Ra) One of the following holds: (i) limy o 1"<|‘;(|x>> = 0; (ii) limyy) s 00 1“<|’jj|x>>
Theorem 1.1 Suppose that the assumptions (R1) and (R) hold. Then for any positive
integer n there exists A(n) > 0 such that, for 0 < A < A(n), the system (S,.) has an n-bump
positive solution. As a consequence, for any positive integer n, there exists A(n) > 0 such
that, for 0 < A < Ay(n), the system (S,.) has at least n positive solutions.

Similar to [39, 40], the solutions in Theorem 1.1 do not concentrate near any point in the
space. Instead, the bumps of the solutions we obtain are separated far apart and the dis-
tance between any pair of bumps goes to infinity as A — 0. The size of each bump does not
shrink and is fixed as A — 0. This is in sharp contrast to the concentration phenomenon
described above. This phenomenon has been observed by D’Aprile and Wei in [41] for a
Maxwell-Schrodinger system.



Fang and Wang Boundary Value Problems (2015) 2015:9 Page 4 of 21

We shall use the variational reduction method to prove the main results. Our argument
is partially inspired by [39—42]. This paper is organized as follows. In Section 2, prelimi-
nary results are revisited. We prove Theorem 1.1 in Section 3.

2 Some preliminary works

2.1 Variational framework

In this section, we shall establish a variational framework for the system (S, ). For conve-
nience of notation, let C and C; denote various positive constants which may be variant
even in the same line. In the Hilbert space H'(R"), we shall use the usual inner product,

(u,v):/ Vu-Vv+uy,
RN

and the induced norm |« = (u,u)%. Let | - |; denote the usual LI(RN)-norm and (-, -),
be the usual L*(RY)-inner product. Let n € N. We shall use > i and ). to represent
summation over all subscripts i and j satisfying1 <i<j <mand 1 <i#j < n, respectively.
Let us first introduce some basic inequalities which will be used later.

The following four lemmas are taken from [39, 40].

Lemma 2.1 For g > 1, there exists C > 0 such that, for any real numbers a and b,
|la +b|7 —|al? - |b|7| < Clal|?™|b] + C|b|7|al.
Lemma 2.2 For g > 2, there exists C > 0 such that, for any a >0 and b € R,
“a +b|?1—al - qaq_lb‘ < C(ozq_2|b|2 + |b|q).
Lemma 2.3 Forq>2,ne€N,anda; >0,i=1,...,n,
n q n n
=}
(z) IR
i=1 i=1 i%
and
n q n n
(Za) =3dtva 3 s
i=1 i=1 1<i<j<n

Lemma 2.4 For q > 2, there exists C > 0 such that, forany a; > 0,i=1,...,n,
n q-1 n %
(Ta) 2| cexara
i=1 i-1 i
Recall that, for 2 < p < 2%, the unique positive solution of the equation

—Au+u=|ulP 2y, ueHl(RN) (2.1)

has the following properties; see, for example, [40, 43—45].
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Lemma 2.5 If 2 < p < 2%, then every positive solution of (2.1) has the form z, := z(- — y)
for some y € RN, where z € C*°(RN) is the unique positive radial solution of (2.1) which
satisfies, for some ¢ > 0,

N-1 N-1
2 2

z(r)rz e —c>0, Z(rrz e - -c>0, asr=|x|— oo.

Furthermore, if f1 < --- < B, < - - - are the eigenvalues of the problem
—Av+v= B2, VGHI(RN), (2.2)

then B1 =1, By = p — 1, and the eigenspaces corresponding to By and B, are spanned by z
and {0z/9x, |« =1,...,N}, respectively.

We shall use z, as building blocks to construct multi-bump solutions of (S,,). For y;, y; €
RY, the identity

p-1, _ - p-1
/RN oy = Vo) /RN %

will be frequently used in the sequel. The following lemma is a consequence of Lemma 2.4
in [46] (see also Lemma II1.2 of [47]).

Lemma 2.6 There exists a positive constant ¢ > 0 such that, as |y; — y;| — oo,

-1 N
/ 2z ~cly -y T e M
RN
For i >0,n>2,and n € N, define

Dy = {1, 9) € (RY)" | y; — 3] > h for i #}.

For convenience, we make the convention
Dy=RN, ifn=1

For y = (y1,...,¥,) € Dy, denote

n

() = 32— ),

i=1

az(- —y:
M’a:l,...,N,i:l,...,n
0%y

7}:
and
W, ={ve H'(RY) | (v,u) =0,Yu e T,}.

Then H'(RN) = 7, @ W),. Set Py (x) =1 - Ab(x), Vi.(x) =1 + Aa(x), N} = (p - 1)(-A + V3) 7,
and My = N For y € D;, and ¢ € HY(RY), define

Ky=¢=) N(@Z>-2)9)+ Y L,
i=1

i=1
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where

n N
Dt = 3 (W e-ne), 20
i=1 «

i# a=1

9z(- - i)
0Xg

2 8z(- - )
Xy

Noting that Ky, : W, — W), has the form identity-compact.

Lemma 2.7 (See Lemma 2.3 of [40]) Ifh — oo, then

n
g2 =D F=y) = 0
i=1

in LP'P=D(RN) uniformly in y € Dy,.

Lemma 2.8 (See Lemma 2.4 of [40]) Let u,v € H'RY). Ifv— 0, then
lu+vP™ = [uf? >0

in LP'P=D(RN) uniformly in u in any bounded set.

Lemma 2.9 (See Lemma 2.5 of [40]) There exist hy > 0 and no > 0 such that, for h > hy
and y € Dy, Kylw, : Wy — W, is invertible and

[ )7 < mo.
Lemma 2.10 Letve H'(RN). IfA — 0,v — 0, and h — oo, then

wp K- (- N (Baly 7)) 0
yeDppeH (RN),[lp]l=1

and

sup 1KCy0 = (@ = N (Psluy + vIP2)) | — 0.
yeDypeH (RN),[lg]=1

Proof By the definition of ), one has

n

Kyp = (@ = Na(Poluy + vIP>0)) = Na(luy + vIP20) = > " N (27 - 3:)p)

j=1

= AN (B@) |y + VP2 0) + ZLigo. (2.3)
i1

Obviously, N, — A in £(LPT(RN), H'(RV)) as & — 0. Therefore, if » — 0, v € H\(RV)
with v — 0, and & — oo, then for ¥, € H'(RY), and uniformly in y € Dy,

KM(% + v 2g) - iN (&2 ~2)9), ¢>‘

= (NG = M) 1y + 20, )] + [N (g + 9177 = 1,7 )), 0|
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(g o)

< [N = N)(luy + vIP2@) [I 1l + Cl 1y + 1P =, 1P2)| RN)HwIIIIl/fII

LP2(
(IMyI"_2 =227 —y;‘)>

j=1

+

+C el

RN)

P
LP2

-0, (2.4)

as a consequence of Lemmas 2.7 and 2.8. Moreover, by Lemma 2.6, for |y; — y;| = oo (i #}),
one sees that

n
ZLM

i=1

sup
yeDy,

— 0. (2.5)

For ¥, ¢ € HY(RY),

KN (B@luy +v1P20) )| = AN =AY (B@Iuy +vIP2), v |
+ [V by +v0), v

AN =N (luy + v 20) 1wl

IA

+chlluy, +villelllvl
o (2.6)

as A — 0. We infer from (2.3)-(2.6) that, if A — 0, v € HY(RN) with v — 0, and & — o0,

sup 1Kyp = (¢ = Ni(Piluy + vIP~29)) || — O.
yeDypeH (RN),[|l]=1

Similar to above arguments, one can easily acquire the second conclusion of this lemma.
O

Clearly, the energy functional corresponding to the system (S;) is defined by

1 1
CDA(u):EfN(|Vu|2+Vx|u|2)—l—7/NPk|u|p for u € H'(RY),
R R

where V; = (1+Xa(x)) and P, = (1-Ab(x)). It is easy to see that the critical points of ®; are
solutions of (S;). In the following, we shall use a Lyapunov-Schmidt reduction argument
to find critical points of ®@;. The first procedure is to convert the problem of finding critical
points of ®, to a finite dimensional problem, which consists of the following two lemmas.

Lemma 2.11 There exist Lo > 0 and Hy > 0 such that, for 0 < A < Ay and h > Hy, there
exists a C'-map

Vi ¢ Dh —> Hl(RN),

depending on h and A, such that
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(i) for any y € Dy, vip € Wy;
(ii) for anyy € Dy, P,V ®,(uy + v,,) = 0, where P, :HYRN) — W), is the orthogonal
projection onto W;

(iil) limy—o4—o00 IVaayll = 0 uniformly in y € Dy; limyy o [|[Vapyll =0 if m=1.
Decreasing Ao and increasing Hy if necessary, we have the following result.

Lemma 2.12 For 0 < A < Ag and h > Ho, if y° = (3,...,)0) is a critical point of ®; (u, +
Viiy), then uyo + vy, ; 0 is a critical point of ;.

Using Lemmas 2.9 and 2.10, repeating the arguments of Lemmas 2.6 and 2.7 in [40],
one can easily prove Lemmas 2.11 and 2.12.

2.2 Estimates on @) (u, +vu,y) and vy
In order to prove Theorem 1.1 in the next section. We need first to estimate ®; (4, + vj1,)
and vy,,,. Denote cp = ®¢(z), where @y is the functional ®; with A = 0. Then

1 1
co=<1>o(z>=—/ (|VZ|2+|z|2)——/ 2P
2 JrN p JrN

In the following, we first estimate @, (i, + v3,,,). Note that

1 1
Dy (uy +vpay) = = f [Vu, + Vvh,,\,y|2 + = / (1 + Azz(x))|uy + VhM,|2
2 RN 2 RN

1 A
- 1—9 fN |2y + Vil + ; fN by + vyl (2.7)
R R

A direct computation shows that

qDA (uy + Vh,A,y)

1 - 1
59 ) ALl 3Y ISR TRy )

+Z/RN Vz(x—y;) - Vz(x —y)) + %;/RNM%”)'%%/RN Viyl?

i<j

+ ;/RNZ(x—yi) Vi + Z/RNZ(x—yi)%(x—yj)

i<j

A 2 A 2
Z A Z
+ 5 /H‘{N a(x)uy + /RN a(X)uy v,y + 5 /]RN a(x)(Viy)

1 / A
S— [ty + Vi ylP + —/ b(x)|uy + v, lP. (2.8)
P JRN g g P JrN g g

By Lemma 2.11, we may assume that ||vj,,|| < 1. Takinga = u, and b = v}, , in Lemma 2.2,

we have

1 1
; /N |My + Vh,)»,ylp = ]_7 /N |My|p + /N(uy)pilvh,)»,y + O(lth,A,yllz) (2.9)
R R R
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and
b vy = [ bl [ b, + Oy ). (210)
2 Jen y M= Jan y N y Ay oy

Here and in what follows, O(||v,, |1?) satisfies

1O(Ivaay )| < CllviylI?

for some positive constant C independent of /, 1, y. Therefore, substituting (2.9) and (2.10)
into (2.8), it follows that

‘Dx(uy + Vh,A,y)

1 — ) 1 2

= E;ANWz(x—yiﬂ +;/RN Vz(x - ;) - V(i) + E/RNW(WI,,\JH
1

+Z/ Vz(x —y;) - Vz(x - y,)+—Z/ z(x - y;)! +§/H‘§ Vhagl®

i<j

+Z/ 2x-y)- thy+Z/ 2(x—y;) - 2(x - )

i<j

)L/ ()u ?»/ () A/ @) (vh,1,)?
+ = a\x)u, + a\x)uyv + = a\x)\v,

2 RN Y RN ey 2 RN hhy

1 A
o [ = [y, s 2 [ sy

. f b)Y iy + OV l?).
]RN

Denote
—Z/ Vet —3)- V) - 5 [ V01,0
2 fox ) 7Y Jou Y Vi
_Z/ Vz(x - yi) - Va(x - ;)
i<j
-5 | o —Zf SOSORTIES BY IECESOIEEY
i<j
A 2, 1 V2 p-1
—A N a(x)uyvh,k,y_i RNﬂ(x)(Vh,A,y) +]_7 RN(”}/) + RN(uy) iy
1 n
DY P — = P(x—y;) + O 2),
/R B vy PZI /R 23 + (1)
Then

A A
;. (uy + Vi) = ncy + 3 /]RN zz(x)u§ + 1—9 /}RN b(x)u§’ -K,. (2.11)
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Thus, in order to estimate the functional ®; (i, + vy, it suffices to get the estimations
for KC,. Since

/ Vz(x—yi)~Vv+/ z(x—yi)v=/ 2N x-y)v, VYve H'(RY),
RN RN RN

KCy can be rewritten as

K, =- Z /]RN 27V (x — Vi) Vhy — Z /RN 2 (x - y)z(x - yj)
i=1 j

i<j

A 1
—-A a(X)u,Vy iy — = a(x)(v 24z u, )P + w,Ply
_/]I‘{N ( ) yViLLy 2./RN ( )( h,}»,y) p/]RN( y) /]RN( y) Ay

1 n
—xf bty P iy — f (=) + OV 12) + 201y I)-
N 'y Ly P;RN J ( M) ( /\y)

Moreover, by the Holder inequality one has

1
2
2
- m( /R ) a(x)uy) iyl

<cr? / @i + Clvy P
RN

A ’ / a(xX)uyVi,.y
RN

and

p-1

v
< Ch </RN b(x)uﬁ) Vil

<C»? / ()i + Cllviy 1.
RN

o[ o,

Therefore, we have

— -1 _ Py _ o _ D=Ly _ . —
K, /R Sy =3 /R EalEI vy /R - yela)

i<j

p

+ O()»2 (/ a(x)ui +/ b(x)uf)). (2.12)
RN RN

Lemma 2.13 There exist hg >0, 1o >0, and C; >0 (i =1,2,3) such that, if 0 < 1 < Ao,
h > ho, and y € Dy, then K, satisfies

1 1<
- _ = p o 2 2
+ /R ) P;:l /R A 9i) + O(Iviayl1?) + 2O(Ivayll?)

Ky > CZ ./IR{N 27w = y)2(x = 9) = Cillviay 1> = ACallviy 1> = G322,

i<j

K, < C(Z /}RN 27w — y:)z(x = 97) + iy I + Mlviyll? - AZ)

i<j
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Proof From Lemmas 2.4 and 2.6, one sees that

n
) M vniy = | 2= 3y
RN i-1 RN
=

p-1

< (/RN ((uy)‘”—;zpl(x—y;)> 7 ) (/RN |Vh,A,y|p)p

</ > - yi)a(x - y;>p 1Vhyll
i
=< <f Y - ya(x- y,) +C||thy||2
i7)
< </ Zzp Yo - y)z(x - )/;)0(1)+Cllwuyll2 (2.13)

i

Moreover, by Lemma 2.3, we have

/Nu§22f Zx—y)+2(p-1) Z / 27 x - y))z(x - %) (2.14)

1<i<j<n

and by Lemma 2.1, one has

/RN%’SZ/ Zx—y)+C Z / 27N x - ¥i)z(x — ¥)). (2.15)

1<i<j<m

Here the fact

/ 27— )zl — ;) = / -y (=)
]RN N

R

has been used. Substituting (2.13)-(2.15) into (2.12), one can easily get the desired conclu-
sion. O

Next, we are in a position to estimate ||vj,, .

Lemma 2.14 ||vy,, |l satisfies

p-1

sl = o [ a(x)u§> e < [ o) "

+C<Z/ 27— y)z(x — y,))p.

i<j
Proof By Lemma 2.11, for v € W,, one has

0= <Vd>,\(uy + Vihy)s V>

n
= Z/ Vz(x —_)/,‘) -Vv+ / V(Vh,k,y) -Vy
i1 VRN RN
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n n
+ zZ(x —y)v + / ViayV + A / a(x)z(x — y;)v
+ A/ a(X)pyV — / Py |uy + vh,,\,y|p‘2(uy + Viay)V- (2.16)
RN RN
There exists 6 € (0,1) such that
/ P)L|uy + Vh,A,y|p_2(uy + Vh,A,y)V
RN
=(p- 1)/ Py luy + QV;,,)\,J,I"_ZVh,;\,yV + / P)\Lt‘y’_lv. (2.17)
RN RN

Substituting (2.17) into (2.16) yields

/ V(Viry) - Vv + / ViV — (P — 1)/ Py |uy + th,;\,ylp_zvh,)\,yv
RN RN RN

= —A/ a(X)vp v — A f a(x)z(x — y;)v
+ Pty — / 27 x - y)v.

Using the operator A and P, defined in Section 2.1, we have

(Vipy = PyN (Poluty + 0visg I 2viny), v)

= A —y;
/1;1\/ a(xX)Vpyv ;:./]RN a(x)z(x — y;)v
+/ Pm‘7 Ly~ Z/ 27— y)v (2.18)
RN

By Lemma 2.4, one has
-1 -1
‘/RNPAMI; V_;_/RNZP (x—yi)v
< (/ ub™t Zzp Yo —y) |v|) +A/ bu§’1|v|
RN i=1
= =
<C p-1 ; AC / bu? .
([, S e-mzt-) "wweac( [ ) "

i

Therefore, choosing v = vj,1,, — PyN (P |u, + Ovh,)\,y|p*2 Vhay) € W, in (2.18) and using Lem-
mas 2.9 and 2.10, we obtain, for some 1 > 0,

n
v v|<A a(x) Vi vl — A a(x)z(x —y;)|v
s <5 [ anss =23 [ awite—solv

C(AN Zzpl(x—yi)z(x—y,»)) ’ vl +AC(/H;N bui) ! v,

i
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which implies, for A > 0 sufficiently small,

p-1

1
2 a
”Vh,)»,y””VHSC)\(/ ﬂ(x)ui) ||V||+)»C(/ bu’;’) vl
RN RN

' C(/RN YA - yialx —yj)> " vl

i#
Thus, we obtain the result. O

3 Proof of Theorem 1.1
The main purpose of this section is to prove Theorem 1.1. For this, we shall prove that, for
A > 0 small enough, we can choose 11(1) large enough such that the function ®; (u, + vj,1,)
defined in Section 2.1 reaches its maximum in D, at some point y° = (),...,5%). Then
Uy + V.0 is a solution of (S;) by Lemma 2.12.

We shall mainly consider the case n > 2 since the case n =1 is much easier. Define

y = yes(]gg)n (./]RN b(x)ufy’(x) + -/]RN a(x)ui(x)).

By Lemmas 2.1 and 2.2, there exist A > 0, /i >, and C; > 0 (i = 1,2,3) such that, if 0 < A <
Ags B > hy, and y € Dy, then K, satisfies

K, >C; Z AN 27 (x - y)z(x - yj) — Cya? — ChA2. (3.1)

i<j

Here and in the sequel, C;, C}, and C are various positive constants independent of 1. We
choose a number & such that k > max{1,12y/Cj}. Then, for any A satisfying

kC; [ kC;
0<X<A =min ”Z”Lp, L Lo [ 3.2)
k 2C,\ 4G
there exists u* = u*(1) > u = (1) > 0 such that, for w e RN with |w| € [u*, u],
k. < / 27 (x)z(x — w) < 2kA. (3.3)
RN

Set
[y = {CD,\(uy +Vay) |y e Du}'

To obtain an #-bump solution of (S,), it suffices to prove that I'; is achieved in the interior
of D,,.

Lemma 3.1 Assume n > 2. Then there exists A, € (0,1") such that, for 0 < X < Ay,

> sup{CDA(uy +Vnay) |y €Dy and |y; -yl € [M*,po]forsome i 7’]’}.
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Proof Note that u(1) — oo as A — 0. By Lemma 2.2 and (3.3) we see that, if y € D),
then

p-1
p

” Vu,A,y ” = Cx (34')

Suppose thaty = (y1,...,¥4) € D,y and |y;—y;j| € [L(A), w* ()] for some i #j. By (3.1)-(3.3),
one has

1 1
Ky > Cikx — CyA* - C50° > iqu -G > Zc;k/\ >3y (3.5)

By (2.11) and (3.5), for A > 0 small enough, we obtain

A A
D, (tty + V) = Hco + 3 /]RN a(x)ui + 1—7 ./RN bx)ul - IC,

<ncy+yr—3yA=ncy—2yAr (3.6)
for y = (y1,...,9n) € Dy with |y; — y] € [u(R), u*(1)] for some i #j. On the other hand, if

¥=01..»Yn) € Dypy and |y; — ;| — oo for some i #j, then by (2.11) and Lemmas 2.1 and
2.2, we have

A A
D, (y + Vyy) = 1o + 3 ./]RN a(x)u; + ; /1;{1\1 b(x)uly’ -K,

A
> ncg + — (/ a(x)ui +/ b(x)ul;) - C)\?
P \JRN RN

2 2
- C4)\||Vu,)»,y” - C5 ”V;L,A,y” + 0(1)

A
> ncg + — (f a(x)ui + / b(x)u‘j) - CA?
P \JRN RN

- Cz/L”Vu,A.yHZ +0(1)
A 2 2
> ncg + — a(x)uy + b(x)uéj -Cx
P \JRN RN

-A2C, (/]RN a(x)uﬁ + /}RN b(x)u?) +0(1),

where o(1) means some quantities which depend only on y and converge to 0 as |y; — y;| —
oo for all i #j. Therefore, for A small enough,

liminf  ®; (4, + vj,,) > nco.
A i, Or\y F Vi
lyi=yjl—o00,Vizj

This inequality contradicts (3.6). Thus, we obtain the result. a
We choose y*(1) = (y’l‘(k), ...,y’,‘,()»)) € D, such that
klggo CD)\(Myk()\) + V;L,)»,yk()»)) = F)\.
Then Lemma 3.1 implies that

inf nlglnlyf W) =y, )] = ().
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Therefore, for any 1 < i < n, passing to a subsequence if necessary, we may assume either
limk_,ooyf(k) :y?()\) with |y?(A) —y;)(k)| > p*fori#jor limkﬁooyf()\) = 00. Define

UR) = {1§i§n| |yf()\)| — 00,as k — oo}.

In the following, we shall prove that /(1) = @ for A > 0 sufficiently small and thus @, (u, +
Vi,y) attains its maximum at (y) (1),...,52()) € D).

Lemma 3.2 Assume n > 2. Then there exists \(n) > 0 such that for ) € (0,1(n)), U()) = @.

Proof We adopt an argument borrowed from Lin and Liu [39, 40]. We argue by contra-
diction and assume that U/(1) # ¥ along a sequence A, — 0. Without loss of generality, we
may assume U(X,,) = {1,...,j,} for all m € N and for some 1 < j, < n. The case in which
ju = n can be handled similarly. For convenience of notations, we shall denote 1, = A,

K=y ), 9F = 6F kY, 9K = (o Ky, and 50 = (0 O for k=1,2 Then
Yi =Yi\Am) Yy 1o Vn) Vs i+ e+ Vn)y ADA Y il e+ V) 10 325 enn en,

as k — oo,
|y’f|—>oo, e |yl’;|—>oo
and
yjk,,+1 _)y21+1’ e yﬁ _>y2
Set
n Jn
wk=Zz(x—yf), Wk,1=ZZ(x—yf)
i=1 i=1
and
n n
Wi2 = Z Z(x—yf)’ Wyo = Z z(x—y?).
i=jntl i=jntl

Similar to (3.4), we have

el p-1
»

v, 6l <CA Py IV pll<Ch?, k=12,... (3.7)

Hohsy

By (2.11), we obtain

A A
Oy (Wi + v, ) = nco + 3 A{N a(x)w; + 1—9 ,/]RN b(x)w, — Kk

A A
=juCo + —/ oz(x)w,z(1 + —/ a(x)w,z(2 +Af a(X)wriwr o
2 RN ’ 2 RN ! RN
A
— ‘n — b Wp — —
+(n ])CO"'p/RN (x) k+ICyI; /Cyk Icyli

A
=juCo + = a@wi +A | a@)wiawes + Ky = Ko
2 RN RN *

A
+ » / b(x)(Wy — Wl o) + Pa(wia + Vi) (3.8)
RN



Fang and Wang Boundary Value Problems (2015) 2015:9

By Lemma 2.1, one sees

/R b(x)( < Céz/ b(x)z"~ 1 x v )wkz
Jn .
P (x — o
+Cgi21:/RNb(x)z (x y])
+Cy Z / b(x)z" ™ (x - ¥; Wi

Jj=jn+l

Therefore, since |yf| — 00,i=1,...,j,, as k — 00, we obtain

A
— / a(x)wﬁ1 + A/ a(x)wgiwia — 0.
2 RN ’ RN

Furthermore, by (3.9) and the condition (R;), we have

p
From (3.8), (3.10) and (3.11), we arrive at

~ / b(x)(W} - w},) = 0, ask— oo.
RN

(Wi + Yy pk) < Pa(Wia + v, )

Using Lemma 2.4, (3.3), and (3.7), we obtain

n

3o (St m)w

i=1

|V;1,)L,yk |

p1
<C<Z/ 27 (x - ) z(x - yl)) ! 1V,55¢

i<j

Z(p 1)

<C'x

From Lemma 2.2, (2.12), (3.7), and (3.13), one gets

]CykZl%‘/R (; z(x — yl> ——Z/ 2 (x - 5))
—Z/ 27 (x - yF)z(x - y])+O( )

i<j

In the same way, we have

6= [ (2t y,) 2 [

Vi
p i=jn+l
(17—1))

—Z/ 2 x—yf)z(x—y7) + O(n

Jn<isj

+],,co+le—/Ck+o(1).
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(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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We infer from (3.14) and (3.15) that

1 1 1
_ — p_ 4 _ P _
Koy = Ko p/RN(Wk’Z) p/RN(Wk) +p;/ﬂ;}\zz (x

+Z/ 27 (x - yF)z(x yf)+O(A@)

I<J=In

+Z/ 27 (x - y Wio. (3.16)

2p-1)
By Lemma 2.3, the sum of the terms except O(L " 7 ) on the right side of (3.16) is negative.

Thus, one has

2p-1)

Ky -Ky <O 7). (3.17)

Letting k — o0, by (3.12), and using (3.17), we obtain

2(p-1)

0)+ClA P (3.18)

oy
Ty <jnco + CDA(wyg + V0

On the other hand, by Lemma 2.6 and (3.3), there exist Cy, Cyp > 0 such that

Cor <™ 832 gn < Cypoh, (3.19)
which implies for A small enough

(1—8)1n%5,11,:,u(k)§(1+8)1n%, (3.20)
where 0 < § < =, We choose 7 suchthat 0 < 7 < £= By (R»), there exists R > 0 such that

a(x)>e ™™, x| >R (3.21)
or

bx)>e ™™, |x|>R. (3.22)
For A > 0 small enough, define

1
3= <10r11nX —4su(x),o,...,o> eRN, s=1,2,...,n (3.23)

The open balls B(5*,24(1)) are mutually disjoint. Thus there are j, integers from {1,...,n},

denoted by s; <5 < - - - <sj,, such that

52 =90 = 2u(), =L jumj=jut L (3.24)
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Denote 3, by y; for simplicity, i = 1,...,j,. By (3.20), (3.23), and (3.24), one has
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1
R+15|y§|510n1nx, i=1..0jum (3.25)
i =9} = 2u(), 1<i<j<jn (3.26)
i =9 =200, =L juj=jut L n (3.27)
Therefore,
Ohs- Y Dt -+29) € Dutr)-
Denote y* = (3], ¥}, Y0 10+ o ¥0)- Set wy1 = i 2lx -y, wyo =31 z(x—y7), and
Wi = Wit + Wyo. Similar to (3.8), one has
, A 2
@ (Wi +Vy0) = juCo + ) - alx)wy | + A o a(x)wmwyg + Ky¢ - Ky
A
+ » ./]RN b(x) (W) — w;gg) + @5 (Wyo +V,; 0). (3.28)
As in (3.16), we have
1 1 1
ICA—’CA:—/. (WO)‘”——/ Wy )P + = / 2 (x -y}
T plw Y p ey P; RN (e=31)
2(p-1)
+ Z 27 (x—yh)z(x —y}) +O(r 7 )
i<j<jn
+Z/ 27 (x -y )w
> l/ (WO)"’+1§:/ 2 (x—y})
Tplen Y ps ey l
1 2(p-1)
- _/ () + 005,
b JrN
Together with Lemma 2.1 this implies that
Jn Jn
—1 A —1 A
K=Ky z-CY [ @ s=stmp-CY [ mpria(a-)
i=1 i=1
- 21
-Cc > / 2 x-y})z(x—y) + O 7). (3.29)
1<i<j<jn
By Lemma 2.6, (3.20), and (3.26), one sees that
/ A= 0h)elx =) < Cue ) < Cpe N
R
2(1-6) 2pl)
= Clz)n < Clg)» (3.30)
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In view of (3.27), a similar argument shows that

Jn Jn 2p)

Z -1 A 2 : A Y

i=1 /I;N ¢ (x i )Wyg ' i=1 /]RN (wyg)”z(x _yi) =Cud 7 (3:31)
Combining (3.29)-(3.31), we have

2(p-1)
K:}’i - ’Cy)\ >-CpA 7 .

Together with (3.28), it follows that

(p-1)

. A 2
Dy (U +V,5,0) = jino + 5 /RN cz(x)w,z\'1 + )L/RN a(®)wawyo — Cish 7

A
+ » /]RN b(x)(w; —wzg) + @5 (Wyo +V,; 0).

We distinguish the following two cases to finish the proof of this lemma.
(i) If (3.21) holds, then by (3.25), we have, for i =1,...,j,,

_/ a(x)w;, = / a@®)z* (x-y:) > / M2 (x— 57
RN ey} 1<1

=y} I<1
iyt _ 1
> C16€ rlyil > C16€ 10n7 In T = C16)L10nr' (332)
Hence,
. 10nT+1 2o
@y (uy + V) 5,0) = jinCo + CDA(wyg + VM,MQ) + Cigr —CisA P .
. 2p-1) .
Since 10n7 +1< ==, we obtain, for A small enough,
. /4 10nT+1
<I>A(uyx + Vu,)»,y*) > juco + <I>A(wyg + VMM,Q) + Cigh s

which contradicts (3.18).
(ii) Suppose that (3.22) holds. Similar to (3.32), one has

Ju o0y = |

-y <1

b(x)zp(x —yi‘) > / . e Tl (x —yf)
lx-yp1=<1
> Cﬁe—rlyi‘l > C17e—10nr ln% — C17)\10m.
Repeating the arguments of (i), we get, for A small enough,

. /4 10nT+1
@ (s +Vy00) = jinCo + CDA(wyg + VM')»J’Q) +CA .

This contradicts (3.18).
From (i) and (ii), we know that there exists A(n) > 0 such that, if 0 < A < A(n), then U/(A) =
¢ and @, (sy + vyy,,) reaches its maximum at some point (4?,...,5) € D,,;). O

Next, we shall prove Theorem 1.1.



Fang and Wang Boundary Value Problems (2015) 2015:9 Page 20 of 21

Proof of Theorem 1.1 For n > 2,according to Lemma 3.2,if 0 < A < A(n), then &, (1, + vy, 5)
reaches its maximum at some point y° = (49, ...,5°) € D,,4). Then Uy +Vy; 10 is an n-bump
solution of (S;,). For n = 1, as a consequence of Lemma 2.11(iii), if A € (0, A¢], then

lim @, () + Vi) = Pol(2) = co.
[yl—o0

Since ®; (1ty +Vi,1) is defined on all RN, ®; (i, +vj,,,) has a critical point y° € RN and u,0 +
Vj,0 is @ 1-bump solution of (S;). By an argument similar to those in [34, 35], one sees
that u,0 +v;,, ,0 is a positive solution of (S;). Set A(1) = A9 and A1(n) = min{A(1),..., A(n)}.
If 0 < A < A1(n), then (S)) has at least # nontrivial positive solutions. O
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