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Abstract

An initial boundary value problem of the semilinear wave equation of which the
source term f(x, u) is without variational structure in a bounded domain is considered.
Firstly, we prove that it has a unique globally weak solution (u, u;) € C°([0, 00), H}(S2) x
[%(£2)) by using our previous results (Pan et al. in Bound. Value Probl. 2012:42, 2012).
Secondly, we obtain the existence of global attractors in Hy(€2) x L2(£2) by using the
w-limit compactness condition (Ma et al. in Indiana Univ. Math. J. 5(6):1542-1558,
2002), rather than the traditional method.
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1 Introduction
In this paper we are concerned with the existence of global attractors for nonlinear wave
equations with linear dissipative terms in a bounded domain 2 in R”:

g + 2kus = Au— |ulPYu + f(x, u)
u(x,t)=0 on a2 x (0,00),
u(x,0) = ¢(x), ur(x,0) = ¥ (x)

in Q x (0, 00),
1.1)
in €,

3%u
a2’

flou),l<p< ﬁ,n23;1<p<oo,n:1,2; and f(x, u) satisfies

2 . —
where u; = %—’:, Uy = A=Y 98?’ % = (x1,...,%,); the sourcing terms are —|u|P"'u +
i

fe,2)| < Clelt + g, q= 2% g e 12@), (12)

The attractor is an important concept describing the asymptotic properties of dynam-
ical systems. A great deal of work has been devoted to the existence of global attractors
of dynamical systems (see, e.g. [1-9] and references therein). The existence of a global at-
tractor (1.1) with a source term only containing f was proved by Hale [7] for f satisfying
for n > 3 the growth condition f(u) < Co(|u|” + 1), with 1 < y < % For the case n = 2,
Hale and Raugel [10] proved the existence of the attractor under an exponential growth
condition of the type |f(u#)| < exp8(u) (such a condition previously appeared in the work
of Gallouét [11]). The existence of the attractor in the critical case y = -* was first proved
by Babin and Vishik [1], and then more generally by Arrieta et al. [12]. For other treatments
see Chepyzhov and Vishik [3], Ladyzhenskaya [13], Raugel [14] and Temam [9]. When Q
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is bounded and u is subjected to suitable boundary conditions, the general result is that
the dynamical system associated with the problem possesses a global attractor in the nat-
ural energy space Hy(Q2) x L*(Q) if nonlinear term f has a subcritical or critical exponent,
because there exist typical parabolic-like flows with an inherent smoothing mechanism.
By the traditional method (see [15] for examples), in order to obtain the existence of global
attractors for semilinear wave equations, one needs to verify the uniform compactness of
the semigroup by getting the boundedness in a more regular function space. However,
in some cases it is difficult to obtain the uniform compactness of the semigroup. Fortu-
nately, a new method for obtaining the global attractors has been developed in [16]. With
this method, one only needs to verify a necessary compactness condition (w-limit com-
pactness) with the same type of energy estimates as those for establishing the absorbing
sets. In this paper, we use this method to obtain the existence of global attractors for prob-
lem (1.1) with the general condition where the source term f(x, u) is without variational
structure.

This paper is organized as follows:

- in Section 2 we recall some preliminary tools, definitions and our previous results;

- in Section 3 we obtain the existence and uniqueness of weak solution by using our

previous results [17] and the various conditions can also be found [18];
- in Section 4 we obtain our main results for problem (1.1) by using the new method

(w-compactness condition).

2 Preliminaries
Consider the abstract nonlinear evolution equation defined on X, given by

% + k% =G), k>0,
u(x, 0) = p(x), (2.1)
uy(x,0) = ¥ (x),

where G : X, x R* — X;* is a mapping, X, C Xj, Xj, X, are Banach spaces and X] is the
dual space of X, R* = [0, 00), u = u(x, £) is an unknown function.
First we introduce a sequence of function spaces:
XCH,CX,CX|yCH,
Cry C Xy CAX C (2'2)
X, CH, CH,

where H, H,, H, are Hilbert spaces, X is a linear space, Xj, X, are Banach spaces and all

inclusions are dense embeddings.

Suppose that
{L : X — Xj is a one to one dense linear operator, (23)
Lu,vig = (U, V)1, Yu,veX.
In addition, the operator L has an eigenvalue sequence
Ley = her (k=1,2,..) (2.4)

such that {e;} C X is the common orthogonal basis of H and Hj.
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Definition 2.1 [17] Set (¢, ) € Xy x Hy, u € W ((0,00), H;) N L ((0,00), X>) is called

loc loc

a globally weak solution of (2.1), if Vv € X;, we have

t
(ug, Vg + k{u, vy = / (Gu,v)dt + k{p, v}y + (¥, V)H. (2.5)
0

Definition 2.2 [17] Let Y3, Y5 be Banach spaces, the solution u(¢, ¢, V) of (2.1) is called
uniformly bounded in Y7 X Y3, if for any bounded domain £2; x Q2 C Y7 x Y, there exists
a constant C which only depends on the domain ©; x €25, such that

llully, + luslly, <C, VY(p,¥) € Q x Qandt>0.

Suppose that G = A + B: X3 x R* — X;*. Throughout this paper, we assume that:
(i) There exists a functional F € C': X, — R! such that

(Au, Lv) = (—DF(u),v), Yu,v e X. (2.6)
(ii) The functional F is coercive, i.e.

Fu) > o0 & |lully, = oo (2.7)
(iii) There exist constants C; > 0 and C, > 0 such that

|(Bu, Lv)| < CF(u) + Co||vII7y,,  Vu,veX. (2.8)

Lemma 2.1 [17] Set G: X, x R* — Xi* to be weakly continuous, (¢, V) € Xo x Hy, then we
obtain the following results:
(1) If G = A satisfies the assumptions (i) and (i), then there exists a globally weak
solution of (2.1),

u e Wp((0,00), ) N LY. ((0,00), X5),

loc

and u is uniformly bounded in X, x H;.
(2) If G = A + B satisfies the assumptions (i), (ii) and (iii), then there exists a globally
weak solution of (2.1),

ue WEe((0,00), Hi) N L% ((0,00), X5).

loc

(3) Furthermore, if G = A + B satisfies

[(Gu,v)| < = IIvII3; + CF(u) + g(t) (2.9)

N =

for some g € L. (0,00), then u € W22((0, 00), H).

loc

A family of operators S(t) : X — X (¢ > 0) is called a semigroup generated by (2.1) if it
satisfies the following properties:
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(1) S(¢): X — X is a continuous map for any £ > 0,
(2) S(0) =id: X — X is the identity,
(3) S(t+s)=S5(¢t) - S(s), Vt,s > 0. Then the solution of (2.1) can be expressed as

u(t, ug) = S(t)uo.
Introducing the expression of the abstract semilinear wave equation:

% +2k% =Lu+Twm), k>0,

u(x,0) = p(x), (2.10)
uy(x,0) = ¥ (x),

where Xj, X are Banach spaces, X; C X is a dense inclusion, L : X; — X is a sectorial linear

operator, and T : X; — X is a nonlinear bounded operator.

Lemma 2.2 [19] Set L : X1 — X, a sectorial linear operator and T : X1 — X, a nonlinear
bounded operator, L = L + k21, then the solution of (2.9) can be expressed as follows:

u=ex |:cos H=L)2 @ + k(=L) 2 sin (L) ¢ + (~L)"% sint(=L)2 ¢
¥ /0 "D ()b singe - 0)(-£)F T dr:|,

Uy = —ku + e [-(-c)i sint(=L)2 g + kcost(—L) 2 + cost(-L) 2y
+ /O Tk cos(e - 1) (L) Tw) dt}.

Next, we introduce the concepts and definitions of invariant sets, global attractors, and

w-limit compactness sets for the semigroup S(¢).

Definition 2.3 Let S(¢) be a semigroup defined on X. A set ¥ C X is called an invariant
set of S(¢) if S(£)X = X, V£ > 0. An invariant set X is an attractor of S(¢) if X is compact,
and there exists a neighborhood U C X of ¥ such that, for any u € U,

Vlg ||S(t)u0 - v||X — 0, ast—0.

In this case, we say that ¥ attracts U. Especially, if ¥ attracts any bounded set of X, ¥ is
called a global attractor of S(¢) in X.

Definition 2.4 Let X be an infinite dimensional Banach space and A be a bounded subset

of X. The measure of noncompactness y (A) of A is defined by
y(A) =inf{s > 0 | for A there exists a finite cover by sets whose diameter < §}.

Lemma 2.3 [11] IfA, C X is a sequence bounded and closed sets, A,, # 0, Ay1 C Ay, and
Y (A,) = 0 (n— 00), then the set A = ()2, A, is a nonempty compact set.
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Definition 2.5 [16] A semigroup S(t) : X — X (¢ > 0) in X is called w-limit compact, if
for any bounded set B C X and Ve > 0, there exists £ such that

y(U S(t)B) <e,

t>to
where y is a noncompact measure in X.

For a set D C X, we define the w-limit set of D as follows:

o(D) =(JS@®)D,

>0 t>s
where the closure is taken in the X-norm.

Lemma 2.4 [19] Let S(t) be a semigroup in X, then S(t) has a global attractor A in X if
and only if

(1) S(¢) has w-limit compactness, and

(2) there is a bounded absorbing set B C X.

In addition, the w-limit set of B is the attractor A = »(B).

Remark 2.1 Although the lemma has been proved partly in [19], we still give a proof here.
Our proof is different from that in [20] but is similar to that in [16]. We adopt and present
the proof also because we will use the same method to obtain the existence of the global

attractor.

Proof Step 1. To prove the sufficiency of Lemma 2.4.
(a) S(¢) has w-limit compactness, i.e., for any bounded set B C X and Ve > 0, there exists
a ty, such that

% (U S(t)B) <e.

t>to

So, we know that w(B) = ﬂf;zo UtZto S(¢)B is a compact set from Lemma 2.3.
(b) w(B) is nonempty.
For B#(, so UtZS S(t)B# @, Vs> 0, and

Us@Bc | Js®B, vsi=s,

t>s1 t>sy

we can obtain

o S —

o(B) =) JS®)B #0.

§>0 t>s

(c) w(B) is invariant.
For x € w(B) < there exist {x,} € B and ¢, — 00, such that S(¢,)x,, — x.
If y € S(t)w(B), then for some x € w(B), y = S(£)x.
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Hence, there exist {x,} C B, t, — o0, such that
S)S(t,)x, = St + t,)x, —> SEt)x = y.

In conclusion, y € w(B), S(t)w(B) € w(B), Vt > 0.
If x € w(B), fix {x,} C B and t,, such that

S(t)x, — x, ast, — 00,n —> 00.

S(2) is w-limit compact, i.e., there exists a y € H, such that

s@ () U Stxn—y, n— oo

th=>0t=ty
Therefore y € w(B).
For
) UsSexn = ) U S@SE -0, — () | Sty
tn=>0t>ty thw=>0t>ty th>0t>ty
and

S(t,)x, — x € w(B),
which implies that
Sty — «, w(B) C S(t)w(B).

In conclusion, combining (a)-(c) and condition (2), Step 1 has been proved.

Step 2. To prove the necessity of Lemma 2.4.

If A is a global attractor, then the e-neighborhood U, (A) C X is an absorbing set. So we
need only to prove S(¢) has w-limit compactness.

Since U, (A) is an absorbing set, for any bounded set B C X and ¢ > 0, there exists a time
t.(B) > 0 such that

U s@Bcu:(A) - {x e X | dist(x, ) < 2}

t>te(B)

On the other hand, A is a compact set, and there exist finite elements x;,%5,...,x, € X
such that

Then

Us(A) c UU<xk,§>,

k=1
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which implies that

y( U S(t)B> <y (Us (W) <.

>t (B)

Hence, Lemma 2.4 has been proved. O
3 Existence and uniqueness of globally weak solution
Now, in this section, we begin to prove that problem (1.1) has a unique globally weak so-

lution (u,%,) € C°([0, 00), H} x L%(R2)).

Theorem 3.1 (Existence) If¥(p, V) € Hy(2) x L%(Q), f satisfies condition (1.2) and 1 < p <
5,n>3;1<p<oo,n=1,2, then (1.1) has a globally weak solution
ue Wp((0,00), LA()) N L% ((0,00), Hy ().

loc

Remark 3.1 Divide the operator G(«) in Lemma 2.1 into two parts: A and B, where A has
a variational structure and B has a non-variational structure. Then we obtain the globally

weak solution by applying our result (2) in Lemma 2.1.

Proof Fix spaces as follows:

X, = X; = Hy(Q) N IP*Y(Q), (3.1)

X = C (), Hy=H=L*%). (3.2)

In problem (1.1), set G(u) = Au — |ulPu + f(x, u).
Define the map G(#) =A + B: X; — X7 as

(Au,v) = —/Q[Vu Vv + |uff - V] dx, (3.3)

(Bu,v) = /Qf(x, u)vdx. (3.4)
Note the functional 7 : X; — R!,

I[u] :/ |:£|Vu|2 + L|u|ﬁ”]dx. (3.5)

al2 p+l

Obviously, we obtain

(Au,v) = —(DI[ul,v), Vu,veX (3.6)
and

Iul > 00 & lullx, = oo, (3.7)

which implies that conditions (1) and (2) in Lemma 2.1 hold.
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From the growth restriction condition (1.2), we get

|(Bu,v)| =

/f(x,u)vdx
Q
< [ s lias

1 1

< —/ |v|2dx+—/V(x,u)|2dx
2 Jo 2 Jo
1

< —/ |v|2dx+C/[|u|2q+g2(x)]dx
2Jq Q
1

< =|vlI% +c1/ [ulP* dx + Cy
2 1 Q
Lo

< §||V||H1 + Cl[u] + Cy,

where C, Cy, C; > 0. It implies that condition (3) in Lemma 2.1 holds.
In conclusion, we see that problem (1.1) has a globally weak solution

1 € e ((0,00), L2(€2)) N Liz (0, 00), Hy(€2)
from the second result in Lemma 2.1. O

Next, we prove the uniqueness of the globally weak solution to problem (1.1).

Theorem 3.2 If u € W1°((0,00), L3(2)) N L®

loc loc

((0, 00), H(2)) is a weak solution of prob-
lem (1.1), then the solution u is unique.

Remark 3.2 From the formula of the wave equation in Lemma 2.2 and using the Gronwall
inequality, we obtain the uniqueness of the globally weak solution.

Proof Set u1,us € Wi2°((0,00), L2(2)) N L ((0, 00), Hy(S2)) as the solutions of problem

(1.1), then from Lemma 2.2, we get u; € C°([0, 00), H}(R2)), i = 1,2, and
llar — a1 = I (—A%)(ul — )|,
= C/Ot” [leaP ™2 = e o] + [f (1) = f (5, 1)] | 12 A
<G [T+ 1or ) -l - sy
by using the Gronwall inequality, we easily obtain
lleer = w2y < O,

where # is the mean value between u; and u,.
It implies that

||M1—M2||H(1)§0 = U =U. d
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4 Existence of global attractor

In this section, we proved the existence of global attractor to problem (1.1).

Theorem 4.1 For any (¢, V) € (Hy(2) x LX(R)), the sourcing term f satisfies the growth
restriction (1.2) and the exponent of p satisfies 1 < p < n—fz, n>3orl<p<oo,n=12;then

problem (1.1) has a global attractor A in (H}(Q) x L*(Q)).

Remark 4.1 Comparing Remark 3.1, we divide the operator G(u) of (2.1) into two parts: L
and 7, where L is a linear operator, while 7" is a nonlinear operator. We obtain the global
attractor of problem (1.1) by using Lemma 2.4.

Proof According to Lemma 2.4, we prove Theorem 4.1 in the following three steps.

Step 1. Problem (1.1) has a globally unique weak solution.

Step 2. S(¢) has a bounded absorbing set in H}(2) x L*().

From Theorems 3.1 and 3.2, we see that problem (1.1) has a globally unique weak solution
(u,u;) € C°([0,00), H) x L?). Equation (1.1) generates a semigroup:

S(t):H% xH—)H% X H.
Fix the spaces as follows:

H=1%%), H, = HX(Q) N H(Q),

L:H, — H, T:H — H.

Note that
Lu = Au, (4.1)
Tu = —|ulPu+ f(x, u), (4.2)

and L generates the fractional space, H 1= HA(RQ).
Obviously, there exists a C* functional F : H 1~ R! such that

F(u):lﬁmw”—/:f(x,u)dt, (4.3)
and we easily get

T(u) = —DF(u), Yue€H,. (4.4)
Since

f,2) = Clalt + g0, q= 2ot g 1),
then we get

F(u)>-C (4.5)
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and
Lo
(DF(U), ”)1-1 —k{u, v}y > ) Iviiy; —Ca,  Cy>0.

Equation (1.1) is equivalent to the equations that follow:

at

W= Lu+ KPu—kv — ulPu+ f(x, u).

:3—”——ku+v, k>0,
at

Multiply (4.7) by (—Lu, v) and take the inner product in H:

<8_u, —Lu> = —k{u,—Lu)y + (—Lu,v)y,
ot "

d
<8—:,V>H = (Lu,v)y + (kzu, v)H —k{v,v)y + (T(u),v)H.

Summing (4.8) and (4.9), it follows that

<8u > <8v >
—,—Lu) +{—,v
ot H ot [y

= _k<u; _LM)H - k(‘/’ V)H + k2<l/l, V)H + <TM, V)H-

Furthermore,

[T

(~Lu, @) = ((~L)u, (-L¥)w),, Vu,weH).

From (4.4) and (4.7), we get

ou
= —<DF(u), §>H - k(DF(u), u)H
_ dF(u)
= k(DF(u),u)H.

Page 10 0of 13

(4.6)

(4.8)

(4.9)

(4.10)

(4.11)

Integrating (4.10) over [0, t] with respect to time ¢ and combining the two formulas, we

get

1 1o, 1 1
Il + 51 = el =50 e

L) o

t t
= —k/ [(u, —Lu)y + (v, V) — k{u, V)H] dr + / (Tu, vy dt
0 0
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[T

Ju),, + VI — k(v ) d

=t [ [£ by
+ /()t[_dl;(tu) —k(DF(u), u)H] dr

= —k/o [||u||Hzl + VI3 = k{u, v)p | dv — F(u(t)) + F(u(0))

t
- k/ (DF(u), u)H dr
0
t
= —k/ [||u||H21 +(DF(u), u),, — k(u,v)p | dr — F(u) + F(p);
0 2
combining with (4.6), it follows that

t
nﬂﬂ+wﬁs%/Mw%+wﬁwmﬂwW+@ C>o.
i ; i

2

Applying the Gronwall inequality, we get
lully + VI <@ )™ + Ci(1-€).
2

It implies that S(¢) has a bounded absorbing set in H 1 X H.
Step 3. S(¢) has w-limit compactness.

Page 11 0f 13

(4.12)

From the formula in Lemma 2.2, the solution of problem (1.1) can be expressed as fol-

lows:

u= e‘kt[cos t(—A)%go + k(—A)_% sin t(—A)%<p + (—A)_% sin t(—A)% V]

+ /t[e‘k(t‘f)(—A)% sin(t — r)(—A)% (—Iulp‘lu +f)] dt,
0

uy = —ku + e’kt[—(—A)% sin t(—A)%(p + kcos t(—A)%go + cos t(—A)% 1//]

+ /Ot[e_k(t_f) cos(t — ‘C)(—A)% (~lul’'u +f)]dx.
Since the linear operator
L=A:HXQ) x Hy(Q) — L*(R)
is a symmetrical sector operator, it has the eigenvalue sequence:
O>A =Xy >+, Ax— —00,k — 00.

Then

[o¢]
. 1 .
sint(—A)2v = E v;sin/—Ajte;,
j=1

[o¢]
cost(—A) y= Z V;Cos |/ —Ajte;.
j=1

(4.13)

(4.14)

(4.15)

(4.16)
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Forany v =3~ vj¢; € L*() and —; > 0 (j > 1), the operator

sin t(—A)%,cos t(—A)% (L2(Q) = L2(Q)
is uniformly bounded, i.e.

sin t(—A)% 2, ||cos t(—A)% , <1, Vt=>0. (4.17)
L L

Furthermore, (i, u#;) contains two parts:

degenerative term

u\ ot Cos(=A)7 + k(=A) 2 sint(=A)2  (=A) I sint(—=A)2\ (¢ )
u; N k cos t(—A)% — (—A)% sin t(—A)% cos t(—A)% v’

integral term

(Lﬂ) ~ (fot e*k(t—r)(_A)‘% sin(t_ -,;)(_A)%(_lmp—lu +f)dl’ )

u? f(f e ) cos(t — T) (=) (=|ufP 1 +f)dt
From the uniformly bounded condition (4.17), we get
lim (u1,1;) =0 in Hy(Q) x L*(Q); (4.18)
t—00
and for any (¢, ) € B,

U(uz, u?) is a compact set in Hé(Q) x L2(Q), (4.19)

t>0

where B C H}(2) x L?(R2) is a bounded set.
From (1.2) and Hj(Q2) — L¥(RQ) (p < -%5), we get

T: H(l)(Q) — L*(Q) is a compact map,

Hence, combining (4.18) and (4.19), for the noncompact measure y we get

y (U S(t)B)

= y(U (u<t,B),ut(t,B>))
<y <U (!, —ku' + ui)) +y (U (u?, —ku® + uf))
- V(U (u', —ku' + u}))

—0 (g — 00), (4.20)



Pan et al. Boundary Value Problems (2015) 2015:16 Page 13 0f 13

it implies that
S(t) = (u(t, ), u(t, ) has o-limit compactness.

Finally, combining Step 2 and Step 3, applying Lemma 2.4, problem (1.1) has a global
attractor A in Hj(Q2) x L*(Q). O
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